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Abstract. Below we continue the study of continuous Hutchinson invariant

sets initiated in [AHS]. In particular, we prove that the boundary of a 2-

dimensional minimal Hutchinson invariant set MT
CH is always piecewise ana-

lytic.

1. Introduction

In complex dynamics one often considers a map F : 2C̄ → 2C̄ from the set of
subsets of the Riemann sphere to itself and tries to find the “fixed points” of this
map, i.e., non-empty subsets S ⊆ C̄ such that F(S) = S. For example, the Julia set
associated with a rational map f(z), is the unique non-trivial closed “fixed point”
of either

F(S) = {f(z) : z ∈ S}, or F(S) =
⋃
u∈S
{z : f(z) = u}, (1.1)

see e.g. [Bea, Thm. 3.2.4] for the proof of this classical result.
Another well-studied instance of such situation occurs in the case of Hutchinson

operators, i.e. operators F : 2C̄ → 2C̄ of the form

F(S) =
⋃
z∈S
{φ1(z), . . . , φ`(z)} , (1.2)

where φ1, . . . , φ` : C̄→ C̄ is a finite collection of contracting maps. Such collections
of contractions are usually referred to as iterated function systems (IFS for short).
Then it is classically known that the equation F(S) = S has a unique non-trivial
closed solution, namely, the attractor of F , see [Hut]. Examples of such attractors
are e.g. the Sierpinski triangle, Koch’s snowflake and Barnsley’s fern.

In most of the cases discussed in the existing literature, a non-trivial closed
solution to F(S) = S is unique due to the fact that F under consideration is a
contraction in a suitable topology.

In a recent preprint [AHS] we introduced the notion of a continuous Hutchinson
invariant set for a linear ordinary differential operator with polynomial coefficients
and studied such sets in case of operators of order 1. Namely, given a linear differ-
ential operator T with polynomial coefficients we say that a closed subset S ⊂ C
is continuous Hutchinson invariant for T (TCH -invariant for short) if for any if for
any u ∈ S and an arbitrary non-negative number t, the image T (f) of the function
f(z) = (z − u)t has all roots in S or vanishes identically. One can show that any
TCH -invariant set S must necessarily contain the roots of the leading coefficient
and of the constant term which implies that if at least one of them is a polynomial
of positive degree then there exists a unique minimal under inclusion TCH -invariant
set which we denote by MT

CH .
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The main goal of this paper is to continue the study of the properties of TCH -
invariant sets and, especially, of MT

CH initiated in [AHS].
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2. Short overview of results of [AHS]

In a recent preprint [AHS], the first three authors introduced the notion of
continuously Hutchinson invariant set for a linear ordinary differential operator

T =
∑k
j=0Qj(z)

dj

dzj of a given finite order k as a closed subset S ⊂ C satisfying

the condition that for any u ∈ S and any t ≥ 0, all roots of the function T (z − u)t

belong to S. One can easily show that any TCH -invariant set S must necessarily
contain the roots of Qk(z) as well as the roots of Q0(z). Thus if at least one of
them has positive degree then there exists a minimal under inclusion TCH -invariant
set which we denote by MT

CH . (See Proposition 2.2 of [AHS] for operators of order
1).

[AHS] is mainly dealing with the simplest non-trivial case of operators T =
Q(z) ddz + P (z) of order 1. Proposition 2.2 of [AHS] claims that unless T is an
operator with constant coefficients there exists a unique minimal under inclusion
continuously Hutchinson invariant set MT

CH ⊂ C and it necessarily contains all
roots of Q(z) as well as all roots of P (z). Theorem 4.3 of [AHS] characterizes all
continuously Hutchinson invariant sets S ⊂ C in terms of the so-called associated
rays of T . Namely, given T = Q(z) ddz + P (z) we associate to it the vector field
R(z)∂z where R(z) = Q(z)/P (z). Further, for any point p ∈ C which is not a
root or a pole of R(z), we define its associated ray given by rp := {p + tR(p)}
where t ∈ [0,∞). Theorem 4.3 of [AHS] claims that a closed subset S ⊂ C is
continuously Hutchinson invariant if and only if the associated rays of all points
in the complement Sc := C \ S are contained in Sc. Using this result in § 7 of
[AHS] we show that if |degQ− degP | ≥ 2 then MT

CH is trivial, i.e. coincides with
the whole C. In the remaining three case degQ − degP = −1, 0, 1 we provide
various partial results such as for degQ − degP = −1 or 0, MT

CH is necessarily
non-trivial, but non-compact. In the most interesting case degQ − degP = 1,
expand Q(z)/P (z) = λz + . . . where . . . stands for lower degree terms in 1/z. In
Corollary 6.10 and Proposition 6.11 we show that MT

CH is compact if and only if
Re(λ) ≥ 0. Moreover, Theorem 10.8 shows that if Re(λ) = 0 (which implies that
the vector field R(z)∂z has a center at ∞) there exists a minimal closed trajectory
Ψ of R(z)∂z making one turn around ∞ which is convex. Then then MT

CH is equal
to the closed interior of the above integral curve Ψ in C.

In § 8 of [AHS] we completely characterize first order operators T which admit
TCH -invariant sets which are fully irregular, i.e. have no interior points and we
show that if, for a given operator T as above, no fully irregular TCH -invariant sets

exist then MT
CH is regular, i.e. MT

CH = (MT
CH)o. (Here So denotes the set of

interior points of S and S is the closure of S). Further, a point p on the boundary
of a regular TCH -invariant set S is called non-singular if the restriction of S to
any sufficiently small neighbourhood of p in S is homeomorphic to a half-dusk and
singular otherwise. Proposition 9.1 of [AHS] claims that every singular point of the
boundary of a regular MT

CH is either of zero or a pole of R(z).
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Let us now concentrate on non-singular boundary points of MT
CH .

Definition 2.1. We say that a point p ∈ ∂MT
CH satisfying p /∈ Z(PQ) is of

(a) local type if either ∂MT
CH is C1-smooth at p and R(p) is tangent to ∂MT

CH

there; or for every ε > 0 there is ω ∈ C with |ω| < ε such that {p + t(R(p) + ω) :
t ∈ [0, t0)} for any t0 > 0 intersects the interior (MT

CH)◦.
(b) global type if the associated ray rp intersects the boundary ∂MT

CH at some
other point p′ 6= p.

(c) mixed type if p is both of local and global type.

Proposition 2.2 (see Proposition 9.1 of [AHS]). Every point p ∈ ∂MT
CH of a

compact MT
CH satisfying p /∈ Z(PQ) and that the boundary ∂MT

CH is C1-smooth at
p belongs to one of the above three types.

The proposition above can be improved to:

Proposition 2.3. Every point p ∈ ∂MT
CH of a compact MT

CH satisfying p /∈ Z(PQ)
belongs to one of the above three types.

Proof. First suppose that MT
CH is irregular. Then it is fully irregular and it is easy

to see that all points z /∈ Z(PQ) lie on the boundary and are points of mixed type.
Let p be not of global nor of local type and Rz(I) = {z + tR(z) : t ∈ I}. By

Proposition 4.7 in [AHS], Rp cannot intersect the interior of MT
CH . Since R(z) is

continuous at p and p is not of local type, there is an open neighborhood U of
p such that for all points z ∈ U , Rz((0, t0]) is in the exterior of (MT

CH \ U)c for
sufficiently small t0. Since p is not of global type and MT

CH is compact, there is an
open neighborhood V ⊂ U containing p such that all points in (MT

CH \ V )c have
associated rays that are in (MT

CH \ V )c. �

Nils: We expect that all points of the non-smooth local type are points of mixed
type.

The following conjecture has been stated in [AHS], see Conjecture 9.5.

Conjecture 2.4. (i) The boundary of any non-trivial set MT
CH is piecewise analytic

and splits into a finite number of open segments of the local and global type.
(ii) All endpoints of the above open segments of local and global type split into 3 sorts:
(*) zeros or poles of R(z), i.e. zeros of PQ; (**) C1-points which automatically
belong to the mixed type (c) above; (***) non-smooth points outside zeros or poles
of R(z) at which a segment of a local type and a segment of a global type intersect
transversally.

Boris: At the latter points something rather strange might happen!

3. Singularities of the boundary of a regular MT
CH

Let α be any point of MT
CH . We define a, b ∈ Z and pα, qα ∈ C∗ in such a way

that:

• P (z) = pα(z − α)a + o(z − α)a;
• Q(z) = qα(z − α)b + o(z − α)b.

We define φα = arg(qα/pα).

Definition 3.1. Tα = {θ ∈ S1 ||∃ε > 0 such that z + eiθ]0, ε[∩MT
CH = ∅}.

Lemma 3.2. Let I be a maximal interval of Tα. Then for any θ ∈ I we have
φα + (b− a)θ ∈ Ī.

Proof. If I = S1, then the statement is trivially true. Thus, we assume that in any
neighborhood of α, we can find a point z outside MT

CH . Let z be such a point. We
also assume that z is not a root of PQ. Then, the associated ray r(z) is completely
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contained in the complement of MT
CH . Besides, its directional vector is R(z) where

R(z) = qα
pα

(z − α)b−a + o(z − α)b−a.

??? �

Corollary 3.3. Let α is a point of ∂MT
CH . We assume we are not in a trivial case.

Then one of the following statements holds:

• |b−a| ≥ 2 and Tα is a finite set contained in 1
1+a−bφα+ 2π

1+a−bZ/(1+a−b)Z;

• b− a = 0 and Tα is an interval I such that φα ∈ Ī;
• b − a = −1 and Tα is formed by intervals (open or closed) whose bounds
θ0, θ1 satisfy θ0 + θ1 ≡ φα [2π];
• b− a = 1 and qα

/pα
∈ R+.

Proof. Assuming α is a point of ∂MT
CH and we are not in a trivial case, we first

prove that Tα is different from ∅ and S1.

??? �

4. Basic assumptions

4.1. Hutchinson-invariant sets. We are studying differential operators of the
form Q(z)∂z + P (z) where P and Q are two polynomials. It is assumed that nei-

ther P nor Q is identically vanishing. As above set R(z) = Q(z)
P (z) .

For any point p ∈ C, the associated ray rp is the set form by points p + tR(p)
for any t ∈ R+. Unless z is a root of PQ, rp is a half-line.

Definition 4.1 (See Theorem 4.3). A subset M⊂ C is Hutchinson-invariant if it
satisfies the following conditions:

(i) M is closed;
(ii) Z(PQ) ⊂M (M contains the roots of P and Q);
(iii) the associated rays of points of Mc are contained in Mc.

It should be recalled that since Mc is an open subset of C, its connected com-
ponents and path-connected components coincide.

If R(z) is a constant ρeiθ for ρ ∈ R∗+ and θ ∈ S1, then a closed subsetM contain-
ing roots of PQ is Hutchinson-invariant if and only if it is closed under translations
in direction θ. In particular, they provide examples of disconnected Hutchinson-
invariant sets.

In what follows, we assume R(z) is non-constant.

4.2. Ends of an unbounded subset of C. Let X be an open subset of C. We
consider balls B(0, n) for n ∈ N.

Definition 4.2. An end of X is a sequence U0 ⊇ U1 ⊇ . . . such that for any n, Un
is a connected component of X \ B(0, n).

A sequence (un)n∈N of elements of X is said to converge to end κ corresponding
to sequence U0 ⊇ U1 ⊇ . . . if for any k, there is a bound f(k) such that for any
n ≥ f(k) we have un ∈ Uk.

Definition 4.3. For any end κ of an open set X ⊂ C, we define: Iκ as the subset
of S1 formed by accumulation points of sequences (arg(un))n∈N where (un)n∈N of
elements of X is a sequence of elements of X converging to κ.
Similarly, we define IX as the union of sets Iκ for each end κ of X.
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Lemma 4.4. For any end κ of some open set X, Iκ is a closed interval.

Proof. By definition, Iκ is a closed subset of S1. Besides, for any pair of directions
θ0 and θ1 in Iκ, we have two families (yn)n∈N and (zn)n∈N of elements of X such
that:

• (yn)n∈N and (zn)n∈N converge to κ;
• arg(yn) −→ θ0 and arg(zn) −→ θ1;
• arg(yn) and arg(zn) are monotonic for the cyclic order in S1;
• for any n ∈ N, xn, yn ∈ X \ B(0, n).

For each n, we can find an arc γn joining yn and zn inside X \ B(0, n). It follows
from the hypothesis that (up to passing the a subsequence), there is an ascending
family of intervals I0 ⊂ I1 ⊂ . . . such that:

• for each n ∈ N, bounds of In are arg(yn) and arg(zn);
• for each n ∈ N, In is contained in the image of arg(γn).

Finally, there is a closed interval I whose bounds are θ0 and θ1 such that for any
θ, we can pick an element zn of γn in such a way sequence (zn)n∈N converges to κ
and such that arg(zn) tends to θ.
Consequently, Iκ contains an interval joining θ0 and θ1. Iκ is connected and is thus
a closed interval.

�

5. Geometry of associated rays

Lemma 5.1. Let X be a component of Mc. Then there is one topological end κ
of X such that for every point x ∈ X, the end of r(x) is κ. We will denote this
special end as the happy end of κ.
In particular, X is unbounded.

Proof. For any x ∈ X, R(x) ∈ C∗ (because every root of PQ belongs toM). Thus,
associated ray r(x) is half-line contained in X. Thus, X is unbounded. We denote
by κ the end of X ray r(x) converges to. The end of ray r(x) is invariant under
small perturbations of x. Thus, it is a topological invariant of the whole component
X. �

Corollary 5.2. Every component of M is contractible.

Proof. If a component M0 of M is not contractible, then there is a simple loop
γ ⊂ M0 such that a component of Mc is contained in the bounded part of C \ γ.
This contradicts Lemma 5.1. �

Lemma 5.3. Let X be a connected component ofMc. Then arg(R(X)) is an open
interval of S1.

Proof. Since R is not constant, R and arg(R) are both open and continuous maps.
M is closed so for any x ∈ X, there is an open neighborhood of x contained in X
so X is open. Consequently, arg(R(X)) is an open connected subset of S1. �

Lemma 5.4. Let X be a component ofMc and κ is its happy end. Then arg(R(X)) ⊂
Iκ.

Proof. If θ ∈ arg(R(X)), then there is z0 ∈ X such that for any t ∈ R+, z0 + teiθ ∈
X. Following Lemma 5.1, the end of this associated ray is the happy end κ of X.
Thus θ ∈ Iκ. �

For z ∈ C and I an open interval of S1, cone C(z, I) is the 1-parameter family
of half-lines starting from z in directions of I.
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Lemma 5.5. Let X be a component of Mc and κ is its happy end. If θ ∈
arg(R(X)), then there exists z0 ∈ X and an open interval I ⊂ S1 containing θ
such that:

• cone C(z0, I) is contained in X;
• every half-line of cone C(z0, I) converges to κ.

Proof. If θ ∈ arg(R(X)), then there is z0 such that arg(R(z0) = θ. In any neigh-
borhood of z0, the locus where arg(R(z)) is θ is a real curve. Since there are finitely
critical points of R, we can find z1 ∈ X such that R(z) = λ+ µ(z − z1) + o(z − z1)
where arg(λ) = θ and µ ∈ C∗.
Up to affine reparametrization, we assume θ = 0 and z1 = 0. Then, the associated
ray r(0) coincides with R+. We have R(z) = λ + µz + o(z) where λ ∈ R∗+ and
µ ∈ C∗.
Then, we can find η ∈]0, π[ and ε > 0 such that:

• [−εeiη, εeiη] ⊂ X;
• for s varying from −ε to +ε, arg(R(seiη)) is strictly monotonic;
• The image of arg(R(seiη)) is an interval I ⊂ S1.

If Im(µeiη) > 0, the latter argument is strictly increasing. If Im(µeiη) < 0, then it
is strictly decreasing (for a small enough ε).
If µ /∈ R∗−, we can always choose η ∈]0, π[ in such a way Im(µei]eta) > 0. We
consider J which is an open interval of I ∩ [−η, η]. Then, it is geometrically clear
that cone C(0, J) is contained in the union of associated rays starting from points
of [−εeiη, εeiη].
Cone C(0, J) contains associated ray r(0) so every half-line of the cone converges
to the happy end of X.

It remains to settle the case where µ ∈ R∗−. Here we consider η = π
2 . As s goes

from [−ε, ε], arg(R(is)) is strictly decreasing.
We define z− and z+ as the intersection of R+ with respectively r(−iε) and r(iε).
We define z0 as the point among z− and z+ with the smallest real part. We have
z0 ∈ X. For any open interval J in I ∩ [−η, η], it is geometrically clear that cone
C(z0, J) is contained in the union of associated rays starting from points of [−iε, iε].
Cone C(z0, J) contains an infinite portion of associated ray r(0) so every half-line
of the cone converges to the happy end of X. �

Corollary 5.6. Let X be a component of Mc. If arg(R(X)) = S1, then Xc is
compact and so is M.

Proof. For each θ ∈ S1, there is a point zθ ∈ X and an open interval Iθ containing
θ such that cone C(zθ, Iθ) is contained in X (see Lemma 5.5).
Since S1 is compact, we extract a finite family of such cones whose intervals of
directions form a cover of S1. The complement of the union of these cones is
compact. Thus, the complement Xc of X is compact. �

Lemma 5.7. Let X,Y be two (possibly identical) components of Mc. Let κ be
an end of Y that does not coincide with the happy end of X. Then then we have
arg(R(X)) ∩ Iκ = ∅.

Proof. We assume by contradiction θ ∈ arg(R(X)) ∩ Iκ. Following Lemma 5.5,
there exists z0 ∈ X and an open interval I containing θ such that cone C(z0, I) is
contained in X and such that each of its half-lines converges to the happy end of
X.
Now, there is a sequence (yn)n∈N of points of Y converging to end κ and such that
arg(yn) tends to θ. There is a bound N such that for every n ≥ N , yn belongs to
cone C(z0, I). Consequently, as n tends to infinity, yn also tends to the happy end
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of X (just like every half-line of the cone) which thus coincides with κ. This is a
contradiction and we get arg(R(X)) ∩ Iκ = ∅. �

Corollary 5.8. If X,Y are distinct components ofMc, then arg(R(X))∩arg(R(Y )) =
∅.

Proof. It follows from Lemmas 5.4 and 5.7.
�

6. Directions of ends

We define p∞, q∞ ∈ C∗, and p, q ∈ N such that P (z) = p∞z
p + o(zp) and

Q(z) = q∞z
q + o(zq). We define φ∞ = arg(q∞/p∞).

We also introduce function a : S1 −→ S1 such that a(θ) = φ∞ + (q − p)θ.

Lemma 6.1. Let X be a component of Mc. If θ ∈ IX , then a(θ) belongs to the
closure of arg(R(X)).

Proof. θ ∈ IX , then there is a sequence of points zn ∈ X such that |zn| −→ +∞
and arg(zn) −→ θ. For each zn, we consider associated ray r(zn).
We have R(zn) ∼ q∞

p∞
(zn)n as n tends to infinity. Thus, we have arg(R(zn)) −→

φ∞ + (q − p)θ. Consequently, a(θ) belongs to the closure of arg(R(X)). �

Lemma 6.2. Let X be a component of Mc. If θ ∈ arg(R(X)), then a(θ) ∈
arg(R(X)) if q − p 6= 0. If q − p = 0, then a(θ) = φ∞ belongs to the closure of
arg(R(X)).

Proof. For any θ ∈ arg(R(X)), there is a point z0 ∈ X and an open interval I
containing θ such that cone C = C(z0, I) is contained in X (see Lemma 5.5). R(C)
is an open set of C and arg(R(C)) is an open interval of S1.
For any η ∈ I, arg(R(z0 + teiη)) tends to a(η) as t tends to +∞. Consequently,
a(η) is in the closure of arg(R(C)).
If q − p 6= 0, a(I) is an open interval. The closure of arg(R(C)) is a closed interval
containing open interval a(I). Consequently we obtain a(I) ⊂ arg(R(C)) and thus
a(θ) ∈ arg(R(X)). �

Corollary 6.3. Let X be a component ofMc, then one of the following statements
holds:

(i) arg(R(X)) = S1;
(ii) q − p = 1 and φ∞ = 0;

(iii) q − p = 0 and φ∞ belongs to the closure of arg(R(X));
(iv) q − p = −1 and arg(R(X)) is of the form ]θ0, θ1[ where θ0 + θ1 ≡ φ∞ [2π].

Proof. We first assume q−p 6= 0. Following Lemma 5.3, R(X) is an open interval of
S1. Following Lemma 6.2, R(X) is invariant under the action of θ 7→ φ∞+(q−p)θ.
Consequently, if |q − p| ≥ 2, then R(X) coincides with S1.
If q − p = 1, then arg(R(X)) is an open interval preserved by a rotation of angle
φ∞. Thus, either arg(R(X)) coincides with the whole circle of directions or the
rotation is trivial.
If q − p = −1, then arg(R(X)) is an open interval preserved by θ 7→ φ∞ − θ. This

implies the line of slope φ∞
2 is a symmetry axis of interval arg(R(X)).

If q− p = 0, Lemma 5.3 just proves that φ∞ belongs to the closure arg(R(X)). �

Lemma 6.4. Let X be a component ofMc. We assume X has at least two distinct
topological ends. Let κ be its happy end and κ′ be another end. Then one of the
following statements holds:

(i) q − p = 1 and φ∞ = π;



8 P. ALEXANDERSSON, N. HEMMINGSSON, D. NOVIKOV, B. SHAPIRO, AND G. TAHAR

(ii) q − p 6= 1 and Iκ′ is a singleton {θ} where θ ∈ 1
1+p−q (φ∞ + π) + 2π

1+p−qZ.

Proof. Let (zn)n∈N be a sequence of points of X converging to κ′ and such that
arg(zn) converges to θ ∈ Iκ′ .
There is a compact K such that κ and κ′ belong to the closures of distinct compo-
nents of X ∩Kc. Thus, associated rays r(zn) have to cross K to converge to κ. As
n tends to infinity, arg(zn) converges to θ and thus the slopes of r(zn) converge to
θ + π.
Finally, we obtain that φ∞+ (q− p)θ = θ+π. If q− p = 1, this implies φ∞ = π. If
q − p 6= 1, then θ ∈ 1

1+p−q (φ∞ + π) + 2π
1+p−qZ and Iκ′ is automatically a singleton.

�

7. Winding numbers

We consider z0 ∈ C and γ a closed loop in C \ {z0}. We define the topological
index Iγ(z0) as the degree of the map of C(S1,S1) defined by t 7→ arg(γ(t)− z0).

Definition 7.1. Let γ be a closed loop in C \ Z(PQ). The associated index Aγ is
the degree of the map of C(S1,S1) defined by t 7→ arg(R ◦ γ(t)).

Lemma 7.2. Let γ be a closed loop in C\Z(PQ). Let z0 be a point of C\γ. Then
one of the following statements holds:

(i) there is a t ∈ S1 such that z0 belongs to the associated ray r(γ(t)) of some
point γ(t);

(ii) Aγ = Iγ(z0).

Proof. If Aγ 6= Iγ(z0), then there is a t ∈ S1 such that R ◦ γ(t) has the same
argument as z0−γ(t). Consequently, the half-line starting from γ(t) in the direction
of z0− γ(t) coincides with the associated ray r(γ(t)). In other words, z0 belongs to
the associated ray r(γ(t)). �

Lemma 7.3. We consider an oriented closed loop γ : S1 −→ C \ Z(PQ) bounding
a topological disk D, the topological degree of arg(R ◦ γ) coincides with the total
degree of singularities of R contained in D.

Proof. The topological degree of arg(R ◦ γ) only depends on the homotopy class
of γ among loops of C \ Z(PQ). Besides, it is rather clear that if γ is an oriented
simple loop around a singularity of order a, the topological index of arg(R ◦ γ)
coincides with a. �

Proposition 7.4. If Mc is not simply connected, then M is contractible and com-
pact. Besides, we have q − p = 1.

Proof. We assume Mc is not simply connected. Thus, there is a non-contractible
positively oriented simple loop γ in Mc encompassing a topological open disk D.
We define M0 as M∩D. M0 is bounded and nonempty.
We consider z0 ∈ M0. By definition, no associated ray of any point γ(t) contains
z0. Then, following Lemma 7.2, we have Aγ = Iγ(z0) = 1.
Then, for any z belonging to the unbounded part U of C \ γ, we have Iγ(z) = 0.
Since we have Aγ = 1, Lemma 7.2 proves that z belongs to some associated ray
r(γ(t)). Consequently,M∩U = ∅. This reasoning applies to every non-contractible
loop ofMc. Thus,M is connected and Corollary 5.2 proves thatM is contractible.
Using Lemma 7.3, we prove that Aγ coincides with the total degree of singularities
of R inside D. Since every singularity of PQ belongs to M, this implies q − p =
Aγ = 1. �

Corollary 7.5. Let M be a Hutchinson-invariant set, then one of the following
statements holds:
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(i) M = C;
(ii) q − p = 1 and M is compact and contractible;

(iii) q − p = 1, M is not compact and φ∞ = 0;
(iv) q − p = 0 and M is not compact;
(v) q − p = −1 and M is not compact.

Proof. We assume that M does not coincide with C. Let X be a connected com-
ponent of Mc. It follows from Corollary 5.6 that if arg(R(X)) coincides with S1,
then M is compact and thus Mc is not simply connected. Proposition 7.4 then
proves that M is compact and contractible. Besides we have q − p = 1.
In the following, we assume statements (i) and (ii) do not hold. This implies in par-
ticular that arg(R(X)) does not coincide with S1. Corollary 6.3 then proves that
|q − p| ≤ 1. In each case, there are constraints on φ∞. In particular, if q − p = 1,
the only possible case implies φ∞ = 0. �

Now we are able to improve Lemma 5.4.

Corollary 7.6. Let X be a component of Mc. We assume X has at least two
distinct topological ends. Then q − p 6= 1. Besides, assuming κ be an end distinct
from the happy end of κ, we obtain that Iκ′ is a singleton {θ} where θ ∈ 1

1+p−q (φ∞+

π) + 2π
1+p−qZ.

Proof. Let X be a component of Mc with at least two ends. This implies in
particular M is not compact and does not coincide with C. If q − p 6= 1, then
Lemma 5.4 proves the proposition. If q− p = 1, then Corollary 7.5 implies φ∞ = 0
while Lemma 5.4 implies φ∞ = π. This is a contradiction. Consequently, q − p 6=
1. �

As a consequence of Corollary 7.5, we can split the study of nontrivial Hutchinson-
invariant sets into three cases.

8. Case q − p = 1

Proposition 8.1. Assuming q−p = 1 andM is a nontrivial Hutchinson-invariant
set (distinct from C), one of the following statements holds:

(i) M is compact and contractible;
(ii) M is not compact and φ∞ = 0.

Proof. It follows from Corollary 7.5. �

It particular, if we consider the case Q(z) = z and P (z) = λ where λ ∈ R∗+, any
radial set is Hutchinson-invariant. In particular, Mc can have an arbitrarily large
number of connected components.

9. Case q − p = 0

Proposition 9.1. Assuming q−p = 0 andM is a nontrivial Hutchinson-invariant
set (distinct from C), M is not compact and Mc has at most two connected com-
ponents, each of them being contractible.
For any connected component X of Mc, φ∞ belongs to the closure of arg(R(X)).
Besides, any end κ of Mc that is not the happy end of its component satisfies:

Iκ = {φ∞ + π}.
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Proof. It follows from Corollary 7.5 that M is not compact. Corollary 5.6 proves
that for any connected component X of Mc, arg(R(X)) 6= S1. Corollary 6.3 then
proves that φ∞ belongs to the closure of arg(R(X)).
Following Corollary 5.8, if there are two distinct connected components X and Y of
Mc, then arg(X)∩arg(Y ) = ∅ while φ∞ belongs to the closure of both arg(X) and
arg(Y ). Consequently, Mc has at most two connected components. Corollary 5.2
proves that each of them is contractible.
Following Lemma 5.4, if an end κ is the not happy end of its connected component
of Mc, then Iκ = {φ∞ + π}. �

Just like in the trivial case where R is constant, we expect thatMc can have an
arbitrarily large number of ends.

10. Case q − p = −1

Proposition 10.1. Assuming q − p = −1 and M is a nontrivial Hutchinson-
invariant set (distinct from C), then the following statements hold:

• M is not compact;
• Mc has at most two connected components. Each of them is contractible.

For each component X of Mc, one of the following statements holds:

(i) X has exactly one end;

(ii) arg(R(X)) is an open interval ]θ0 − π
2 , θ0 + π

2 [ where θ0 ≡ φ∞
2 [π]. For

any end κ of X distinct from the happy end, Iκ coincides with {θ0 − π
2 } or

{θ0 + π
2 }.

Proof. It follows from Corollary 7.5 that M is not compact. Corollary 5.6 proves
that for any connected component X of Mc, arg(R(X)) 6= S1. Corollary 6.3 then

proves that diameter of slope φ∞
2 is a symmetry axis of interval arg(R(X)). Since

there are at most two disjoint such symmetric intervals (see Corollary 5.8), then
Mc has at most two connected components. Corollary 5.2 then proves that each
of them is contractible.

Let X be a connected component ofMc. If X has an end κ that is distinct from
the happy end. We assume θ ∈ Iκ. Then there is family zn of points of X such that
zn −→ κ and arg(zn) −→ θ. This implies a(θ) = φ∞ − θ belongs to the closure of
arg(R(X)). However, Lemma 5.7 proves that θ /∈ arg(R(X)). Since diameter of

slope φ∞
2 is a symmetry axis of interval arg(R(X)), this implies φ∞ − θ does not

belong to arg(R(X)). Thus, the bounds of interval arg(R(X)) are θ and φ∞ − θ.
It follows from Lemma 5.4 that Iκ is a singleton {θ} where θ ∈ 1

2 (φ∞ + π) + πZ.

In other words θ = φ∞
2 ±

π
2 . Consequently, the length of interval arg(R(X)) is π

and its bounds are φ∞
2 ±

π
2 .

�

11. Disconnectness of an invariant set

In [AHS], it was proved that MT
CH is connected in C if it is compact and in C̄ if

not. We shall now provide an example of a T such that MT
CH is not compact in C.

To that end, let

Q = z2 + 1, P = Q+ 1/10

. Let A be the intersection of the two sets

{z ∈ C,Re z ≤ 3/2, Im(z) ∈ [1/2, 2− Re z]}
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and
{z ∈ C : Im z ≥ 1/2 + Re z}

and B the reflection of this set in the real axis. We shall prove that M = A ∪ B.
It is clear that M is disconnected in C. First note that M is regular and that the
zeros of P,Q are in the interior of M . We shall find the associated rays of each
point x on the boundary of M and note that they do not intersect the interior of
M . Hence, by Proposition 4.8 in [AHS], it will follow that M is indeed invariant.
. By symmetry it suffices to analyze ∂A. Let first Im z = 1/2,Re z = s ∈ (−∞, 0].
Then s+ i/2 + tR(s+ i/2) is given by

s+
i

2
+

1− 1

10
(

11
10 +

(
s+ i

2

)2)
 t

. Hence, if s = 0 the associated ray is parallel to and does not intersect the real
axis. If however s < 0, then the intersection with the real line occurs in the point

−5s3 − 12s− 51

16s

and we see that this expression is strictly greater than 1. In particular, the asso-
ciated ray does not intersect M in any other point other than its starting point.
Next, we consider the associated rays at the points i/2+s(1+ i), s ∈ (0, 1]. We find
that arg(R(z)) ∈ (0, π/4) and hence that the associated rays of these points do not
intersect M in any other point. Lastly, it is easy to see that on the last boundary
part, if Re(z) ≥ 0, the associated ray at z does not intersect the real axis and if
Re(z) < 0, it does so in a point with real part greater than 1. We deduce that on
all parts of the boundary of A, the associated ray does not intersect M in any other
point. By symmetry the same is true for B and we deduce that M is invariant.

12. Convexity properties

Lemma 12.1. Let M be a Hutchinson-invariant set. We consider a connected
component X of Mc and x, y ∈ M. Let κ be the happy end of X. We define X0

as the connected component of Mc ∩ [x, y]c containing end κ.
For any z ∈ X0, its associated ray r(z) is disjoint from [x, y].

Proof. Let z ∈ X0 and its associated ray r(z). As r(z) joins z and κ, if r(z) crosses
the boundary of X0, then it should cross it twice. However, r(z) is by definition
disjoint from M. Besides, two lines intersect at most once so if r(z) crosses [x, y],
then it should cross it at most once. Consequently, r(z) remains disjoint from
[x, y]. �

Corollary 12.2. Let M be a Hutchinson-invariant set and X is one component of
Mc. Then Xc is Hutchinson-invariant. Besides, its convex hull Conv(Xc) is also
Hutchinson-invariant.

Proposition 12.3. If Conv(MT
CH) is a polygon, then the corners of the polygon

are simple zeros of Q with positive residue. Morover, if there is a zero of Q of
multiplicity at least 2, it does not belong to the boundary. Further, any zero of P
that belong to the boundary of Conv(MT

CH) is of multiplicity 1.

Proof. Suppose that the minimal convex set is a polygon. First, to see that its
corners are not zeros of P , it suffices to recall that the P -starting separatrices
are contained in MT

CH and the angle between them are 2π/(k + 1) where k is the
multiplicity of the root. Since the minimal convex set is convex, it follows that the
zeros of P cannot be in a corner. Too see that the corner cannot be a regular point.
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It is clear that this point must belong to the minimal invariant set, otherwise it
would not be contained in the minimal convex invariant set. We shall find a smaller
invariant set. This set can even be made convex. Let us call the corner point z0

and let the angle between nearby edges be θ < π. Let the line L disect this angle
and let L′ go through z0 and be perpendicular to L. After a change of variables, we
can assume that z0 = 0 and that L,L′ are the y- and x-axes respectively. Since the
forward trajectories of M is contained in M , we have that argR(z0) is contained in
[(π − θ)/2, (π + θ)/2]. Find δ > 0 such that 0 < (π − θ)/2− δ and then ε > 0 such
that if |z− z0| < ε, argR(z) ∈ ((π− θ)/2− δ, (π+ θ)/2 + δ). If necessary, picking ε
even smaller yields that B(0, ε) intersects ∂M in exactly two points z1, z2 and these
lie on the edges nearby z0. Consider the straight line between them. It splits M
into two parts, one, M1 containing z0 and the other, M2 that does not. Consider
the closure M2. All associated rays of points in M1 remain in the exterior of M2.
The same is clearly true for all other points in M c

2 , since M is invariant. It follows
that M2 is invariant, contradicting that z0 ∈ MT

CH . Moreover, M2 is convex.
From the argument above it follows that the corners of the polygon are zeros of

Q. First, they cannot be simply zeros of non-positive residue, since these cannot
belong to the boundary of an invariant set, see Proposition 5.6 [AHS]. It remains
to prove that the zeros are simple. This follows from what Guillaume has proved
about singularities on the boundary. What he proved also shows that no zero of
multiplicity greater than 2 may belong to the boundary of Conv(MT

CH)
Lastly, Proposition 3.11 in [AHS], it follows that any zero of P that lies on the

boundary of Conv(MT
CH) is of mulitplicity 1.

�

Let Conv(Q) denote the convex hull of the zeros of Q. We then have the following
proposition.

Proposition 12.4. If the zeros of Q are poles of P/Qdz with positive residues
and the zeros of Q are not on a straight line, then the minimal convex invariant
Conv(MT

CH) set is a polygon.

Proof. This follows from Proposition 10.9 in [AHS] by simply recalling that the
zeros of Q are contained in MT

CH . �

Proposition 12.5. If K = 1, Conv(Q) has Z(P ) in its interior and is such that

for each point z ∈ ∂Conv(Q), its associated ray lies in (Conv(Q))c for each t ≥ 0,
then Conv(MT

CH) = Conv(Q).

Proof. This follows from Corollary 4.9 in [AHS]. �

We now want to prove

Proposition 12.6. If K = 1, Conv(Q) contains Z(P ) with the non-simple zeros
in the interior and is such that for each point z ∈ ∂Conv(Q) \ Z(P ), its associated

ray lies in (Conv(Q))c for each t ≥ 0, then Conv(MT
CH) = Conv(Q).

Proof. It suffices to prove that a t-trace may not pass to the boundary of Conv(Q)
through a zero of P . Let z0 ∈ Z(P ) be given on the boundary and let U be a

small open neighborhood of P . Consider the associated rays of points in Û =
∂(Conv(Q) \ {z0}) ∩ U . Suppose first that there are points in Û for which the
associated ray is not tangent to the boundary. Since R(z) is analytic away from the
zeros of P and z0 is a simple zero, it follows that there are only points in Conv(Q)
that have associated rays intersecting z0. From Proposition 3.11 in [AHS], it follows

that Conv(Q) is invariant. Next, if all points in Û have associated rays tangent
to the boundary, then all t-traces corresponding to u on the line-segment of the
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boundary containing z0 belong to this line-segment or to the interior of Conv(Q)
for t > 0. By Proposition 3.11 in [AHS] once again, it follows that no t-trace may
leave Conv(Q) so Conv(Q) is invariant. �

By recalling that a set is invariant only if its boundary points have associated
rays in the closure of the complement, the propositions above combine to give the
following corollary.

Corollary 12.7. Conv(MT
CH) is a polygon if and only if K = 1, Conv(Q) is a

polygon containing Z(P ) such that all multiple zeros of PQ is in the interior and

such that the associated rays of all points in ∂(Conv(Q))\(Z(P ) lies in (Conv(Q))c.
In this case, the corners of the polygon are simple zeros of Q with positive residue.

13. Local analysis of Hutchinson-invariant sets

Let M be a Hutchinson-invariant set and α ∈M.

We define pα, qα ∈ C∗ and a, b ∈ N in such a way that:

• P (z) = pα(z − α)a + o(z − α)a;
• Q(z) = qα(z − α)b + o(z − α)b.

We also define φα = arg(qα/pα) and introduce function d : S1 −→ S1 such that
d(θ) = φα + (b− a)θ.

Definition 13.1. Let lMα (θ) = inf{ε > 0 | α+ εeiθ ∈M}.
We define Uα = {θ ∈ S1 | lMα (θ) = +∞} and Sα = {θ ∈ S1 | lMα (θ) = 0.

Lemma 13.2. Let I be a maximal interval of Uα with nonempty interior, then for
any θ ∈ I we have:

d(θ) ∈ Ī .

Proof. We assume Ī is distinct from S1 (otherwise the statement is trivially true).
Thus, Ī is of the form [θ0, θ1] where θ0 6= θ1.
Half-lines of cone C(α, ]θ0, θ1[) converge to the same end κ. In particular we have
]θ0, θ1[⊂ Iκ. Corollary 7.6 then proves that κ is the happy end of its connected
component in Mc.
For any ε > 0, we can find η0 ∈]θ0 − ε, θ0] and r > 0 such that α+ r0e

iη0 ∈M.
Similarly, we choose η1 ∈ [θ1, θ1 + ε[ and r1 > 0 such that α+ r1e

iη1 ∈M.
We define G0 = [α, α+ r0e

iη0 ] and G1 = [α, α+ r1e
iη1 ].

Let X be the connected component of Mc containing C(α, ]θ0, θ1[) \ {α}. For
any θ ∈]θ0, θ1[, and any h > 0, α + heiθ belongs to the connected component
of X \ (G0 ∪ G1). Lemma 12.1 then proves that r(α + heiθ) is disjoint from G0

and G1. However, we have R(α + heiθ) = qα
pα
hb−aei(b−a)θ + o(hb−a). Thus, if

φα+(b−a)θ /∈ [θ0, θ1], then for h small enough associated ray r(α+heiθ) will cross
G0 or G1. �

Corollary 13.3. If I is a maximal interval of Uα, then one of the following state-
ments holds:

(i) Ī = S1;
(ii) Ī is a singleton;

(iii) |b− a| ≤ 1.

Corollary 13.4. We assume M is compact, convex and has nonempty interior.
Let α ∈ ∂M. Then one of the following statements hold:

• b− a = 0 and φα belongs to the closure of Uα;
• b− a = 1 and φα = 0;
• b− a = −1 and φα is the bisector direction of Uα.
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Proof. By definition, Uα is an interval with nonempty interior and does not coincide
with S1. Besides, its closure is invariant under the action of d (see Lemma 13.2).
The only interval that is invariant under a nontrivial translation is S1. Thus b−a = 1
implies φα = 0.
If b− a = 0, then φα should belong to the closure of Uα.
If b−a = −1, then the closure of Uα is symmetric under reflection along a diameter
of slope φα

2 . �

Remark 13.5. In particular, if P = Q′, then if α is a simple root of Q, then φα = 0.

Let θ0 and θ1 be two directions of S1. We denote by I−(θ0, θ1) the open interval
of length strictly smaller than π among ]θ0, θ1[ and ]θ1, θ0[.

Lemma 13.6. Let θ ∈ S1 such that θ /∈ Sα. Then one of the following statements
holds:

• θ 6= d(θ) + π and I−(θ, d(θ)) ∩ Sα = ∅;
• θ = d(θ) + π and either ]θ, d(θ)[∩Sα = ∅ or ]d(θ), θ[∩Sα = ∅.

Proof. ??? �

14. Convexity properties and global components on the boundary

In Section 12 we found some initial statements about when the minimal convex
invariant set is a polygon. In order to prove further results about the properties of
the boundary, we could aim to provide necessary and sufficient conditions for when
Conv(MT

CH) is a polygon. The reason is that if Conv(MT
CH) has a segment of the

boundary that is not a straight line joining two zeros of Q, which we know are simple
poles of positive residue of 1/R(z)dz. then this segment is of local type. Moreover,
this segment may not generate a part of the boundary that is of global type. One
can propose the following steps of moving forward regarding Conv(MT

CH).

Problem 14.1. Suppose that Conv(MT
CH) is a polygon. What can we say about

the residue of 1/R(z)dz at infinity? It is necessary that it has negative real part. I
suspect that it is in fact necessary that it is real (and of negative real part).

Problem 14.2. Suppose that Conv(MT
CH) is a polygon. Can there be simple zeros

of Q whose residue of 1/R(z)dz is not real positive? I think this should be possible,
but maybe under the extra condition that the same 1-form has negative residue at
infinity.

Problem 14.3. Suppose that Conv(MT
CH) is a polygon. Can there be zeros of

Q of multiplicity strictly greater than 1? These necessarily lie in the interior of
Conv(MT

CH). I see no reasons why this should not be possible.

Problem 14.4. Suppose that Conv(MT
CH) is a polygon. Can we prove that no zero

of P is on the boundary? I do not know whether this is a good guess or not. We
know that if such a zero would belong to the boundary, it would be of multiplicity
1 and belong to an edge joining two zeros of Q.

Problem 14.5. Can we prove that Conv(MT
CH) is a polygon if the corners of

Conv(Q) are simple zeros of positive residue and ∞ is of negative residue? Can
this be done with or without the assumption that no zeros of P belong to the
boundary of Conv(Q)?

15. Global components of the boundary

Let M be a Hutchinson-invariant set and γ1 ⊂ ∂M be a germ of ∂M of global
type.
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For any point p ∈ γ1 we then define the point N(p) ∈ ∂M as the closest to p
point of tangency of the ray associated to p with ∂M.

Temporarily, we work with the example (x3 − 1)∂ + 3x2, hopefully we would be
able to generalize later to general arguments.

15.1. Explicit formulae for N−1. Let q = N(p) ∈ ∂M. Then R(p) = λ(q − p)
for some λ ∈ R+. In other words, p lies on a curve Cq = {arg R(p)

q−p = 0}.
Now, if q+ eiφR is the support line toM containing p, then p is (one of several)

points on this line such that argR(p) = φ.

15.1.1. Explicit formula for N . Let p′ ∈ ∂M be close to p and from the same side
of the ray associated to p as the germ Mq of M at q. Then the ray associated to
p′ should intersect the segment [p, q] (otherwise it would cutMq), and, as it is also
should touchMq, should pass very close to q. In other words, q should be the focal
point of rays associated to points of ∂M close to p.

More formally, let p′ = p+ εv. Then

p+ εv + t′(R(p) + εR′(p)v) = q + o(ε),

so

ε(1 + t′R′(p))v = −(t′ − t)R(p) + o(1),

where both t, t′ ∈ R+.

It is clear that t′ − t = O(ε). There are two possibilities: either lim t′−t
ε = 0 or

not. In the first case, 1 + tR′ = 0, i.e. it can happen only when R′ ∈ R.
In the second case v = α R

1+tR′ , where 0 6= α ∈ R. Assuming that both p and q

lie on continuous boundary curves γ1(s), γ2(s), resp., we get that (recall t = q−p
R(p) )

γ1(s) (up to reparameterization of γ1, γ2) satisfies an ODE

γ̇1 =
1

ρ(γ1)− (γ2 − γ1)ρ′(γ1)
, where ρ =

1

R
, ρ′ =

dρ

dz
. (15.1)

with continuous RHS. Thus γ1 is smooth, and, if γ2 was Ck-smooth, then γ1 will
be Ck+1-smooth.

Remark 15.1. From (15.1) we can express γ2(s) as

γ2 = γ1 +
ρ(γ1)− 1/γ̇1

ρ′(γ1)

Now, in our model case we can iterate N infinitely many times. Thus, both γi
are C∞-smooth.
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