THE (n —2,2)-SPECTRUM OF A GRAPH

B. SHAPIRO

ABSTRACT. We study a representation-theoretic refinement of the ordinary Laplacian spectrum of a graph.
Given a graph G on n vertices, one may associate to it the element

Xg= Y (ij) €C[Sn].

ij€EE(G)

The action of X in irreducible representations of Sy, produces spectral invariants of graphs. The standard
representation (n—1, 1) recovers the ordinary graph Laplacian spectrum, up to the elementary affine change
Xag = mI — Lg, where m = |E(G)|. The next component, (n — 2,2), gives the first representation-theoretic
correction. We give an explicit edge-space model for this component, derive a concrete coordinate formula
for the induced operator, give a conceptual formula for all trace moments, specialize it to trees as universal
linear combinations of support-forest counts, and then compute the first three moments explicitly. The third
moment is expressed in terms of three-edge subgraph counts. We also introduce a weighted trace polynomial
and prove that this weighted refinement already reconstructs every tree from the second moment, except for
a single exceptional value of n where the fourth moment suffices. Finally we discuss the relation with the
invariant-theoretic approach of Thiéry [10] and formulate a more explicit support-forest-profile conjecture
for the unweighted graph isomorphism problem for trees.

1. INTRODUCTION

Spectral graph theory traditionally studies eigenvalues of matrices naturally associated with a graph, such
as adjacency matrices, graph Laplacians, signless Laplacians and normalized Laplacians; see, for example,
[4, 11]. These operators act on functions on the vertex set. Representation theory of S,, suggests a natural
hierarchy of spectral refinements; see, for instance, [3] for the general representation-theoretic viewpoint.

Let G be a graph on the vertex set [n] = {1,...,n}. Unless otherwise stated, we assume n > 4 when
referring to the partition (n — 2,2). Put

Xg= Y (ij) € C[Su).

ijEE(G)

For every irreducible representation py : S, — GL(V)) one obtains an operator

X&=p(Xa)= D pal(id).
ijEE(G)
The spectrum of X is an isomorphism invariant of G. The same group-algebra element, or equivalently the
shifted Laplacian mI — X, appears in the spectral theory of Cayley graphs of S,, generated by transpositions
and in the interchange process; see, for example, [2, 1]. Here we use this construction in a different direction,
namely as a hierarchy of graph invariants obtained by looking at individual irreducible components.
The case A\ = (n — 1,1) is the ordinary Laplacian spectrum in disguise. Thus the first genuinely new
irreducible component is
A=(n—2,2).
This note studies the corresponding graph invariant. The main new point beyond the basic construction
is a general character formula for all trace moments. For trees this gives a universal expansion of every
moment as a linear combination of embedded support-forest counts. The explicit first three moments are
then obtained as examples; the first two are comparatively coarse, while the third moment already sees
three-edge configurations such as triangles, claws, three-edge paths and disjoint edge triples.
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Main contributions. The results of the paper may be summarized as follows.

(i) We identify the (n — 2,2)-space with the zero-degree edge space.

(ii) We write the operator X on this space explicitly in edge coordinates.

(iii) We give a closed character-sum formula for every trace moment.

(iv) For trees, we show that every trace moment is a universal linear combination of embedded support-
forest counts.

(v) We introduce the weighted trace polynomials. Their support coeflicients encode the edge-line graph
of a tree; consequently the weighted refinement reconstructs every tree from the quadratic trace
polynomial, except when n = 7, where the quartic trace polynomial separates adjacent from disjoint
edge pairs.

(vi) We keep the first three unweighted trace moments as explicit examples: the first and second moments
are determined by elementary Laplacian data, while the third moment gives the first concrete source
of new information beyond the ordinary Laplacian spectrum.

2. THE GRAPH REPRESENTATION
Let
v, =c(3)
be the edge space of the complete graph K,, with basis e;; indexed by unordered pairs ij C [n]. The
symmetric group S, acts by permuting vertices:
0€ij = €o(i)o(s)-
The classical decomposition of this permutation representation is [8]
(2.1) Vo2& n-1,1)(n-22).
The trivial representation is generated by the complete graph vector
1= Z €ij-
i<j
The sum of the first two components is generated by the star vectors
Ei:Zeij, z:l,,n
J#i
These n vectors are linearly independent for n > 3, and their span is isomorphic to the permutation repre-
sentation (n) @ (n — 1,1). Hence the last summand has dimension

(5) =

Remark 1. This decomposition is used explicitly by Thiéry [10] in his study of the invariant ring of weighted
graphs. In that setting the component (n — 2,2) is described as the space of weighted graphs whose vertex
degrees are all zero. The spectral theory of the operator Xg on this component seems to be a natural
refinement of that invariant-theoretic viewpoint.

3. THE STANDARD REPRESENTATION AND THE LAPLACIAN
Let Ag be the adjacency matrix of G, let Dg be the diagonal degree matrix, and let
Lg =Dg — Ag
be the graph Laplacian. Denote m = |E(G)|.
Proposition 1. On the standard representation (n — 1,1) one has
X0t =l — L.
Consequently, for n > 4, the spectrum of ngl’l) s equivalent to the ordinary Laplacian spectrum of G.

More generally, this equivalence holds once the number m of edges is known.
2



Proof. In the permutation representation on C™, the transposition (ij) exchanges the basis vectors e, e;.
Therefore I — (ij) is the rank-one elementary Laplacian attached to the edge ij. Summing over all edges
gives

> (I-(ij) = Le.
ijJEE(G)
Thus Xg = mI — Lg on C". The trivial line is invariant and carries X by multiplication by m; after
quotienting by the trivial line, or restricting to its orthogonal complement, one obtains the standard repre-
sentation. Since the trace of Xé"_l’l) equals m(n — 3), the integer m is recovered from this spectrum for
n > 4. O
4. A CONCRETE MODEL FOR THE (n — 2,2)-COMPONENT

The component (n — 2,2) has a particularly simple realization inside the edge space.

Definition 1. Let

W, =< 2= (2ij)icj € Va : Zzij =0foreveryi=1,...,n;,
J#i
where z;; = z;;. We call W, the zero-degree edge space.
Proposition 2. Forn > 4, W, is an S, -invariant subspace of V,,, and
W, = (n—2,2).
For n = 3 this space is zero and the component is absent. Equivalently,
V., = span{FE1,..., E,} ® W,.
Proof. The defining equations of W, say precisely that z is orthogonal to each star vector E;. Therefore
W, =span{E,..., E,}".

Since the star span is Sj,-invariant, so is its orthogonal complement. The star span is the permutation
representation (n) ® (n — 1,1). Using the decomposition (2.1), its orthogonal complement is the remaining
irreducible component (n — 2,2). O

This proposition gives the first main point of the paper: the (n — 2,2)-spectrum is the spectrum of Xq
on zero-degree weighted graphs.

Definition 2. The (n — 2,2)-spectrum of G is
Spec(,,_2,2)(G) = Spec (Xg|w,,) -

5. COORDINATE FORMULA FOR THE OPERATOR

The action of X on the full edge space V,, can be written explicitly. For an unordered pair ab, let d, be
the degree of a in G, and let 1,,cp(q) be 1 if ab is an edge of G and 0 otherwise.

Proposition 3. For every basis vector eqp of V,, one has

(5.1) Xceaw = (m —dy—dp+2- ]-abEE(G))eab + Z €pe T Z €ac-
c#b cta
aceE(G) bceE(G)

The restriction of this operator to W, is X(anz,z).

Proof. Fix ab. An edge-transposition ij € E(G) acts on ey in three ways. If ¢j is disjoint from ab, then it

fixes eqp. If ij = ab, it also fixes eqp. If 75 shares exactly one endpoint with ab, it replaces that endpoint

by the other endpoint of ij. Counting these three possibilities gives (5.1). Since W, is invariant under each

permutation of vertices, it is invariant under the sum Xg. ([l
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Remark 2. Formula (5.1) shows that the relation with line graphs is subtler than a literal equality with
the line graph spectrum of G. The operator acts on the edge space of the complete graph K, not only on
the edge set of G. It is better viewed as an edge-replacement operator: an edge ab may move to bc or ac by
using an edge of G incident to one of its endpoints. Thus line-graph type adjacency appears, but on the full
pair space and with a degree-dependent diagonal term.

6. A UNIVERSAL TRACE FORMULA

The low-order trace computations below are best viewed as examples of a more general formula. We
record it first because it gives a conceptual answer to the “higher trace” problem.
Let 7. = (ij) denote the transposition corresponding to an edge e = ij. For a word

w=(e,...,er) € E(G)"
put
(W) = Te, -+ Te, € Sp.

If 0 € S, let c1(o) be the number of fixed points of o and let c3(0) be the number of two-cycles in its cycle
decomposition.

Lemma 1 (Character of (n — 2,2)). For every o € S,

(6.1) "2 (g) = (Clg’)) +e3(0) — e1(0).

Proof. The permutation representation of .S,, on two-element subsets of [n] has character

(Cléa)> + c2(0),

because a two-subset is fixed either when both of its elements are fixed points of o, or when it is a two-cycle
of 0. This permutation representation decomposes as

n)@en-1,1)® (n—2,2).
The character of (n) @ (n — 1,1) is the character of the natural permutation representation on vertices,

namely ¢ (o). Subtracting it gives (6.1). O

Theorem 1 (Universal trace formula). For every graph G on n vertices and every r > 1,
(6.2)

MﬁZ)(G) =tr(X¢lw,)") = Z [(Cl(ﬁ(eh'”’er») +ca(m(er, ... er)) —ci(m(er,...,e))

2
(e1,...,er)EE(G)T

Equivalently,

(63) MaSQ)(G) = Z X(n_2’2) (Te1 T Ter)'
(e1,...,er)EE(G)T

Proof. Expanding X, in the group algebra gives

X E Tey " Te,-
er) g

Taking the trace in the irreducible representation (n — 2,2) gives (6.3). Formula (6.2) follows from the
preceding character formula. |



6.1. Specialization to trees: support forests. For trees the universal formula has a useful interpretation
in terms of forest counts. This is slightly more accurate than saying only “subtree counts”: if a word uses
several mutually separated edges, its support is a forest, whose connected components are subtrees of 7.

If T is a tree and w = (eq, ..., e,) is a word in edges of T, let F'(w) be the edge-induced forest whose edge
set is the set of distinct edges occurring in w. Thus F(w) is a disjoint union of embedded subtrees of T'.

Proposition 4 (Tree trace expansion). For every tree T' on n vertices and every r > 1,
(6.4) MPNT) =" Nr(T)Cr 5(n),
f

where F runs over isomorphism types of finite forests with at most r edges, Nx(T') is the number of embedded
edge-induced subforests of T isomorphic to F, and Cy. x(n) is a universal coefficient depending only on r, n,
and the forest type F.

Proof. Group the words w € E(T)" according to the isomorphism type of the support forest F'(w). Once this
forest is identified with a fixed model F, the contribution of all words whose support is that copy depends
only on multiplication of transpositions inside F and on the number n — |V(F)| of outside vertices, all of
which are fixed by the resulting permutation. Thus each embedded copy of F contributes the same universal
quantity C, z(n). O

Remark 3. This proposition is the conceptual form of the trace theory for trees: every (n — 2,2)-trace is
a universal linear combination of embedded forest counts. The connected forest components are precisely
subtrees, so this is still a subtree-counting invariant, but with separated components retained. The first few
explicit trace formulas below should be understood as the first terms of this general support-forest package,
rather than as isolated computations.

6.2. Weighted trace polynomials and a sharper reconstruction package. The unweighted spectrum

gives one number Mﬁg) (T') in each degree. For conceptual purposes it is useful to consider a slightly richer
object first. Assign an independent variable y. to every edge e of T' and put

= 3 ym € Cly e € BIT)|[S,).

e€E(T)
Define the weighted trace polynomial
(6.5) MPNT;y) = tr(n2.2) (X7 (y)") -
The ordinary trace is the diagonal specialization
M2(T) = MP(T;1,...,1).

For a finite forest F' and a function a : E(F) — Zso, write || = 3° cpp)ae. Let Cpa(n) be the
following universal character sum. Choose any labelling of the vertices of F' inside [n] and sum

(6.6) X(n_2’2)(761 e Te,)

over all words (e,...,e,) in the edges of F' in which each edge e occurs exactly a. times. The result is
independent of the chosen labelling of F.

Theorem 2 (Weighted support-forest expansion). For every tree T on n vertices and every r > 1,

(6.7) MO (Tiy) =Y Cran) Y T w

(F\a) (F',a")CT ec€E(F')

|a]=r (F',a")2(F,a)
where the outer sum runs over isomorphism classes of finite forests equipped with positive edge multiplicities.
The inner sum runs over embedded edge-induced subforests F' C T, together with the transported multiplicity
function o', counted once as embedded weighted subforests. This convention avoids any overcounting coming
from automorphisms of F'.



Proof. Expand Xr(y)". Each ordered word in edges contributes the monomial y,, - - - y., multiplied by the
character value of the product of the corresponding transpositions. Collect together all words with the same
support forest and the same multiplicity vector. Since T is acyclic, the isomorphism type of the resulting
weighted support forest determines the universal character sum for every embedded weighted copy. This
gives (6.7). O

6.3. A weighted reconstruction theorem for trees. The weighted trace polynomial is not merely a
convenient bookkeeping device. For trees it already contains enough information to recover the tree itself,
up to the natural permutation of the edge variables. This gives a rigorous version of the reconstruction
mechanism behind the support-forest expansion.

Let

2
MENTsy) =t (X1 ()?).
For two distinct edges e, f of a tree T', the coefficient of y .y in MéQ)(T; y) is
2x("_2’2)(767f).

If e and f are adjacent, then 7.7; is a 3-cycle; if they are disjoint, then 7.7y has cycle type (2,2, 1m=4).
Therefore

20, eNf#g
6.8 Y M (Try) = ’ ’
(6.8) ey M (T = Vo5 cnfoo,
where
n? —9n + 18 n? — 11n + 32
an = f’ IB'VL = f

Thus o, — B, =n — 7.

Theorem 3 (Weighted reconstruction of trees). Let T be a tree on n vertices. If n # 7, then the weighted

quadratic trace polynomial M(QQ)(T; y), considered up to permutation of the edge variables, determines T up
to isomorphism. For n =17, the pair

(MP(T:9), MP (T2)
determines T up to isomorphism.

Proof. Assume first that n # 7. By (6.8), the coefficient of y.ys in M§2)(T; y) distinguishes whether two
distinct edges e and f of T" are adjacent or disjoint. Hence the polynomial determines the line graph L(T):
its vertices are the edge variables of T, and two such vertices are adjacent exactly when the corresponding
coefficient is 2, rather than 24,.

By Whitney’s line-graph theorem [12], a connected graph is determined by its line graph, apart from the
classical ambiguity between K3 and K 3. Since we are working in the class of trees, this ambiguity causes
no difficulty: K3 is not a tree, and K 3 is recovered as the unique tree with line graph K3. Therefore L(T)
determines 7.

It remains to discuss the exceptional value n = 7, where a7 = (7 and the quadratic trace no longer
distinguishes adjacent from disjoint edge pairs. In this case consider the coeflicient of ygy]% in Mf)(T ;y) for
two distinct edges e, f. If e and f are disjoint, the corresponding transpositions commute, so all six words
with two occurrences of each edge multiply to the identity. The coefficient is therefore

n(n —3)
—

If e and f are adjacent, four of the six words multiply to the identity and the two alternating words multiply
to 3-cycles. Hence the coefficient is

6d, d =dim(n —2,2) =

4d + 2y, .

For n = 7 one has d = 14 and a7 = 2, so the two values are
84 and 60,

respectively. Thus the quartic weighted trace again reconstructs the line graph of T', and the same line-graph
argument recovers 1. O



Remark 4. This theorem should be viewed as the weighted counterpart of the tree conjecture for the
unweighted spectrum. It proves that before diagonal specialization y. = 1, the (n — 2,2) trace theory has
full reconstructive power for trees. The remaining and subtler problem is to understand how much of this
information survives after all edge weights are specialized to one.

Corollary 1. For a tree T, the weighted trace polynomials M£2)(T; y) determine, degree by degree, universal
weighted forest-counting polynomials. Their diagonal specialization gives the unweighted moments Mr(z) (T).
Remark 5. The preceding theorem is the cleanest form of the reconstruction mechanism. It separates
two questions. First, the weighted theory gives a rigorous support-forest expansion with explicit universal
coefficients. Second, the ordinary (n — 2,2)-spectrum is obtained by setting all weights equal to one. The
tree-isomorphism conjecture below asserts that this diagonal specialization is still rich enough, especially
when combined with the ordinary Laplacian spectrum, see § 9.

7. FIRST MOMENTS
7.1. The first two moments. The trace moments of X¢|w, are graph invariants:
MP(G) = tr (Xelw,)") -
These are the power sums of the (n — 2, 2)-spectrum.
Let
n dv
P& => 1,
v=1

be the number of unordered adjacent pairs of edges of G.

Theorem 4. Let d =dim(n — 2,2) = n(n — 3)/2. Then

—3)(n—4
(7.1) MO (@) =m 27304 )2<” )
Moreover
(7:2) M?(G) = md + 2p(G) vy + (m(m = 1) = 2p(G)) B,
where
N _n2—9n—|—18 _n2—11n+32

n — 2 9 n — 2 .
Proof. For an irreducible character x("~22) we have

MP@ = Y (e,

where an edge ij is identified with the transposition (ij).
For k = 1, all summands are transpositions. The character value of (n — 2,2) on a transposition is
—-3)(n—4
X(n—2,2)(2’ 1n—2) _ (n )2(n )
This gives (7.1).

For k = 2, ordered pairs of edges split into three types. If the two edges are equal, their product is the
identity; this contributes m dim(n — 2,2) = md. If the two edges are distinct and adjacent, their product is
a 3-cycle. There are 2p(G) such ordered pairs. If they are disjoint, their product has cycle type (2,2, 17"7%).
There are m(m — 1) — 2p(G) such ordered pairs.

It remains only to record the two character values

e e n? —9n + 18
A2,y = LTS
and )
X(n72’2) (27 2’ 177,74) _ n- — 1;71 -+ 32 '
They follow immediately by subtracting from the edge permutation character the characters of (n) and
(n—1,1). O



Remark 6. The quadratic moment is a useful consistency check but not yet a source of very new information.
Indeed, the ordinary Laplacian spectrum already determines m and p(G), because

tr(Lg) = 2m, tr(L%) = Zd% + 2m,

and
p(G) = % (Z d? — 2m> :

Thus genuinely new information in the (n — 2,2)-spectrum should begin at third and higher moments.

7.2. The cubic moment. We now compute the third moment explicitly. This is the first calculation in
which genuine three-edge configurations appear.
Let

HG)

be the number of triangles of G. Let s(G) be the number of three-edge stars K 3 contained in G, namely
dy
s(G) =Y (3 )

veV(G)
Let r(G) be the number of three-edge paths P, contained in G, and let ¢(G) be the number of three-edge
subsets of E(G) whose selected-edge union is a disjoint union of a two-edge path and one isolated edge.
Finally, let d3(G) be the number of three-edge subsets consisting of three pairwise disjoint edges. Through-

out this paragraph, “contained” refers to the subgraph determined by the selected edges; no inducedness
condition is imposed on the ambient graph G. Thus

(7;) = t(G) + 5(G) +1(G) + ¢(G) + d3(G).

For convenience put

n— e n—3)(n—4
cy = X( 2,2)(27 1 2) — ( )2( )7
_ _ n? —11n + 28
cy = X(n 2,2)(47 1" 4) _ ——
_ _ n? — 13n + 42
C32 = X(n 22) (3727 I 5) = f?

n? — 15n + 60
—

Theorem 5 (Cubic trace formula). For every graph G on n vertices one has
MP(@) = ea(m + 3m(m — 1) + 6t(Q))

+ 6c4(s(G) + 7(G)) + 6¢329(G) + 6ea22d3(G).
Equivalently, after eliminating ds(G),

Cazo = x"722(2,2,2,1"7%) =
(8.1)

MéQ)(G) = ca(m + 3m(m — 1) + 6t(G)) + 6ca22 (7;)
+ 6(64 — CQQQ)(S(G) + T(G)) + 6(C32 — CQQQ)(](G) — 66222t(G).

(8.2)

Proof. We expand
MP G = Y X2 (efh),
e,f,h€E(G)

where an edge is identified with the corresponding transposition. The ordered triples of edges are divided
according to the isomorphism type of the underlying three-edge multiset.

If all three edges are equal, or if exactly two are equal, then the product of the three transpositions is
again a transposition. These cases give m + 3m(m — 1) ordered triples. If the three distinct edges form

8



a triangle, the product of the three transpositions is also a transposition; this gives 6¢(G) further ordered
triples.

If the three distinct edges form either a path P, or a star K, 3, their product is a 4-cycle, independently of
the order of multiplication. This contributes 6(r(G)+ s(G)) ordered triples. If their union is a disjoint union
of a two-edge path and one isolated edge, the product has cycle type (3,2,1"°), and this contributes 6¢(Q)
ordered triples. Finally, if the three edges are pairwise disjoint, the product has cycle type (2,2,2,1776),

and this contributes 6d3(G) ordered triples. This proves (8.1). Formula (8.2) follows from () =t+s+7+

q+ds. U

Remark 7. The character values used above follow from the elementary identity

X(n—2,2) (0_) _ (fl;o-)> + f2<0') — f1(0)7

where f1(o0) is the number of fixed points of o and f3(o) is the number of two-cycles of o. This identity
is obtained by subtracting the trivial and standard characters from the permutation character of S,, on
two-subsets.

Corollary 2. The (n — 2,2)-spectrum determines the linear combination of three-edge subgraph counts ap-
pearing in (8.1). In particular, for trees it determines

6cy (S(T) + T’(T)) + 6632L](T) + 66222d3(T)

up to the elementary terms depending only on m =n — 1.

8. WHAT THE MOMENTS SAY FOR TREES

For a tree T on n vertices the formulas above become more transparent. Since m =n — 1 and ¢(T) = 0,
the first moment is completely fixed by n. The second moment is equivalent to the number

=3 ().

of two-edge paths in T'. This is already determined by the Laplacian spectrum, since the Laplacian spectrum
determines ) d?. Thus the first genuinely new tree information begins at the cubic moment.

The two connected tree shapes with three edges are the claw K 3 and the path P4. In a tree their numbers
are

(8.3) s(T)= Y (‘é) r(T)= Y (dy—1)(dy—1).
veV(T) uwveE(T)

Here s(T) counts three-edge stars and r(T) counts length-three paths. The remaining disconnected three-
edge shapes are a two-edge path together with an isolated edge, counted by ¢(7T'), and a three-matching,
counted by d3(T'). More explicitly,

(84) q(T) = Z ((TL - 1) —dy —dy —dy + 2))

u—v—w

where the sum is over unordered two-edge paths u — v — w in T', and
n—1

(85) 1) = (") = o) = ) - ),
Consequently the third (n — 2, 2)-moment determines the explicit combination
(8.6) (ca — c222)(s(T) +7(T)) + (€32 — c222)q(T),
up to a known function of n. Since

c4 — C222 = 2n — 16, €32 — Ca22 =n — 9,
this may be written as

(8.7) (2n —16)(s(T) + r(T)) + (n — 9)q(T).
9



Thus the cubic moment sees a concrete mixture of local branching (K7 3), length-three paths, and separated
edge configurations.

The general trace formula gives a systematic continuation of this pattern. For each r, the moment MT(Q) (T)
is a universal linear combination of embedded support-forest counts. Therefore the full (n — 2, 2)-spectrum
gives a finite list of universal support-forest-counting constraints on 7', namely the power sums

n(n—S)'
2

Higher moments involve larger support forests and increasingly refined information about the arrangement
of branches in 7.

MA(T), 1<r<dimW, =

Definition 3. The (n — 2,2) support-forest profile of a tree T is the collection of universal support-forest-
counting quantities obtained from the moments MT(Q)(T) for 1 <r <dimW,,.

The preceding discussion can be summarized as follows.

Proposition 5. For trees, the (n — 2,2)-spectrum determines the (n — 2,2) support-forest profile. The first
nontrivial entry of this profile beyond Laplacian data is the cubic quantity (8.7), a concrete linear combination
of the number of claws, the number of three-edge paths, and the number of two-edge paths separated from
an edge. Equivalently, using the total number of three-edge subsets, it also constrains the number of three-
matchings.

9. TREES AND GRAPH ISOMORPHISM

Classically, cospectrality is abundant among trees; in particular Schwenk proved that almost all trees are
adjacency-cospectral [9]. The motivating question here is whether the pair

(Spec(n,l,l) (G),Spec(,,_2 9 (G))

distinguishes trees. The trace formula makes this question much more concrete than a bare spectral con-
jecture. For a tree, the moments of Xr|w, are not mysterious spectral quantities: they are universal linear
combinations of embedded support-forest counts.

Thus the conjecture can be reformulated as a support-forest-counting assertion. The Laplacian spectrum
gives the usual vertex-level spectral data, while the (n — 2, 2)-spectrum gives a hierarchy of edge-subtree and
support-forest statistics. The first terms are as follows.

. MI(Q)(T) gives no information beyond n.

° MQ(Q)(T) gives the number of two-edge paths (d;), already determined by the Laplacian spectrum.

. MéQ)(T) gives the explicit combination
(2n —16)(s(T') 4+ 7(T)) + (n = 9)q(T),
where s(T') counts claws, r(T) counts length-three paths, and ¢(T') counts a two-edge path separated
from an isolated edge.
e In general, M,@(T) gives a universal linear combination of embedded support forests with at most r
edges.

This leads to the following more explicit version of the tree conjecture.

Conjecture 1 (Spectral support-forest-profile conjecture). Let T7 and Ty be trees on n vertices. If Ty and
Ty have the same Laplacian spectrum and the same (n — 2,2) support-forest profile, then Ty and Ty are
isomorphic. Equivalently, no two non-isomorphic trees have identical (n — 1,1)- and (n — 2, 2)-spectra.

A still stronger, but perhaps more approachable, form is the following.

Conjecture 2 (Subtree separation form). The universal support-forest-counting combinations arising from
M7§2)(T), together with the Laplacian spectrum, determine all embedded forest counts of T. In particular they
distinguish trees.

10



The second formulation is useful because it gives a concrete program: one can try to invert, degree by
degree, the linear transformation from support-forest counts to trace moments. The cubic formula is the
first example of this transformation. It is not yet invertible by itself, but it shows which statistics enter first.
The fourth and fifth moments should involve all four-edge and five-edge tree shapes and may already give
substantially stronger separation inside Laplacian-cospectral families.

10. PRELIMINARY COMPUTATIONS AND GODSIL—MCKAY SWITCHING

We briefly record two computational observations which support the usefulness of the (n — 2, 2)-spectrum
as a refinement of the ordinary Laplacian spectrum. These computations are not meant to replace the
structural conjectures above, but they indicate that the invariant is sensitive to phenomena invisible to
classical spectra.

10.1. Laplacian-cospectral trees. We enumerated non-isomorphic trees on n vertices and grouped them
by their ordinary Laplacian spectrum. Inside each Laplacian-cospectral class we then computed the spectrum
of Xr|w, . In the tested range, every Laplacian-cospectral tree class was split by the (n — 2, 2)-spectrum.

n number of trees | Laplacian-cospectral classes | trees in these classes | unresolved by (n — 2,2)
2<n<10 - 0 0 0

11 235 3 6 0

12 551 3 6 0

13 1301 9 18 0

14 3159 15 30 0

15 7741 24 48 0

Thus, at least in this range, the pair
(Spec(Lt), Spec(Xr|w,))

distinguishes all trees. In terms of moments, this says that for every pair of Laplacian-cospectral trees found
in this range, some universal support-forest-count combination coming from the traces MT@) (T') separates
the pair. This gives a concrete computational form of the support-forest-profile conjecture.

10.2. Godsil-McKay switching. Godsil-McKay switching is a standard source of adjacency-cospectral
graphs [5]; see also the enumeration work of Haemers and Spence [6]. The (n—2, 2)-spectrum is not preserved
by this operation in general. This is already true in a regular example, hence not merely a consequence of
changed degrees.

Consider the following two 4-regular graphs on 10 vertices, written in the standard graph6 format used
by nauty/Traces [7]:

Ir_GYkuy?, IJHTOYRRO.

They are related by a Godsil-McKay switch. They are non-isomorphic and have the same adjacency spec-
trum. Since they are regular, they also have the same Laplacian spectrum. However their (n — 2, 2)-spectra
are different. Equivalently, their traces agree for the first few low moments but eventually separate:

MP(G)=MP(G), r=1,234,5,

while
MP (@) = 175466984,  M{P(G') = 175467176,

This example is important conceptually. It shows that the new spectrum is not just another form of the
adjacency or Laplacian spectrum. It can detect higher-order edge-interaction information which survives
classical cospectral constructions.

Problem 1. Classify Godsil-McKay switches which preserve the (n — 2,2)-spectrum. More generally, de-

) and which are detected by the first non-

) . g . 2
termine which switching constructions preserve all moments M,S
vanishing difference.
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11. RELATION WITH THIERY’S SYSTEM OF PARAMETERS

Thiéry [10] conjectured the existence of a low-degree homogeneous system of parameters for the invariant
ring
I, =Clay: 1<i<j<n].
His proposed parameters are built from two families: symmetric power sums in all edge variables x;; and
symmetric power sums in the star variables
Xi = Z Lij-

J#i
This exactly reflects the decomposition
Vo = (n—2,2) @span{Ey,..., E,}.

The present spectral construction does not by itself prove Thiéry’s conjecture. However it suggests a
complementary family of invariants: the coefficients of

det (tI — Xglw,) -

These are polynomial S,-invariants of degrees 1,...,dim W,,. They are not expected to generate the full
invariant ring, but they give a natural finite collection of invariants attached to the missing component
(n—2,2).

Problem 2. Determine whether the union of

e the edge-count invariant,
e the ordinary Laplacian spectral invariants,
e the characteristic coefficients of Xa|w,,,

forms a system of parameters for I, or at least separates a large and natural class of graphs such as trees.

This problem is weaker than full graph isomorphism but strong enough to connect the present approach
with invariant theory.

12. OUTLOOK

Several questions remain open.

1. Compute explicit closed formulas for the fourth and higher moments, especially their support-forest-
counting form for trees.

2. Determine exactly which classical graph statistics are determined by Spec,,_, 5)(G) together with
the Laplacian spectrum.

3. Compare X¢|w, with edge Laplacians, line graph operators and Hodge-theoretic decompositions on
graphs.

4. Study higher partitions such as

(n—3,3), (n—3,2,1), (n—4,4).

5. Investigate the parallel problem for spectra of Cayley graphs of S,, generated by transpositions, in
the direction of [2, 1]. This is closely related but should be developed separately.

Acknowledgements. The author is grateful to Dmitrii Pasechnik for discussions of this topic about a decade
ago.
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