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Abstract

We introduce the loopy polynomial %44 (t,x), a new multivariate
graph invariant defined by a deletion—contraction rule in which ordi-
nary contraction is replaced by loopy contraction: the endpoints of
the contracted edge are identified, but the edge itself is retained as a
loop at the merged vertex. We show that this recursion is well defined,
derive a spanning-forest expansion for .45 (¢, x) in terms of external ac-
tivities, and prove a 4-term relation for the loopy polynomial. We also
establish concrete links with classical graph invariants. In particular,
a specialization of %5 recovers the spanning-forest specialization of
the Tutte polynomial, while for trees the loopy polynomial is closely
related to connected partition polynomials, the U-polynomial, and
Stanley’s chromatic symmetric function. These results place the loopy
polynomial within the broader landscape of Tutte-type and activity-
based graph invariants.
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1 Introduction

Let G = (V, E) be a finite undirected graph. Throughout the paper, graphs
are allowed to have loops and multiple edges; in other words, our graphs are
multigraphs in the standard terminology.

The Tutte polynomial is one of the central invariants of graph theory and
matroid theory. It admits many equivalent definitions and encodes a remark-
able amount of combinatorial information; see, for example, [[XM]. One of
its most important features is the deletion—contraction relation, which recur-
sively reduces a graph by either deleting an edge or contracting it. A second,
equally fundamental description is given by Tutte’s activity expansion over
spanning forests.

The starting point of the present paper is the observation that the usual
contraction operation can be modified in a natural way. Instead of deleting
a contracted non-loop edge after identifying its endpoints, one may keep
that edge as a loop attached to the merged vertex. This leads to a different
recursive theory and, as we show below, to a new graph polynomial with a
rich combinatorial structure.

More precisely, if e is a non-loop edge of G, we denote by G/e the graph
obtained by identifying the endpoints of e and turning e into a loop at the
new merged vertex. We call this operation loopy contraction. Our main ob-
ject is the corresponding multivariate invariant .2 (t, x), defined by a loopy
deletion—contraction relation together with multiplicativity and natural ini-
tial conditions on one-vertex graphs with loops.

The loopy polynomial shares several formal features with the Tutte poly-
nomial, but it also exhibits genuinely new behavior. In particular, its most
useful description is not merely recursive: it admits a spanning-forest expan-
sion in which the contribution of each component depends on its size together
with an activity statistic. This makes % an activity-based graph invariant
of Tutte type, but with a different mechanism for recording cycle data.

The main results of the paper are as follows.

e We prove that the loopy deletion—contraction procedure is well defined,
i.e. independent of the order in which it is applied; see Proposition 2.2.

e We establish a spanning-forest formula for (¢, x); see Theorem 2.3.



This formula plays the same role for the loopy polynomial as Tutte’s
activity expansion does for the Tutte polynomial.

We prove that % satisfies a 4-term relation; see Theorem 2.5. This
relation is one of the structural features that distinguishes the loopy
polynomial from more classical graph invariants.

We relate £ to several known graph polynomials. In particular, a
specialization of %4 recovers the spanning-forest specialization of the
Tutte polynomial, while on trees the loopy polynomial specializes to
invariants closely related to connected partition polynomials, the U-
polynomial, and Stanley’s chromatic symmetric function.

Thus, the loopy polynomial should be viewed not simply as another re-

cursively defined graph polynomial, but as a new invariant situated at the
intersection of deletion—contraction theory, spanning-forest enumeration, and
activity-based graph combinatorics.

Let us briefly recall the corresponding classical picture for the Tutte poly-

nomial.

Definition 1.1. The Tutte polynomial T (x, y) is the unique bivariate poly-
nomial with integer coefficients determined by the following properties:

(i) if Gy and G, are disjoint graphs, then

TGll_lGQ - TGlTGQ 7

(ii) if e € E' is a loop, then

Te = yTa—e;

(iii) if e € E is a bridge, then

To = 2Tg_c;

(iv) if U is the one-vertex graph without edges, then

TU:17



(v) if e € E is neither a loop nor a bridge, then
To = Too + Tore, (1.1)

where G - e is the usual contraction of e.

We shall also use Tutte’s activity expansion. By a spanning forest of G
we mean a spanning acyclic subgraph of G. If G is connected, a spanning
forest is a spanning tree. As usual, we identify spanning forests with their
edge sets.

Definition 1.2. Let F be a spanning forest of G, and let e € E\ F. The fun-
damental cycle Zg(e) is the unique cycle in F'Ue. If e € F, the fundamental
cut Urp(e) is the unique cut determined by deleting e from F'.

Fix a linear order < on E. For a spanning forest F' C F, an edge e € F
is called internally active if it is the smallest edge in Ur(e), and an edge
e € E'\ F is called externally active if it is the smallest edge in Zp(e). We
write [(F') and E(F) for the sets of internally and externally active edges,
respectively, and denote by £(F') = |E(F')| the external activity of F.

Definition 1.3 (see [Tu]). If G = (V, E) is equipped with a linear order on
E, then
Z“” Ply|BE)

where the sum ranges over all spanning forests F' of G.

Tutte showed that this expression is independent of the chosen order on
E and agrees with Definition 1.1.

We now introduce the main object of the paper.

e 21 S S

G—e GJe

Figure 1: Deletion, ordinary contraction, and loopy contraction



Definition 1.4. The loopy polynomial of a graph G = (V| E) is the polyno-
mial
Zo(t,x) = Zo(t,xo, 21, ...) € Zt, g, 21, . . .]

determined by the following properties:

(i) for every non-loop edge e € F,

Lo = gg/e +t Loe; (1.2)

(ii) if G; and G4 are disjoint graphs, then
Lae, = £6, 26

(iii) if L,, denotes the graph with one vertex and m loops, then

L = . (1.3)

m

Remark 1.5. The polynomial % (t, x) arose in the course of the work [KKNSV],
where specializations of .4 appear as Hilbert series of the so-called bizono-
topal algebras of graphs; see Section 2.3.

2 Properties of loopy polynomials

2.1 Correctness and alternative definition

Given a graph G, Properties (i)—(iii) in Definition 1.4 allow us to calculate
Z;(t,x) using induction on the number of edges if we arbitrarily order all
edges of G and consecutively apply loopy deletion-contraction (1.2) to the
maximal in this order remaining non-loop edge. The next claim shows that
this procedure is independent of the arbitrarily chosen order of edges and
therefore is well-defined.

Proposition 2.1. Let e be a bridge of G. Then
Lo =L+t L.
Moreover, if G — e = Gy U Gs, then
Lo =Zaje +tZe, ZLa,-
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Proof. The first identity is the defining loopy deletion—contraction relation
applied to the bridge e. If G — e = G U G4, then multiplicativity gives

Lo-e = 26,26,
proving the second identity. O]

Proposition 2.2. The loopy polynomial L¢ is well-defined, i.e. independent
of the order of edges in the process of loopy deletion-contraction.

Proof. To settle Proposition 2.2, it suffices to consider the case when two
orders of edges differ only by a simple transposition. Assume that two given
orders of edges are different by a transposition of e, f € E. Let us consider
the step of the loopy deletion-contraction procedure when there are no longer
non-loop edges larger than e and f (in both orders) and denote the graph
remaining on this step as G’. We need to handle three different cases.

Case 1: If either e, f, or both are loops in G’, the result of loopy deletion-
contraction is obviously independent of the order of e and f.

Case 2: When e, f are parallel then it is also clear that both orders give the
same result for Z5(t,x).

Case 2: The cases when e, f are neither parallel nor at least one of them is
a loop is also trivial, because after the loopy deletion-contraction applied to
e, the edge f is still a non-loop and vice versa. O

The next result shows that the loopy polynomial £;(t,x) of G can be
computed as a sum over the set of spanning forests of G in a way similar to
Definition 1.3.

Theorem 2.3. Fiz a linear order on E(G). For a spanning forest F' of G
and a component T' € ¢(F), let (T') denote the number of externally active
edges assigned to T'. Then

La(t,x) = Z HEG)=e(F)=2Lrecr e(T) To(T) 1(T)- (2.1)
FeZ(G) Tec(F)

Proof. Let ®¢(t,x) denote the right-hand side of (2.1). We prove that ®&¢
satisfies the defining loopy deletion—contraction recurrence.

The claim is immediate if all edges are loops: then the only spanning
forest is the empty forest, and all loops are externally active, giving

(I)L = Tm :ng.

m
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Assume now that G has at least one non-loop edge, and let ey be the
largest non-loop edge in the chosen order. We use the convention fixed above:
an edge is externally active if it is the smallest edge in its fundamental cycle.
We prove

O =Pgrey, +1PG_cq-

Partition the spanning forests of G into those not containing ey and those
containing eg.

First suppose eg ¢ F. Then F' is naturally a spanning forest of G — ey.
Since e is the largest edge, it is not externally active with respect to F
if F'U eq contains a cycle, then ey is the largest edge of that cycle, hence
not the smallest. All other fundamental cycles and their least elements are
unchanged when passing from G to G —ey. Therefore the component weights
are the same in G and G — ej, while the exponent of ¢ is larger by one in G.
Thus the total contribution of forests not containing e is

tPee,.

Now suppose ey € F. Loopy contraction of e identifies its endpoints and
turns ey into a loop. The set

F = F\ {eo}

is then a spanning forest of G/ey, and this construction gives a bijection
between spanning forests of G containing ey and spanning forests of G/¢y.

We compare the weights of F' and F’. The edge ¢y contributes one forest
edge to the component of F' containing it. After loopy contraction, the same
edge becomes a loop, hence is externally active and contributes one unit to
the activity of the corresponding component of F’. Thus the quantity

e(T) +¢(T)

attached to the affected component is preserved.

For any other edge f # eg, the fundamental cycle of f is either unchanged,
or is obtained from the old fundamental cycle by contracting the largest edge
eo. In either case, the smallest edge of the cycle is unchanged. Hence external
activity is preserved for all edges different from ey. Therefore

> eerM) =1+ > =a(D).
)

Tec(F") Tee(F



Since |E(G/ey)| = |E(G)| and e(F') = e(F) — 1, the exponent of ¢ is also
preserved:

|E(G/eq)| — e(F 260/60 = |E(G)| —e(F ZEG T).

Thus the total contribution of forests containing eg is @/, .
Combining the two parts gives

Qg = (I)G/eo +tq)Gfeo-

Together with the initial condition for one-vertex graphs with loops, this
proves ¢o = Z;. n

Proposition 2.4. If G is a forest, then

Lat,x)= Y PO T ayeo)a

ACE(G) Cec(A)

Proof. Since G is acyclic, no edge outside A is externally active. The result
follows directly from Theorem 2.3. [

2.2 4-term recurrence relation and algorithm for cal-
culation of loopy polynomials

2.2.1 4-term recurrence

The next result is of fundamental importance for the study of loopy polyno-
mials.

Theorem 2.5. Let u,v,w be three distinct vertices of G, and let
e; = (uv), es = (vw), e3 = (uw).

Then
O%G-‘r{eheg} - tgG-i—{q} - D%G-i-{ez,eg} - tf@-i—{@z}'

Proof. Apply the loopy deletion—contraction relation to the edge e3 in the
graph G + {eq, e3}. Since e3 is a non-loop edge, we obtain

Lat{erest = LG eresh) /s T 1 LGt {er}-

8



Hence
Ltieresy — 1 Lar{ea) = L(G{eres))/es-

Similarly,
Lot {eres) = LG {enes))fes T T Lt {en)

and therefore
$G+{62,€3} - tgGJr{eQ} = %G+{62,63})/63‘

It remains to observe that the two contracted graphs

(G +{e1,es3})/es and (G +{ea,e3})/e3

are canonically isomorphic. Indeed, contracting e3 = (uw) identifies u and w
into a single vertex. Under this identification, both e; = (uv) and e; = (vw)
become an edge between the merged vertex and v, while eg itself becomes a
loop at the merged vertex. All other edges of GG are affected in the same way
in the two contractions.

Thus
LG+erea)fes = LGHezeal) feas
and the desired identity follows. O

2.2.2 Algorithm of inductive construction of %

The procedure suggested below does not change the number of loops and
vertices except when we are using the multiplicativity property. It is recursive
on the number of edges and it substitutes a graph by a simpler one in such
a way that the difference of their loopy polynomials is the alternating sum
of the loopy polynomials of graphs with fewer edges.

Step 1. Given a graph H with m edges, assume that H is connected and
choose any vertex v € H. (Otherwise use the multiplicativity property.)

Step 2. Consider the vertices u, w such that there is a path v —w —u € H.
Using the notation e; = (uv),es = (vw),es = (uw), observe that edges
ey, €3 € H and consider the graph G — {es, e3}.

Step 3. Using Theorem 2.5 find the relation between L, Zg (e, ;3 and
loopy polynomials for smaller graphs. (The degree of vertex v is greater in
G + {e1,e3} than in H.)



Step 4. Repeat Steps 1-3 several times till we obtain a graph H’ with m
edges all of them either being loops or being incident to v. Furthermore,
Ly — Ly is now expressed through loopy polynomials of smaller graphs, i.e.
having fewer than m edges.

Step 5. Take a vertex v’ € H such that there are multiple edges (vu'). Then
we have

Ly — LH’f(vu) = LH/f(Uu’)Jr(uu’) - LH’f(vu’)+(uu’)f(vu)

and
LH’—(vu’)-I—(uu’) - LH’—(Uu’)—i—(uu’)—(vu) = LH’—(Uu’)—I—(vu) - LH’—(vu’)'

Hence, we can get graph H such that all non-loop multiple edges incident
to v are (vu) and £y — £y has an expression using loopy polynomials of
smaller graphs.

Step 6. Calculate the loopy polynomial of H using Theorem 2.5. (Observe
that it has only 2/V()I=2. (¢ — |V (H)| + 2) terms, where ¢ is the number of
non-loop edges in H.)

2.3 Further properties

Here are some immediate consequences of the above results.

Corollary 2.6. In the above notation, the loopy polynomial Zg enjoys the
following properties.

(1) The monomial of the highest degree in xq in the specialization £ (1,x)
equals a:g/'.

(2) The monomial of the second highest degree in xo in ZLa(1,x) is
]E|x(|)vl_2x1.
(3) Za(t,x) is a weighted homogeneous polynomial with weights
degt =1, degzx; =1, 1=0,1,....

Its total weighted degree is |E|. In particular, ZLs(t,x) can be recon-
structed from its specialization £ (1, x).

10



(4) The specialization xo = ...xg = 1 gives the Hilbert polynomial of the
external zonotopal algebra <5, see [KNSV], i.e.

La(t, 1, 1) = " dim(5)"

n>0
(5) Let

|E|

3(1)@ To, ..., T|B|) th'E|

be the part of the polynomial L that is lmear in the x-variables, where

= |E|. Then substituting xo = - -- = x5 = 1 we obtain the univariate
polynomial
|E|
h(t)=> et
=0

which coincides with the Hilbert polynomial of the central zonotopal al-

gebra 5, [KNSV].

(6) Denote by he(t Zdlm BN ®) % the Hilbert series of the external
k>0
bizonotopal algebra B, [KNSV]. Then, for a graph G, we have

1—t2 1—-¢t3 1—1¢t* )

e — 1
hG(t) gG(ta71_t71_ta1_t7
Sketch of proof. Items (1), (2), and (3) follow from the spanning-forest ex-
pansion of Theorem 2.3.

Indeed, setting t = 1 in (2.1), we obtain

Z H xe(T +e(T

FEF(G) Tec(F)

The highest possible degree in zy comes from the empty forest I' = &, whose
connected components are the isolated vertices. This gives the monomial
xl)vl, proving (1).

The next highest degree in xy comes from forests with exactly one non-
loop edge and all remaining vertices isolated. There are exactly |E| such
forests, and each contributes

V-2
ZE1$0 3

11



which proves (2).
For (3), each term has degree

(IE] = e(F) —e(F) + (e(F) +e(F)) = |E].

Item (4) is the specialization xg = - - - = x5 = 1 of the corresponding re-
sult from [[KNSV], identifying this specialization with the Hilbert polynomial
of the external zonotopal algebra <75.

Item (5) is the corresponding specialization of the linear part of % ap-
pearing in [KNSV], where it is identified with the Hilbert polynomial of the
central zonotopal algebra .o75.

Finally, item (6) follows from the formula for the Hilbert series of the
external bizonotopal algebra proved in [KNSV], rewritten in terms of the
loopy polynomial via the substitution

1 -t

= i
S - t=

3 Relations to other graph polynomials

In this section we relate the loopy polynomial %% (¢, x) to several well-known
graph invariants. The key tool is the spanning-forest expansion

Zalt,x)= S APOEFE T 2.
FeZ(Q) Tec(F)

Since each component T of a forest satisfies |E(T)| = |V (T')| — 1, the weights
can be written as z|v(r)|—14+«(1)-

3.1 Relation to spanning forests

Proposition 3.1.
Ze(1,1,1,...)

equals the number of spanning forests of G.

Proof. At t =1 and z; = 1 for all 7, every summand in the spanning-forest
expansion of Theorem 2.3 contributes 1. Hence the specialization counts
spanning forests. O

12



3.2 Relation to strong U-type invariants

We now formulate a more precise structural connection between the loopy

polynomial and stronger multivariate graph invariants, such as the strong

U-polynomial, which record both component sizes and their cycle structure.
Recall that the strong U-polynomial has the form

Ualzig) = > IIZW O, |E(O)|~V(C)[+1;

ACE Cec(A

where each connected component C' contributes according to its number of
vertices and its cyclomatic number.

In contrast, the loopy polynomial % is expressed as a sum over spanning
forests, with each tree component 7" weighted by

V(D) = 1+(T),

where (T') records the number of externally active edges assigned to 7'
This suggests that % is obtained from a refinement of Ug by passing to
spanning forests and redistributing cycle information via activities.

3.3 Connected partitions and the U-polynomial on trees

For a tree T, every spanning subgraph is a forest and every component is
itself a tree. Moreover ¢(-) = 0 identically. Hence

Zr(Lx)= > ][] zwe

FCE(T) Cec(F)
Proposition 3.2. Let T be a tree. Then
ZLr(Lx,z,...) =Q(T, x),
where Q(T, x) is the connected partition polynomial.

Proof. Each spanning forest F' C E(T) corresponds uniquely to a partition of
V(T) into connected blocks (its components), and every connected partition
arises in this way. The specialization z; = x assigns weight z*), which is
exactly the definition of Q(7', z). O

More generally, one obtains a weighted version.

13



Proposition 3.3. For a tree T,

fT(l,mo,xl, .. ) = Z H ZE|B|_1,

T Bem
where the sum runs over all connected partitions m of V(T).

We now compare with the U-polynomial of Noble and Welsh. Recall

e 5 ()

ACE i>1
where s(i, A) counts components of size i in (V, A).
Proposition 3.4. For a tree T,
ZLr(L,xg,z1,...) =U(T; 21,29, ...;0).
Proof. For a tree, |A] —r(A) =0 for all A C E(T), so
Ur;z,00= > ][] wve
ACE(T) Cec(A)

Comparing with the formula for Zr gives the result after the index shift
Ty b= Tijqq. ]

Thus, on trees, the loopy polynomial coincides with a specialization of
the U-polynomial.

3.4 Relation to Stanley’s chromatic symmetric func-
tion
Let X denote Stanley’s chromatic symmetric function. It admits the power-

sum expansion
A
Xog= ) HA Tl p|v
AgE(G) Cec(A

Equivalently, fixing an ordering of the edges and applying the broken-circuit
cancellation, one obtains

Xe= > 0" I] pver

FENBC(G) Tec(F)

where the sum is over no-broken-circuit spanning forests.

14



Trees. If G is a tree, then every spanning forest has zero external activity,
and e(T") = |V(T')|—1 for each component T'. Therefore the loopy polynomial
recovers Xg:

Xg = (—1)|E(G)‘$G(—1, Ti = Pit1).

General graphs. For graphs with cycles, this direct specialization fails.
The loopy polynomial uses the index

e(T)+e(T)=|V(T)| —1+¢&(T),

which mixes the component size with the external activity. As a result, %
is not equal to X under any simple substitution.

An activity refinement. To separate these statistics, define the activity-
refined loopy polynomial

Za(t.y) Z EOE=E Ty e

FeZ(G TEC(F)

The original loopy polynomial is recovered via

Ya,b = To—14b-

Theorem 3.5. For every graph G,

Xo = (-1 Lo (=1, yio = pi, yij =0 for j > 0).

Proof. Under the specialization y; ; = 0 for j > 0, only spanning forests
with e(F') = 0 contribute. By the broken-circuit characterization, these are
precisely the no-broken-circuit forests. The formula then reduces to the NBC
expansion of Xg. O

Comparison of invariants. The refined invariant .,5,/’% determines the orig-
inal loopy polynomial, but not conversely at the level of formal polynomials,
since the map
Yab = Ta—1+4b
identifies different pairs (a,b).
However, computations suggest that this loss of information may not
occur on actual graph invariants.

15



Conjecture 3.6. For simple graphs G and H,

.i”g(t,x) = gH(t,X) — Xg=Xy.

Equivalently, the loopy polynomial and the chromatic symmetric function in-
duce the same equivalence relation on simple graphs.

This conjecture has been verified computationally for all simple graphs

up to 16 vertices.

4

Examples

Let us provide examples of computations of the loopy polynomial using both
the recursive definition (1.2) and formula (2.1).

(1)

For the graph G,, = @ with two vertices and m parallel edges,
using recursion (1.2) we obtain

Lo, =L, FtLa, = =T F T+ Ay 2

It is easy to see that the subgraph formula (2.1) gives the same result.
Indeed, in this case we have ¢(G,,) = 1 and .#(G,,) consists of m + 1
spanning forests, one with two components and no edges, contributing

the term t™x3, and m spanning trees T, . . ., T;,, one for each of its edges,
with e(T;) = |E| — 1.
In particular, for the two-vertex path graph P, = e—e | this gives

$p2 =z + tiL‘(Q)
More generally, for the sequence {F,,} of path graphs, we get the follow-
ing result.
Proposition 4.1. For the path graph P,, with m vertices, we have
af\ | jaf-
k% _ la]—1.a )
(%) = > (a tlal=1x2 (4.1)
aEAm

where

Am ={a=(ag,a1, ... ,am) € ZZ" + Y ai(i+1) =m}

%

16



and for a tuple a, we denote

- al al |al!
R . J— a; — —
a:.= E a;, X% := ”xz , and (a =4 = Mot
(]

yeey O

)

Proof. Since P,, is a tree, every subset of edges ' C F gives a spanning
forest and the external activity of every subtree T' C E is 0. Therefore,
using (2.1), we have that

Lp,(t,x) = Z T gy 1 T

[k1yeeesker]

where the sum is taken over all 2™~ ! compositions of m, i.e. ordered
collections [k, ..., k.| of positive integers whose sum equals m. Observe
that for ¢ = 1,...,m, the number of compositions of m containing a;

copies of number ¢ is equal to < \a|) which implies formula (4.1). O
a

In particular, for the path graph with three vertices P35 = , wWe

have

Lp, = Lpyje Htx0Lp, = xo+tw120 + tao(r1 + trg) = xo + 2tw 3o + 207,

where Ps/e = Q—o is the graph P, with an added loop at one vertex.

It is easy to see that the formula (2.1) gives the same result.

Using similar, but slightly more involved argument we can find the loopy
polynomials of circle graphs.

Proposition 4.2. For the cycle graph C,, with m vertices, we have

Ze,, =Ty + (m—Dtx, 1+ Z Va talxa, (4.2)
acA],
where
m—2
N, ={a= (... an ) € 22" (i+ Dai =m, la] > 2},
i=0

17



and

Equivalently,

: la] — 1
= 1 .
Ta Z(j+ )(&0,...,aj—1,...,am2

jra;>1

Proof. Let the edges of ), be linearly ordered around the cycle. By
Theorem 2.3,

e, (t,x) = Z B Cm)l=e(F)=2rec(r &(T) H Te(T)4e(T)-
FeZ(Cm) Tec(r)

Since r(C,,) = m—1, every spanning forest of C,, is obtained by deleting
a nonempty set of edges from the cycle.

If exactly one edge is deleted, then F' is a spanning tree. There are m
such trees. Exactly one of them has external activity 1, namely the tree
obtained by deleting the maximal edge in the chosen order; its contribu-
tion is z,,. The remaining m — 1 spanning trees have external activity 0,
and each contributes tx,,_1. Hence the total contribution of spanning
trees is

T+ (m— 1)t a, .

Now suppose that F' is obtained by deleting £ > 2 edges. Then F' has
exactly k connected components, each of which is a path. Moreover,
no deleted edge is externally active: indeed, each deleted edge joins two
different components of F', so adding it does not create a cycle. Therefore
all activity terms vanish, and each component contributes only according
to its number of edges.

Write the numbers of vertices in the k& path components as
bl,...,bkzl, b1++bk:m
Then the contribution of F' is

k
t $b1_1 .. '$bk_1.

18



Thus forests with & > 2 components are naturally encoded by cyclic
compositions of m.

Fix now a multiplicity vector
a=(ag,...,am 2) €N,
where a; is the number of components with ¢ + 1 vertices. Then |a| = k

is the number of components, and

m—2

i=0
All forests of this type contribute the same monomial
t2lxa,

It remains to count how many such forests there are.

Choose first a starting deleted edge on the cycle; there are m choices.
Then arrange the multiset of component sizes, containing a; copies of
¢+ 1, in linear order around the cycle. The number of such linear orders

1S
( |a] )
agy ..., am—_2
ag, ... ,m—2

ordered descriptions. However, each forest is counted exactly |a| times,
since any one of its |a| deleted edges could have been chosen as the
starting deleted edge. Therefore the number of forests of type a is

m ( |a| )
Ya = 77 .
la] \ag, ..., am_2

Summing over all a € A/ yields (4.2). The equivalent expression for 7,
follows from the identity

m |a , la] — 1
- = 1
|a|(a0,...,am_2) Z(]+ )<a0,...,aj—1,...,am_2)’

jra;>1

This gives

using m = Z?:()Q(j +1)a,. o
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For example, for C5 we have A = {(1,1)} and

3/ 9
Tan =y (1 1) =3

303 = x3+ 2txs + 3t2$0$1.

Hence

which matches what we found earlier using deletion-contraction.

For the four cycle Cy we have

Ail = {(ao,al,aQ) . Qo S 3,@0-'-2@14-3@2 = 4)} = {(4,0, O), (2, 1,0), (1,0, 1), (0, 2,0)}

3 2 2 1
and v210 = (2 1) +1- (2 O) =4, 701 = (1 1) +2- <1 0) = 4,

2 1
Y0,2,0 = (2) +1- (1, O) = 2, which gives

Lo, = x4+ 3tas + t4xé + 4t3m3x1 + 4t%zozy + 26202

Let us find the loopy polynomial of a star graph S,, with m edges (i.e. the
complete bipartite graph K ,,). More generally, let S,,, be the graph
obtained by adding ¢ loops at the center of S,,. Then the deletion-
contraction relation (1.2) gives a Pascal-like recursion

Zs

mt1,e Zs + txOo‘ZSm’g

ml+1

with the initial conditions (5,”507 , = ¥y. Therefore we have

LSy = Z <Tln) (two) Tors

1=0

and, in particular,
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5 Polyhedral and parking-cell interpretation
In this section we explain the polyhedral meaning of the specialization
t=q, ri=14+q+ - +¢.
Let
Pn = {a € R‘z/o : Zav < Kkg(S) for all S C V} ,

veS

where kg(S) is the number of edges of G incident to S. By [[KNSV], the
lattice points of Py are the partial score vectors, and therefore the Hilbert
series of the external bizonotopal algebra is

Hilba(q) = > ¢“.

aEPaNZV

We prove below that this Hilbert series is obtained from the loopy polynomial
by substituting x; = 1+ ¢+ --- 4+ ¢* and t = ¢q. More precisely, the lattice
points of Pg admit a recursive deletion—contraction decomposition whose
cells are indexed by spanning forests.

Throughout this section, if e = {u,v} is a non-loop edge, then G/e de-
notes loopy contraction: the endpoints u and v are identified, and the edge
e itself becomes a loop at the new vertex.

5.1 The recursive decomposition

Fix an orientation of every edge of G. The orientation is used only to choose
which endpoint receives the degree shift in the deletion branch.

Lemma 5.1 (Recursive lattice-point decomposition). Let e = {u,v} be a
non-loop edge, oriented from w to v. Then there is a canonical degree-
preserving decomposition,

P:NZ" = A, UB,

such that

Z ¢! = Hilbg/e(q), Z ¢! = ¢ Hilbg_.(q).

CLEAE (leBe
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Proof. First define the deletion part. Let
L: P .NZY — PoNZY,  u(b)=b+e,.

This map is well defined. Indeed, deleting e lowers kg(S) by one exactly
when S is incident to e, while adding e, increases b(S) only when u € S.
Thus every inequality defining P is satisfied by b + e,. Set

B, = 1(Pg_.N7ZY).

Then
Z ¢! = ¢ Hilbg_.(q).
aEBe

It remains to identify the complement with Pg/.. Let w be the vertex of
G /e obtained by identifying u and v. Define

m:PeNZY — Pg.NZY/*

by
7(a)w = ay + ay, m(a), =a, (z# w).

If RCV/eand R C V is its inverse image, then loopy contraction gives

lig/e<R) = Ii(;(R).

Hence a € Pg implies 7(a) € Pg/e.
We now construct a section of 7. Take ¢ € Pg/.N ZV/e and write N = ¢,,.
A lift of ¢ to Z" is determined by an integer r via

ay =T, a, =N —r,

with all other coordinates inherited from c¢. The inequalities defining Pg
impose lower and upper bounds on r, so the feasible lifts form an integer
interval. This interval is nonempty by the standard polymatroid contraction
property applied to the submodular function .

Choose the lift for which r = a, is maximal, and denote it by s(c). We
claim that s(c) is the unique lift of ¢ which does not belong to B.. Indeed,
a feasible lift a belongs to B, if and only if « — e, € Ps_.. For a feasible lift
this is equivalent to saying that a, > 0 and that all inequalities involving sets
containing v but not u remain valid after increasing a, by one. Equivalently,
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a, + 1 is still a feasible value of the splitting parameter r. Thus a lift lies in

B. if and only if it is not the maximal feasible lift. Therefore the maximal

lift s(c) lies in the complement of B,, and every other lift lies in B..
Consequently s gives a bijection

Po/eNZY¢ — A, := (PeNZ")\ B..

The bijection preserves total degree because

[s(c)] = Ic].
Therefore

> ¢"! = Hilbgc(g),

aEAc
and the lemma follows. O

5.2 Canonical parking cells

The preceding lemma can be iterated along the same edge order used in
the loopy deletion—contraction definition of .Z;. At each non-loop edge, the
contraction branch is the maximal lift constructed above, and the deletion
branch is the image of Ps;_. under b — b + e,. Thus every lattice point
follows a unique path in the deletion—contraction tree.

Theorem 5.2 (Parking-cell decomposition). Fiz an ordering and an orien-
tation of the edges of G. Then

PanZY = |_| Cp
FeZ(G)

admits a canonical recursive partition indexed by spanning forests. For every
spanning forest F', one has

Z gt = ¢!F@l—e(F)~Ereewm &(T) H (1 +g4+ qe(T)+s(T)) .
a€Cp Tec(F)
Equivalently, Cr is a product of chains as a graded set:
Cr= [] {0.1.....e(T) + (D)},
Tec(F)
with total grading shifted by
BG)] -~ e(F)~ 3 <(T).

Tec(F)
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Proof. Apply Lemma 5.1 to the largest non-loop edge e. The contraction
part is identified degree-preservingly with Pg/. N ZV/e, while the deletion
part is identified with P;_. N ZY with degree shifted by one. Iterating this
procedure produces a canonical decomposition of Py NZ" into cells indexed
by the leaves of the loopy deletion—contraction tree.

The leaves are graphs with only loops. If such a leaf has one vertex and
m loops, its polytope is the chain

{0,1,...,m},

with rank-generating function 14 ¢ + --- 4+ ¢™. If the leaf has several ver-
tices, the corresponding polytope is the product of these chains, one for each
component.

It remains only to identify the leaf reached by a forest F'. The edges in
I are precisely those sent to the contraction branch. The edges not in F' are
sent to the deletion branch unless, at the moment they are processed, they
have already become loops inside a contracted component. These are exactly
the externally active edges with respect to the chosen edge order. Thus, for
a component 7' of F', the number of loops present at the corresponding leaf
is

e(T) +&(T),

namely the contracted forest edges inside T' together with the externally
active edges assigned to 7. The remaining deleted edges contribute the
degree shift

[B(G)| —e(F) = Y e(T).

Tec(F)

Therefore the cell indexed by F has the claimed rank-generating function. [J

5.3 Hilbert-series specialization

As an immediate consequence, the loopy polynomial refines the lattice-point
enumerator of Pg.

Corollary 5.3. For every graph G,

> =Lelq L1+ 1+ g+ ).

aEPgNZV
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Proof. Summing the identity of Theorem 5.2 over all spanning forests F' gives

Yo gl = Y FOO T @ T (L4 g4 DD,
a€PgNZV FeZ(G) Tec(F)

By Theorem 2.3, the right-hand side is precisely Z(q, 1, 14+q, 14+q+4>, .. .).
O

Thus the variables z; record the chain factors in the parking cells, while
the variable t records the number of genuinely deleted non-active edges.

6 Outlook

1. Characterize the information about G encoded by Z5.
2. Find a universality property for .Z.

3. Relate 2 to strong U-polynomials.

4. Investigate planar duality.

5. Explain the 4-term relation structurally.
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