LEVEL CROSSING IN RANDOM MATRICES. III. ANALOGS OF
GIRKO’S CIRCULAR AND WIGNER’S SEMICIRCLE LAWS

BORIS SHAPIRO

ABSTRACT. We study the asymptotic distribution of level crossings for random
matrix pencils A, + ABj, in several ensembles, including complex and real
ii.d. matrices and Gaussian/Hermitian settings. We derive a representation
of the normalized log-discriminant in terms of pairwise eigenvalue interactions
and formulate conditions under which its limit is governed by a deterministic
potential.

Under assumptions combining a uniform circular law, logarithmic tail con-
trol, and small-spacing (repulsion) estimates, we prove convergence of the em-
pirical measure of level crossings to an explicit deterministic limit. In the
complex Gaussian case these assumptions are verified (modulo a uniformity
step), while in the general i.i.d. setting the results are conditional and moti-
vated by universality theory.

We further analyze the real case, showing that any limiting measure does
not concentrate on the real projective line under suitable hypotheses, and
discuss analogous phenomena for elliptic/Hermitian ensembles. Our results
highlight the role of logarithmic energy and universality in governing spectral
degeneracies of random matrix pencils.

1. INTRODUCTION

Classical random matrix theory is largely concerned with the asymptotic distri-
bution of eigenvalues of a single large random matrix. Wigner’s semicircle law and
Girko’s circular law are the two basic universality statements of this kind; see e.g.
[Gil, Gi2, Me, AGZ]. The present paper studies a closely related, but genuinely dif-
ferent, object: the distribution of degeneracies in a random one-parameter spectral
family

A+ )\B, AeC. (1.1)
A level crossing is a value of A for which A + AB has a multiple eigenvalue. Thus
the problem is not to describe where the eigenvalues of one random matrix lie, but
rather where the branch points of the spectral cover of the pencil are located in the
parameter sphere CP?!.

Such pencils occur naturally in perturbation theory: A is an unperturbed oper-
ator, B is a perturbation, and X is the perturbation parameter; see [Ka]. They also
arise in questions about monodromy of spectra and random Riemann surfaces, cf.
[GP].

The present work continues the study initiated in [ShZa, GrShZa], where several
exact formulas were obtained for Gaussian pencils. Several results in this paper
are conditional on hypotheses such as uniform local circular law (UCL) and small-
repulsion (SR). Outside the Gaussian setting, these should be viewed as conjectural
inputs motivated by universality results in non-Hermitian random matrix theory.

For complex Gaussian matrices, the picture is especially simple. If A and B are
independent complex Ginibre matrices, then for every matrix size the level crossings
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are uniformly distributed on CP?; in the affine coordinate X\ = x + iy this means the
density
dz dy
m(1+[AR)?

This exact finite-dimensional identity, recalled below from [GrShZa], is the starting
point of the paper. Our main aim is to understand to what extent (1.2) survives
beyond the Gaussian situation.

The first part of the paper treats non-Hermitian complex pencils with indepen-
dent entries. We formulate a conditional asymptotic uniform law: if the normalized
eigenvalue process of

(1.2)

A, + B,

n(1+[AP)
satisfies a uniform circular-law statement and if close eigenvalue pairs do not con-
tribute to the leading logarithmic energy, then the empirical measure of level
crossings converges in probability to (1.2). The proof is potential-theoretic. The
discriminant of the characteristic polynomial records precisely the level crossings,
and the Poincaré-Lelong formula converts the asymptotics of the normalized log-
discriminant into the limiting level-crossing measure. In this sense the result is the
level-crossing counterpart of Girko’s circular law.

The real case contains an additional phenomenon absent from complex Ginibre
pencils. Since real pencils are invariant under conjugation, level crossings may lie
on the real projective line, and such real crossings could in principle produce a
singular component in the limiting measure. We show that a singular component
on RP! is excluded under a stronger non-concentration assumption near RP!. The
weaker condition that the expected number of exactly real crossings is o(n?) only
implies that the finite-n mass on RP! vanishes. Under such a non-concentration as-
sumption, the possible singular contribution on RP* is ruled out, and the remaining
problem concerns the two-dimensional distribution in the complex plane. We then
formulate a real i.i.d. conjecture which refines the naive uniform-law expectation
by allowing a correction depending on the real symmetry class. For GOE pencils
we go further: after normalization, the entire dependence on the parameter A\ is
encoded by the pseudocovariance

1+ )2

A)= ————.
T 1+ 2

At the level of expected logarithmic potentials, this reduces the possible limiting
densities to expressions obtained by applying ﬁA A to a potential of the form

1 9 [1+A2?

5 log(1+|A\%) + G( TFILEE ) .
In particular, the GOE uniformity conjecture of [GrShZa] is reduced to the single
analytic assertion that the pseudocovariance does not affect the leading n2-term
of the log-discriminant. This identifies precisely where the difficulty of the real
symmetric case lies.

The Hermitian case is the level-crossing analogue of the Wigner regime, and it
is qualitatively different from the Ginibre case. The limiting distribution is not
expected to be uniform on CP!. Already for GUE, one has the explicit density
from [GrShZa]

4 |3\ dx dy

™ (1+A2)3
which vanishes on the real axis and is invariant under the natural SO(2)-symmetry
of the pencil. For general GU E,, we prove that the large-n problem can be expressed
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through the Gaussian elliptic ensemble. The normalized matrix
A, + B,

V1+]AP2

has elliptic parameter determined by

1+ A7 2

TN = — = =1-Y?

[ (V)] TILBE
where Y is the height coordinate on the sphere. Assuming a uniform logarithmic-
energy theorem for the elliptic ensemble in the bulk, we obtain a conditional version
of the existence of the limiting GU E,, level-crossing density on every compact subset
away from the equator Y = 0. The limiting density is given potential-theoretically
by

LA E g+ ppy+c-v?)],
2w 2

where G is the logarithmic energy of the corresponding elliptic law. This proves
the proposed GUE limiting picture off the real axis and gives the natural candidate
for the universal Wigner-type law for Hermitian pencils.

2. COMPLEX MATRICES

Recall that the GES-ensemble on Matt is the distribution where each entry of
a n x n-matrix is an independent complex random variable distributed as N (0, %) +
N (0, %), and MatC is the space of all complex-valued n x n-matrices. The GESQJL—
ensemble on Mat is the distribution where each off-diagonal entry of a nxn-matrix
is an independent complex random variable distributed as N (0, %) +iN (0, %) and
each diagonal entry is distributed as N(0,0?) +iN(0,0%). (Obviously, the GES-
ensemble is a special case of the GEfan—ensemble for o = 1.) Recall the following
result of [GrShZa] dealing with complex Gaussian ensembles.

Theorem A (cf. Theorem 1 and Proposition 1 of [GrShZa]). For any given size
n>1, if A and B are independently chosen from the GESz ,-ensemble, then the
distribution of the level crossings in the affine coordinate A = x +1iy of C is given by

dxdy dxdy
c dxdy = = . 2.1
P, (@ y)dedy T(1+22+y2)2  w(l+\2)2 (21)
Remark 1. An alternative way to express this fact is as follows. Consider the
standard cylindrical coordinate system (p,#, Z) in R3, where p>0,0< ¢ <27, 7 €
R. Recall that

X =pcoso, Y =psing, Z=72.
If we consider (¢,Z2), 0 < ¢ < 2m,-1 < Z < 1, as coordinates on the unit sphere

S? ~ CP!' (with both poles removed), then in these coordinates the usual area
element on the sphere is given by

dA = dpdZ.

Thus, in cylindrical coordinates (¢, Z), 0 < ¢ < 2m; —1 < z < 1 parameterising the
unit sphere S?, the measure P o (z,y)dzdy given by (2.1) transforms into
dod
Pose, (6.2)dpdz =2 (2.2)
o2,n T
Remark 2. Observe that formula (2.1) is independent of the size n and also of the
variance o2. For n = 1, formula (2.1) gives the distribution of the quotient of two
independent complex Gaussian random variables.
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In fact, the right-hand side of (2.1) gives the distribution of level crossings for a
much broader class of complex Gaussian ensembles. Namely, consider the following
SU(2)-action on MatS x MatS. A matrix U = (:j —uv) , |ul? +v)? =1 from SU(2)
acts on the latter product as:

i:(A,B)~» (uA+vB,-0A +uB). (2.3)

Definition 1. We say that a linear subspace W ¢ MatC is adjusted to the SU(2)-
action (2.3) if the product space W x W ¢ MatS x MatS is preserved by (2.3).

Theorem B (See Proposition 2, [GrShZal). Any complex linear subspace W c
MatS adjusted to the above SU(2)-action with the measure induced from GEgz’n,
a2 >0 has the property that the distribution of the level crossings of (1.1) with ran-
dom A and B independently taken from W according to the latter induced measure

is given by (2.1), i.e., uniformly distributed on CP".

Remark 3. Interesting examples of linear subspaces W adjusted to the SU(2)-
action include complex symmetric matrices, complex Toeplitz matrices, complex
band matrices, complex band Toeplitz matrices, complex diagonal matrices etc.

Since (2.1) appear as the distribution of level crossings for complex Gaussian
ensembles, we will call it the uniform law for level crossings. Let us now formulate
the asymptotic uniform law for complex non-Gaussian ensembles which we consider
as a natural analog of Girko’s circular law for the spectrum of random complex
matrices.

Theorem 1 (Conditional asymptotic uniform law for full complex pencils). Let
A, = (az{y)) and B, = (bijn)) be independent m x n random matrices with i.i.d.
complex entries. Assume that

EaV =EbY =0,  El{PP=EpP=0>0.
For A eC, set
Cn(N)
o/n(T+ )

Let Cf")(/\),..., fln)(/\) be the eigenvalues of Cp,()\), and let

1 n
Ln’)\ = ﬁk;-(sql(cn)(A)

Crn(N) = A, + AB,,, Cr(N) =

Also set

1
My x = nn-1) ; 5(45"’(»7(,(-”)0))‘

Assume in addition that the following three conditions hold.

(UCL) For every compact set K c C and every bounded continuous f:C - C,

) dLn _f d circ
sup| [ faLar~ [ rdo

where oeipe 1S the uniform probability measure on the unit disk.

—> 0 in probability,

(SR) For every compact set K c C and every n >0,

n—>oco AeK TV i)

o 1 (n) () _
fixg lim sup P(SUP(n—l)zl{lci")u)c;")(x)q} log ¢ (%) = ¢ (V)| > | = 0.
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(LT) For every compact set K c C and every n >0,

lim limsup P(Sup ff log(2 + |2| + |w]) dM;, (2, w) > 7]) =0.
R—oo  nooo ek JJmax{|z]|wl}>R

Then the empirical level-crossing measure of the pencil
A, + B,

converges weakly in probability to the uniform measure on CP', i.e. to the probability
measure with density
dx dy
m(1+[A)?)?
in the affine coordinate \ = x +iy.

Proposition 1 (A sufficient uniform circular-law input). Let K c C be compact.
Suppose that the normalized entries

X}\;:M e K,

o /T+A2
form a compact family of centered, unit-variance, non-degenerate laws for which
Girko’s hermitization estimates hold uniformly in the following sense: for every
compact D c C and every >0,

1 —~
sup P (sup ‘f log |det(C’n()\) - zI)| - f log |w - 2| dacirc(w)‘ > 77) — 0,
AeK zeD 1T o

after the usual logarithmic regularization at the singularity. Then condition (UCL)
in Theorem 1 holds on K.

Remark 4. The above uniform hermitization input is known in the standard sub-
gaussian bounded-density setting from local circular-law estimates, with constants
uniform on compact families of entry laws; see Girko’s hermitization method [Gi2]
and the local circular law of Bourgade—Yau—Yin [BYY]. In finite-moment settings
the same conclusion is expected after truncation and replacement, but this requires
the corresponding uniform least-singular-value bounds.

Proof. By Girko’s hermitization formula, convergence of the logarithmic potentials
1 ~
Z — log|det(C’n()\) - zI)‘
n

to the logarithmic potential of o, uniformly for A € K and locally uniformly in the
regularized variable z, implies weak convergence of the empirical eigenvalue mea-
sures Ly x tO Ocire, uniformly in A € K. More explicitly, let f € C2(C). Integration
by parts gives

1 | _
[CdeM: gfc(Af)(z)ﬁlogMet(Cn(/\)—z[)| dz dy,

and the same identity holds with L,,  replaced by o... Taking the difference,
then taking the supremum over A € K, the asserted uniform convergence of the
regularized logarithmic potentials implies

sup| [ Loy [ o
AeK

for all f e C?(C). Approximation of bounded continuous test functions by com-
pactly supported smooth functions, together with the tightness which follows from
the same logarithmic-potential estimates, gives the stated form of (UCL). O

— 0 in probability
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Lemma 1 (Uniform two-point Wegner estimate implies (SR)). Let K c C be com-
pact. Suppose that for every R > 0 there is a constant Ck g such that, uniformly
m n and uniformly in 0 <r <1,

1 2
. [11}3 n(n-1) ; 1{<§"><A>|sR,|<§"’<A>|sR,<§"’(A>—<§"><A>|g}] <Cr.rr.

Assume also that, for every n >0,

. 1
A, i sup ¥ (i‘j}; n(n—1) 2= Lmaxic D 0L D>y > ’7) =0

Then condition (SR) holds.
Proof. Decompose the small-distance logarithm dyadically:
L(jz-uwj<eyl log |2 —wl| < 37 [1og(27"e) |1 {jz—wj<a-me)-

m>0
Restrict first to |z, |w| < R, take the supremum over A € K, and then take expecta-
tions. The assumed uniform two-point estimate gives

1 —m —zm

E [Sup ——— > Lci¢l<e, lilie;l<ry|10g |G - lel] <Ox,r Y, |log(27"e)[277"e? = Ok r(e?[loge).
AeK n(n - 1) i%g m>0

The contribution from pairs with at least one eigenvalue outside RD is negligible

by the second assumption, after first choosing R large. Markov’s inequality now

gives (SR). O

Proposition 2 (Fixed-parameter small repulsion for complex Ginibre pencils). If
A, and B, are complex Ginibre matrices, then the fized-parameter version of (SR)
holds: for every fixred A € C and every n >0,

oo 1 (n) (n) -
léfghglfipp(n(n-l)i;tjl{ci")m<_§"><A>|SE}|1°<‘§|Q W)= Nlf>n ) =0.

The compact-uniform version required in Theorem 1 follows if, in addition, one has
a modulus-of-continuity estimate in \ strong enough to pass from fixed parameters
to finite nets.

Proof. For every fixed A, the normalized matrix én(A) is again a standard complex
Ginibre matrix. Its eigenvalues form a determinantal point process with two-point
correlation

p§ (2, w) = K2, 2) K (w,0) = |Kp (2,0) 2.
The standard Ginibre kernel bound (see, e.g., [Me, Ch. 15]) gives, uniformly in n
and locally uniformly in the bulk,

pgn) (z,w) < Cn?|z —w|?.

after the global normalization used above. Integrating this estimate over |z —w| <
gives the fixed-parameter two-point bound. The exponentially small tail of the
Ginibre spectral radius controls the contribution from outside a large disk. The
dyadic argument in Lemma 1, without the supremum over K, then proves the
stated fixed-parameter small-repulsion estimate. O

Remark 5 (Status of the hypotheses beyond the Gaussian case). Proposition 1
shows that the global input (UCL) is not expected to be a new obstacle: it is
a uniform version of the circular law, obtained by Girko hermitization and the
standard local circular-law estimates for i.i.d. non-Hermitian matrices; see, for
example, [Gi2, BYY]. The additional genuinely local input is (SR). Lemma 1
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reduces (SR) to a two-point small-gap estimate, i.e. to local eigenvalue repulsion
for the pencil.

For each fixed parameter in the complex Gaussian case this repulsion follows
from the determinantal Ginibre kernel; see [Me, Ch. 15]. The compact-uniform
form of (SR) additionally requires a modulus-of-continuity estimate in the pencil
parameter. For general complex i.i.d. entries, we do not claim that (SR) is presently
proved in the form stated above. Rather, it is the natural estimate predicted by
bulk universality of local non-Hermitian spectral statistics, as in the universality
results of Tao and Vu [TV], together with the uniform local circular-law technology
of Bourgade—Yau-Yin [BYY] and a uniformity argument in the parameter A\. Thus,
outside the Gaussian case, Theorem 1 should be read as conditional on this small-
repulsion input. For discrete entries, or for real ensembles near RIP’l, this two-point
input is much more delicate and should be kept as an explicit assumption.

Proof of Theorem 1. Let
pr(A, 1) :==det(Cr(X) — 1), Ay (N) :=Discy pn(A,t).

The zeros of A,()), counted with multiplicity, coincide with the level-crossing
points of the pencil A,, + AB,,. Since
degy Ay = n(n-1),
the empirical level-crossing measure is
1
i = ———— o
n(n-1) An(%:):()

By the Poincaré-Lelong formula,

fin = Axlog|An(A)]-

1
2mn(n-1)
Let €™ (\),..., €5 (X) be the eigenvalues of C,,(A). Then

A = TIEM ) -7 ()%

i<j

Since
&) = ov/n(1+AR) ¢V (),
we get
1 n n
D) 98 1A (W] = log(r/n(1+ AP)) + ( Zlog|<‘ "=
Z<j
Equivalently,
ﬁlogm (N)] —log(a n(1+|A]2)) /f 10g|z—w|dMn7>\(z,w),
where

1
Mo = n(n-1) ; O .M ()
Fix a compact set K c C. For 0 <e <1 < R, define the two-sided truncation
O, p(z,w) := max{loge, min(log|z — w|,log R)}.

This is a bounded continuous function on C2. Moreover, for bounded continuous
functions one has

[[ @enddun= [[ @ ndLos(z)dlaa(w) + Onr(ifn),
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because M, » differs from L,, x®L,,  only by the diagonal correction. Hence (UCL)
implies
sup‘f/. Q. p(z,w)dM, (2, w) - ff O, p(z,w) docire(2)dogire(w)| — 0
AeK
in probability.
We now remove the truncations. The lower truncation error is supported on
{]z —w| < €}, and is bounded by

ff |log|z — w||dM, x + |loge| My 2 {|z — w| < €},
{l-wl<e}

which is negligible uniformly on K by (SR). The upper truncation error is supported
on {|z —w|> R} and is bounded by a constant multiple of

log(2 + |z| + |w]) M, A (2, w),
[Aiax{\z\,\w‘}>R/2 (2+ |2 + [wl) A(z,w)

which is negligible uniformly on K by (LT) as R — oo. The same upper truncation
error is absent for the circular law once R > 2, since o is supported on the unit
disk, and the lower truncation converges by monotone convergence. Consequently

ff log|z — w|dMy, x - f log |z — w| docire (2)docire (w)| —> 0

in probability, after taking first n — oo, then ¢ | 0, and finally R — oo. Denote the
limiting energy by

sup
AeK

Icirc = f IOg |Z - w| dUcirc(z)dUCirc(w)-

Thus
sup ZlogK(n)()\) C(n)()‘)| Leire| — 0
AeK n( - 1) i<j
in probability.
Therefore,
1 1
———log|A,(N\)| = = log(1 + |\]*) + ¢, +0p(1)
n(n-1) 2

in probability in L], (C), where

1 = log(ov/n) + Leire.
This is the natural mode of convergence, since log|A,| has logarithmic singularities
at level crossings and hence cannot converge locally uniformly on sets meeting its
zero set. Applying %A » in the sense of distributions, the constants ¢, disappear

and we get
_dxdy

m(1+[A[2)2
This is exactly the uniform distribution on CP'. (]

1 1
iy = —A,\(flog(l + |)\|2)) dxdy =
27 2

3. REAL MATRICES

3.1. Real orthogonal case. The uniform law seems to be valid for a number
of real Gaussian ensembles on the spaces of real and real symmetric matrices.
Recall that the GOEX-distribution on SymY is the distribution where each entry
ei,j = €ji, 1 < j of a nxn-matrix has a normal (and independent of the other entries)
distribution N(0,1), and each diagonal entry e;; is independently distributed as
V2N (0,1). Here SymR is the space of real-valued symmetric matrices. Let us
formulate the main result and conjecture from [GrShZa] concerning random pencils
of matrices with real coefficients.
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Theorem C. If A and B are independently chosen from GOEY, then the distri-
bution of the branch points is uniform on CP' 5 C, i.e., its density in the affine
coordinate \ = x + iy is given by (2.1).

Conjecture 1. Conclusion of Theorem C is valid if A and B are independently
chosen from any GOERX, n > 3.

Remark 6. Observe that Theorem 1 is, in general, wrong for real symmetric matri-
ces, i.e. scaling of the main diagonal of real symmetric matrices by a large number
leads to a distribution of the branch points different from (2.1). In particular, this
distribution is not radial in the complex A-plane. On the other hand, numerical
experiments suggest that if one scales the main diagonal by a number in [0, 1], for-
mula (2.1) is still valid! At the moment it is unclear for which value of the scaling
parameter, the “phase transition” happens.

3.2. Reduction of the GOE conjecture to pseudocovariance-independence.
In this subsection we refine Conjecture 1 by exploiting the special Gaussian struc-
ture of the GOE ensemble. We show that the conjecture reduces to a single analytic
question about the dependence of the log-discriminant on the pseudocovariance pa-
rameter.

Let A, B, be independent GOE matrices, and consider the pencil
Cn(N) = A, + ABy, AeC.
For i < j, the entries of Cy, () are of the form
(Cn(A))ij = asj + Abij,
where a;;,b;; ~ N(0,1) are independent real Gaussians. On the diagonal,
(Cr(N))is = ag; + Aby, aii,bii ~ N(0,2).
Define the normalized matrix

Cp(N) = _G(N)

\/1+|)\|2.

Then the entries of 5n(A) are centered complex Gaussian random variables with
E|C,(\)il* = 1, E(C.(N)3) =7(N),
where )
1+
A) = ——.
"= TR
Thus the law of an(A) depends on A only through the single complex parameter

7(\), and hence through

1+ A2
)=tV = 7| .

Let A, (\) denote the discriminant of the characteristic polynomial of C,,(\), so
that the empirical level-crossing measure is given by

Iin Ay log|A, (M)

1
- 2mn(n-1)
Remark 7 (Status of the real-case assumptions). The main technical input in both
the real symmetric and Hermitian cases is control of the logarithmic energy uni-
formly in the elliptic parameter. This means two separate estimates: a global
elliptic-law input and a local small-spacing/no-clustering input which makes the
logarithmic singularity negligible. For Gaussian elliptic ensembles these estimates
are supported by explicit Pfaffian or determinantal correlation kernels; for general
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real i.i.d. entries they should follow only after combining local circular/elliptic-
law estimates with bulk universality. We therefore state the real results below as
conditional statements, except in the special finite-dimensional cases quoted from
[GrShZa).

The mode of convergence for normalized log-discriminants should be LlloC in
probability, or equivalently distributional convergence after applying (27) 1Ay,
rather than locally uniform convergence. Indeed log|A,| has logarithmic poles at

the level crossings.
Proposition 3 (GOE structural reduction for expected potentials). Let A, B,, be
independent GOE matrices and set

U,(\) =E [n(nll) logmnm] .

Then there exists a function H, :[0,1] - R such that

1 1+ A%

Consequently any locally uniform limit of U, has this form.

Proof. Write
Cp(N) = Ap +AB, =1+ AR C(N).
Since the discriminant is homogeneous of degree n(n —1) in the matrix entries,

log |8, (Ca (0)] = (= 1) Tog(1+ \?) + log | A, (Ca (V).

It remains to understand the law of the second term. The entries of @(A) are
centered complex Gaussian variables. Their variance is normalized to one, and
their pseudocovariance equals

i 142
T(A) =E¢;(N\)° = R
For a centered complex Gaussian vector, the joint law is determined by its covari-
ance and pseudocovariance matrices. Hence the law of @,(A) depends on A only
through 7(\).

If 7' = €?*7, then multiplication of the whole matrix by e’ sends the Gaussian
ensemble with pseudocovariance 7 to the one with pseudocovariance 7'. This mul-
tiplication rotates all eigenvalues by €’ and multiplies the discriminant by a com-
plex number of modulus one times the deterministic homogeneous factor; therefore
log|A,(C,()\))| depends on 7(\) only through |7()\)|. Taking expectations gives

Un(A) = 31081+ \P) + Ha(lr (V)

for a deterministic function H,, on [0, 1], which is the claimed formula. Any locally
uniform subsequential limit has the same structural form by passing to the limit in
this identity. O

Proposition 3 shows that Conjecture 1 reduces to understanding whether the
pseudocovariance parameter contributes to the leading n?-asymptotics of the log-
discriminant.

Theorem 2 (Conditional GOE asymptotic law). Let A,,, B, be independent GOE
matrices, and let u, be the empirical level-crossing measure of A, + AB,,.

Assume that there exists a deterministic function G € Li. _([0,1]) such that

ﬁ log |A,(N)| = %log(l +[A%) - G(q(A)) ~en—0
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1
loc

in probability in L
Then

(C), where ¢, is independent of \.

%AA [% log(1+ \2) + G(q()\))] da dy.

In particular, if G is constant, then p, converges to the uniform measure on
CP'.

Hn =

Proof. The proof is identical to that of Theorem 1 once the stated L{,_ asymptotic
for the log-discriminant is available. The Poincaré-Lelong formula identifies u,, with
the distributional Laplacian of the normalized log-discriminant, and distributional
convergence of Laplacians follows from LllOC convergence of the potentials. Since

Ayc, =0, the constants disappear. ]

Conjecture 2 (Pseudocovariance-independence). Under the assumptions above,
the pseudocovariance parameter does not contribute to the leading asymptotics:

1 1
— L log A (V)] = = log(1+ A1) + ¢ +0(1)
n(n-1) 2
in probability in L] (C).
Conjecture 2 implies Conjecture 1. It isolates the core analytic problem: to show

that the pseudocovariance

1+ )2
)= — 2
() 1+ P

does not affect the leading-order logarithmic energy of the eigenvalues of A,, + AB,,.

Remark 8. At the special value A = i, one has 7(i) = 0, and the entries of C,, (i) are
circularly symmetric complex Gaussians (subject only to the symmetry constraint).
This suggests comparing the general case to A = ¢ via a Gaussian interpolation in
7, which may provide a route to proving Conjecture 2.

Remark 9. Conjecture 3 would follow from convergence of the normalized log-
discriminant to the logarithmic potential whose Laplacian is the stated density.

3.3. General real case. Recall that the GEX-ensemble on Mat® is the distribu-
tion where each entry of a n x n-matrix is an independent real random variable
distributed as N(0,1), and MatY is the space of all real-valued n x n-matrices.

In [GrShZa] we were only able to obtain integral representation for the level
crossing distribution for GEX, see Theorem 6 in loc.cit.

We now formulate the large-size problem for real i.i.d. entries. This is the
real analogue of the conditional Girko-type theorem above, but the real symmetry
introduces an additional issue: a priori a positive proportion of level crossings
could accumulate near the real projective line. Thus the natural statement has two
parts, an absolutely continuous two-dimensional part and a possible singular part
supported on RP*.

Conjecture 3 (General real i.i.d. level-crossing law). Let A, = (a;;) and B, = (b;;)
be independent real n x n matrices with i.i.d. entries satisfying

Ea11 =Eby; =0, Eaf, =Eb;, =1,
and assume a standard moment condition strong enough to imply the circular law
and the corresponding local no-clustering estimates. Let u© be the empirical mea-
sure of the n(n —1) level crossings of A, + AB,,, counted with multiplicity and
normalized to have total mass one. Then, as n — oo,
dx dy

LC
T (L AR)?
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FIGURE 1. GE}f—distributions of the branch points, for n =
2,5,15,25 approaching the uniform distribution on CP?!.

in probability on CP*. Equivalently, the limiting law is the uniform spherical mea-
sure.

Remark 10. The conjecture is meant for genuinely full real i.i.d. matrices, not for
real symmetric matrices. It is consistent with the numerical evidence in [GrShZa],
where the real Gaussian ensemble GEE appears to approach the same uniform
measure on CP'. The expected number of exactly real level crossings may grow
like O(n), but this is negligible on the n(n—1) scale. What is needed for the limiting
statement is the stronger absence of an O(n?) cloud of almost real crossings.

Remark 11 (Assumptions in the full real i.i.d. case). Away from RP', the normal-
ized pencil (A, +AB,)/v/n(1 +|\?) is a non-Hermitian matrix with complex entries
whose real and imaginary parts are correlated. The expected inputs are therefore
the real analogue of the complex assumptions in Theorem 1: a uniform circular or
elliptic law and a uniform small-spacing estimate. The global part is in the scope
of circular-law and local circular-law results such as [BYY]; the small-spacing part
is predicted by local universality of non-Hermitian eigenvalue statistics, as in [TV],
but should not be presented here as proved in this full uniformity.

The additional assumption excluding concentration near RP! is a separate real
phenomenon. In the Gaussian generalized eigenvalue problem the number of real
generalized eigenvalues is only of order n'/? in expectation [EKS], and the real Gini-
bre correlation functions are explicitly described by Pfaffian formulas [FN]. These
results support the expectation that real or almost-real crossings are negligible on
the n(n—1) scale, but they do not by themselves prove the stated no-concentration
hypothesis for general real i.i.d. pencils.
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Theorem 3 (Conditional real i.i.d. theorem). Let A,, B, be as in Conjecture 3.

For Ae C\R, set
A, +AB,

V(L +R)

Assume that, uniformly for X in compact subsets of C\R, the empirical eigenvalue
measure of 5n(A) converges to the circular law and that the small-spacing condition
(SR) and logarithmic-tail condition (LT) appearing in Theorem 1 hold. Assume
moreover that

é\n()‘) =

EN,
lim lim sup ﬂ =0,
eld nooo n(n — 1)
where N, (e) denotes the number of level crossings lying within spherical distance
€ from RP'. Then u,LLC converges in probability to the uniform measure (2.1) on

CP!.

Proof. On compact subsets of C \ R the argument is identical to the proof of The-
orem 1: the normalized log-discriminant satisfies

o log |A,(MN)] = 1log(l + \)\|2) +cp +op(l),
n(n-1) 2

in probability in LllOC

plying (27r) ' A, in the sense of distributions gives the density (2.1) away from RP*'.
The additional no-concentration assumption and Theorem 4 rule out any missing
singular mass on RP', completing the proof. O

on such compact subsets, where ¢, is independent of X\. Ap-

Conjecture 4 (Possible non-universal real corrections). For real ensembles with
additional linear constraints, such as real symmetric or structured real matrices,
the limiting density need not be uniform. If the limit is absolutely continuous and
invariant under the natural SO(2)-action, then it should have the form

1+ A2? ) dx dy

(L+[AP)? ) w1+ [AP)?

for a mon-negative function h normalized by total mass one. In the full real i.i.d.
case we expect h = 1.

p(N) dxdy = h(

Theorem 4 (No concentration near the real projective line). Let A,, B, be in-
dependent n x n random real matrices, and let u, be the empirical level-crossing
measure of A, + \B,,.

Fore>0, let

N, (€) = #{\ e supp pup, : disteps (A, RPY) < ¢},
counted with multiplicity. Assume that
EN,
lim limsup & =0.
€ n—»oo n(n - 1)

Then every subsequential weak limit in probability of w, gives zero mass to RP'.
Equivalently, along every almost-sure weakly convergent subsequence extracted from
a subsequence converging in probability, the limiting measure assigns no mass to
RP'.

Proof. For every € > 0,
Ny (¢)
A((RPY),) = —2—2,

Hence Markov’s inequality and the assumption imply

lim limsupP (i, ((RPY):) > ) =0
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FIGURE 2. Density of GUF, in C.

for every n > 0.

Let pp, = p in probability. Passing to a further subsequence if necessary, assume
the convergence is almost sure. Choose continuous cutoffs 0 < x; <1 on CP' such
that x; = 1 on RP' and supp Xj € (R]Pl)sj, where €; | 0. By another diagonal
extraction, using the preceding probability estimate, we may assume that

lim sup iy, ((RIP’I)EJ. )=0
k—oo
almost surely for every fixed j. Therefore
W(RPY) < ij dpi = giigij i, < sup o, ((REY):,) =0.
Thus p(RP') = 0. O
Corollary 1. IfENE = o(n?), then
1 (RPY) > 0
in probability.
Remark 12. Under the assumption that the expected number of level crossings in
any e-neighborhood of RP" is o(n?) uniformly as ¢ — 0, every subsequential limit
assigns zero mass to RP'.

We do not currently verify this condition for general real ensembles, and leave
it as an assumption.

4. HERMITIAN MATRICES

To describe an analog of Wigner’s semicircle law, we now turn to level crossings
for linear families of random Hermitian matrices. Recall that the GU E,,-ensemble
is the distribution on the space H,, of all Hermitian n x n-matrices given by the

density
1 .

= —%trH2 H €

Zn € ) Hn’
where Z,, = on/2n?/2,
Theorem D (See Theorem 3 of [GrShZa]). If A and B are independently chosen
from GU Es, then the distribution of the level crossings in C is given by

4 yldedy

7 (1+22+y2)3 (1)

PGUEQ (1[,’, y)dxdy =

To formulate our further results we need to impose certain assumptions.
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Assumption 1 (Uniform log-energy convergence in the elliptic bulk). For every
€ > 0, uniformly for 7€ [0,1-¢],

ﬁ ;logp\i -\l = G(?) + op(1),
where
(%) = [[, oglz =~ wlr (@) (dw),
and p, is the elliptic law.
Remark 13 (Motivation for Assumption 1). Let logs 7 := max{logr,logd} and split

1
- 1 )\i X\ = Lfar + Lnear )
For fixed 0 < § <1< R, replace log|z — w| by the two-sided truncation
@5 (2, w) := max{logd, min(log |z — w|,log R)}.

This kernel is bounded and continuous. Since the complex elliptic Ginibre ensemble
is determinantal with an explicit kernel, the one- and two-point correlation functions
admit bulk asymptotics uniform in 7€ [0,1 - ¢]. Hence

L) =[] @5 a(ew) i (d2)ar () + 0r(1)

uniformly in 7.

The remaining step is precisely the logarithmic-uniform-integrability input: one
lets first n — oo, then § | 0, and finally R — oo, using the local bulk two-point
estimate near the diagonal and the uniform logarithmic tail bound at infinity. This
is why Assumption 1 is stated as an assumption rather than as a consequence of
weak convergence alone.

Theorem 5 (GUE level-crossing limit away from the real axis). Assume Assump-
tion 1 for the Gaussian elliptic ensemble on compact subsets of |t| < 1. Then the
empirical level-crossing measures for the pencil

A, +\B,,  Apn,By,~GUE,,

converge locally on CP' \RP' to the measure

oA [Sloa(1+ NP + G- ¥?)] dray,
2T 2

where
AL
1+
and G is the logarithmic energy of the elliptic law with parameter
7] =V1-Y2.

Proof of Theorem 5. Let
Cn(\) = A, + ABy, A,, B, ~GUE,,

and define the normalized matrix

Let &(N),...,&(A\) and &(N),...,&.()\) denote the eigenvalues of C,(\) and

C,,(\) respectively. Then
&) =V1I+ ARG,
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and hence
1

mlogmn()\ﬂ = S log(1+ [AP) + D) S OBl 6O

By the Gaussian covariance computation, the law of 5n(A) depends on A only
through the parameter
1+\2
T(A) = e
Moreover, since multiplication by a complex phase rotates the spectrum, the quan-
tity
1

log | - &1
n(n-1) ; J
depends only on |[T())].
Define b
1+ M7
NEIEOEE 7| .
1) = PO = o e
In stereographic coordinates on S?, one checks that
23X

A)=1-Y? y=-""°"_|
a(A) : PUE

By Assumption 1, for every € > 0, there exists a continuous function Z; : [0,1 —
€] = R such that
1
n(n-1)
uniformly for |7|<1-e.
It follows that for all A such that [7(X)|<1-¢,

S loglé; - & = Zo(I7]) + 0p(1),

1]

m log [An(N)] = %log(l + NP + Go(g(N)) +op(1),
where G- (q) := Z.(\/q)-
Set

F.(\) = %log(l +AP) + Go(1-Y?).

Then F. is continuous and the convergence above is understood in probability
in L. on compact subsets of the region |7(\)| < 1-e. This is the appropriate
potential-theoretic mode of convergence because the left-hand side has logarithmic

singularities at level crossings. Thus

1
————log|A,(N)| — F:())
n(n-1)
in probability in LllOC on this region.
By standard potential-theoretic arguments, this implies convergence of Lapla-
cians in the sense of measures:
1 1
pn = 5 Axlog|A, ()| = = ANF(\) da dy,
2mn(n-1) 27
locally on the region |7(A)] <1 -e.
Since e > 0 is arbitrary, this proves the existence of a limiting density away from
the set |[T(\)| = 1, i.e. away from the equator Y =0 on S2. The density is given by

T(N) = iA,\[%log(l SAP)+ G- YY),

where G(q) denotes the logarithmic energy of the elliptic law with parameter ,/g.
This proves the theorem. O
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FIGURE 3. Empirical distributions of [Y] for (1.1) taken from
GUE,, with n=2,3,4,5,6. (Curves corresponding to the increas-
ing values of n lie one below the other; the blue straight line cor-
responds to n = 2.)

We do not have an exact formula for the density PS¢V (z,y), for n > 3. How-
ever these densities have simpler formulas in cylindrical or spherical coordinates on

CP'. In particular density %m transforms in the constant density ﬁ in the

cylindrical coordinates and the density %ﬁ becomes PFUE (6, ¢) = sin?0.
One can show that each PSVE (6, ¢) is independent of the azimuthal angle ¢.

Conjecture 5. There exists U (0, ) = lim,, .. PSUVE (0, $), see Fig. 3.

Remark 14. The preceding theorem treats the Gaussian Hermitian case through
the elliptic ensemble. The expected universality statement is that the same limiting
level-crossing law holds for general Wigner matrices. We spell out the corresponding
ensemble and conjecture, since this is the Hermitian analogue of Wigner’s semicircle
law in the present level-crossing problem.

Definition 2. Fix a real-valued probability distribution p with mean zero and
finite moments, and a complex-valued probability distribution v with mean zero,
unit variance, finite moments, and satisfying the Hermitian symmetry convention
hji = hTJ We denote by HE,, ., » the Wigner ensemble of Hermitian n x n matrices
whose diagonal entries are i.i.d. with law x4 and whose upper-triangular off-diagonal
entries are i.i.d. with law v.

Conjecture 6 (Hermitian Wigner universality). Let A, and B, be independent
matrices from HE,, , », normalized in the usual Wigner scaling. Then the empirical
level-crossing measures of A, + AB,, converge, as n — oo, to the same probability
measure ¥ as in Conjecture 5, i.e. the limiting law is universal inside the Hermitian
symmetry class and does not depend on the particular laws p and v.

Conjecture 7 (Potential-theoretic form of the Hermitian limit). The universal
Hermitian limiting measure is the SO(2)-invariant measure on CP' given away
from RP* by

AP

1 1
— Ay | = log(1 + AP Gl—Yz]dd =2
y A[Q og(1+\P) + G(1-Y?)|dzdy, S

where G(q) is the logarithmic energy of the elliptic law with elliptic parameter /q.
The measure has no atom or singular component on RP'.
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Theorem 6 (Conditional Hermitian Wigner theorem). Assume the following two
uniform inputs for the Wigner-type elliptic ensembles arising from

A+ AL,

I+ R

(i) the empirical eigenvalue distribution converges to the elliptic law with parameter
[7(N)|, uniformly on compact subsets of C\R; and (ii) the normalized logarithmic
pair-energy converges uniformly to the elliptic logarithmic energy G(|T(\)|?), with
negligible contribution from eigenvalue spacings tending to zero. Then the conclu-
sion of Conjecture 7 holds locally on CP' N~ RP'. If in addition, the empirical
level-crossing measures do not concentrate in an o(1)-neighborhood of RP', then
the same convergence holds on all of CP*.

Proof. The proof repeats the proof of Theorem 5. The normalization separates
the deterministic factor %log(l +|A|?) from the logarithmic pair-energy of the nor-
malized eigenvalues. By the assumed elliptic-law and log-energy convergence, the
normalized log-discriminant converges to

%10g(1+|)\|2)+G(1—Y2).

Applying the Poincaré-Lelong formula gives the stated Laplacian. The final no-
concentration assumption removes the only possible missing singular mass on RP*.
O

Proposition 4 (Gaussian Hermitian pencils). For A,, and B,, independent GUE
matrices, the two uniform inputs in Theorem 6 are satisfied on every compact subset
of C\R. Consequently the Hermitian limiting measure is rigorously obtained there
from the elliptic logarithmic energy.

Proof. Fix a compact set K ¢ C\R. For A\ € K the normalized matrix
_An+AB,

V1+A2

is a Gaussian elliptic ensemble. Its correlation parameter is

1+\° o 4(0N)?
T N (F O
Since K is separated from the real axis, there exists § > 0 such that |[7(A)|<1-4
for every A e K.

For Gaussian elliptic ensembles with |7| < 1 -6, the explicit determinantal corre-
lation kernels imply the global elliptic law uniformly in 7; see the elliptic ensemble
computations of [SCS, FZ, Fo]. Thus the empirical eigenvalue measures of Cj,(\)
converge, uniformly for A € K, to the elliptic law with parameter |7(\)].

It remains to justify convergence of the logarithmic pair-energy. Split

Ca(N)

log |Z - ’U)| = log |Z - w| 1|z7w|>5 + log |Z - w| 1\2—w\$5-

For the first term the kernel is continuous after an outer truncation and hence
the uniform elliptic law gives convergence to the corresponding truncated elliptic
energy. For the second term, the determinantal two-point correlation function is
locally bounded, uniformly for |7| < 1 -4, and has the usual quadratic repulsion at
the diagonal. Therefore, for compact spectral windows,

1 f 8 2
Em ; L, ¢, 1<l log & — &5l < Cs €7 [loge| + o(1),
uniformly in A € K. Letting first n - oo and then ¢ | 0 proves that the small-
spacing contribution is negligible. Removing the outer truncation is justified by the
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compact support and logarithmic-tail bounds for the elliptic law, again uniformly
for |7| < 1-40. Hence the normalized logarithmic pair-energy converges uniformly
on K to the logarithmic energy G(]7(\)[?) of the elliptic law, which is precisely the
pair-energy input required in Theorem 6. (]

Remark 15 (Non-Gaussian Hermitian/Wigner entries). For Wigner entries with
smooth bounded densities, subexponential tails, and matching first two moments,
the same verification is expected to follow from the local elliptic law and bulk
universality for elliptic random matrices, uniformly for |r| < 1-§. Thus away from
RP' the Hermitian conditional theorem is essentially reduced to known elliptic-law
and level-repulsion technology. What remains outside the present verification is
uniform control as JA — 0, where the elliptic ensemble approaches the Hermitian
regime, and the possible concentration of level crossings near RP!.

Remark 16. Observe that the probability density (4.1) is invariant under the change
of variables t <> =1 which corresponds to considering the family tA + B instead of
A +tB; the latter change having no effect on the spectral distributions.
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