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0. Introduction

0.1. Topological properties of intersections of pairs and, more generally, of
k-tuples of Schubert cells belonging to distinct Schubert cell decompositions
of a flag space are of particular importance in representation theory and
have been intensively studied during the last 15 years, see e.g. [BB, KL1,
KL2, De1, GS]. Intersections of certain special arrangements of Schubert
cells are related directly to the representability problem for matroids, see
[GS]. Most likely, for a somewhat general class of arrangements of Schubert
cells their intersections are too complicated to analyze. Even the nonemp-
tyness problem for such intersections in complex flag varieties is very hard.
However, in the case of pairs of Schubert cells in the space of complete
flags one can obtain a special decomposition of such intersections, and of
the whole space of complete flags, into products of algebraic tori and lin-
ear subspaces. This decomposition generalizes the standard Schubert cell
decomposition. The above strata can be also obtained as intersections of
more than two Schubert cells originating from the initial pair. The decom-
position considered is used to calculate (algorithmically) natural additive
topological characteristics of the intersections in question, namely, their Eu-
ler Ep,q-characteristics (see [DK]). Generally speaking, this decomposition
of the space of complete flags does not stratify all pairwise intersections
of Schubert cells, i.e. the closure of a stratum is not necessary a union of
strata of lower dimensions. Still there exists a natural analog of adjacency,
and its combinatorial description is available, see Theorem D. We discuss
combinatorics of this special decomposition and some rather simple conse-
quences for the cohomology and the mixed Hodge structure of intersections
of Schubert cells in SLn/B.

0.2. In order to formulate the main results, let us recall some standard
notions. Let Fn denote the space of complete flags in C

n. Each compete
flag f can be interpreted both as a Borel subgroup and as a sequence of
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enclosed linear subspaces of all dimensions from 0 to n. The Schubert

cell decomposition Df of Fn relative to f consists of cells formed by all
flags having a given set of dimensions of intersections with subspaces of
f . Thus, we have a family of Schubert cell decompositions parameterized
by Fn. Cells of any such decomposition are in 1-1-correspondence with
permutations on n elements (see, e.g., [FF]).

0.3. For any k-tuple of flags f, g, h, . . . in Fn we introduce the k-tuple

Schubert decomposition Df,g,h,... consisting of all nonempty intersections
of k-tuples of cells one taken from each decomposition Df , Dg, Dh . . . .
Generally speaking, a k-tuple Schubert decomposition is not a stratification
of the space of complete flags, and its strata can have very complicated
topology, cp. [GS].

Given a family of linear subspaces, their +-completion is defined as the
set of sums of all possible subfamilies of these subspaces. The +-completion
of a pair of flags is just the +-completion of the family of all subspaces
constituting these flags.

The refined double decomposition RDf,g of the space of complete flags
relative to a given pair of flags (f, g) is the decomposition into pieces formed
by all flags with given dimensions of intersections with all subspaces of the
+-completion of (f, g). The pieces of this decomposition are called refined

double strata.

0.4. Remark. The refined double decomposition coincides with some
special k-tuple decomposition, see §1.

0.5. Remark. The refined double decomposition RDf,g subdivides the
standard decompositions Df , Dg and the double decomposition Df,g, i.e.
each Schubert cell with respect to f or g, as well as their pairwise intersec-
tions, consists of some number of refined double strata.

0.6. Remark. If g′ belongs to the same Schubert cell of Df as g, then
RDf,g is isomorphic to RDf,g′ , and the isomorphism is induced by a linear
operator preserving f .

Theorem A. Each refined double stratum is biholomorphically equivalent

to the product of a complex torus by a complex linear space.

0.7. Given a system of coordinates in C
n, a flag is called coordinate if

all its subspaces are spanned by coordinate vectors. Each coordinate flag
is identified naturally with the corresponding permutation of coordinates.
The standard coordinate flag is the one which is identified with the unit
permutation, i.e. for each i its i-dimensional subspace is spanned by the
first i coordinate vectors.

For any two flags f and g in Fn one can always choose a standartizing

system of coordinates such that f becomes the standard coordinate flag
and g becomes a coordinate flag identified with some permutation σ. We
then say that the pair (f, g) is in relative position σ. Observe that the
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permutation corresponding to the cell containing g in the Schubert cell
decomposition Df is exactly σ−1.

0.8. In what follows we need some additional notation related to permuta-
tions. We write an arbitrary permutation π in the form π = i1 . . . in, which
means that π(1) = i1, . . . , π(n) = in.

A decreasing subsequence in π is a subsequence s = (ij1 , ij2 , . . . , ijk
)

such that 1 6 j1 < j2 < · · · < jk 6 k and ij1 > ij2 > · · · > ijk
.

The reduced length of a decreasing subsequence is equal to the number
of its elements minus one. The domination of a decreasing subsequence is
equal to the number of elements ij ∈ π for which there exists an element
il ∈ s such that j < l and ij < il.

The cyclic shift of π wrt a decreasing subsequence s = (ij1 , ij2 , . . . , ijk
)

is the transformation sending ij1 onto ijk
, ij2 onto ij1 , . . . , ijk

onto ijk−1

and preserving the rest of the elements. (If s consists of just one element,
then the transformation is identical.)
Example. Consider π = 6723451 and its decreasing subsequence (7, 3, 1).
The reduced length is 2 and the domination is also 2, namely, element 6 is
dominated by 7 belonging to the decreasing subsequence, and element 2 is
dominated by 3. The cyclic shift of π wrt (7, 3, 1) takes π to 6321457.

0.9. Till the end of this section we assume that the pair of flags (f, g) is in
relative position σ. Let us enumerate (algorithmically) all strata of RDf,g

using the permutation σ. To do this, we apply to σ the following n-step
procedure.

Main algorithm.

Step 1. Find all decreasing subsequences in σ. Apply to σ cyclic shifts
wrt each of these decreasing subsequences and obtain the set of resulting
permutations. In each of these permutations block the largest element of
the corresponding decreasing subsequence. (To block just means that this
element is ignored on all subsequent steps of the algorithm.)

Step i. To each permutation obtained on Step i − 1 apply the same
procedure that was applied to σ on Step 1. Namely, find all its decreasing
subsequences (disregarding all blocked elements). Make cyclic shifts wrt
each of these decreasing subsequences, and finally in each of the obtained
permutations block the largest element of the corresponding decreasing
subsequence.

0.10. Remark. The algorithm stops exactly after n steps, since in each
permutation obtained after i steps we get exactly i elements blocked (i.e., on
Step i+1 we work actually with permutations on n−i elements). Moreover,
each permutation with at least one nonblocked element contains at least
one decreasing subsequence (possibly consisting of just one element).

The whole procedure for σ = 321 is illustrated on Fig.1. The underlined
numbers are blocked and the sequences of numbers on edges present the
decreasing subsequences chosen.
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Fig.1. Illustration of the main algorithm for the case σ =
321

0.11. A chain of permutations is a sequence of n+1 permutations starting
with σ and such that each consequent permutation is obtained from the
preceding one as the result of a cyclic shift wrt a decreasing subsequence
on the corresponding step of the above procedure.

So, Fig.1 contains 20 chains, which are just paths in the presented tree
starting from the top element σ and going down to the bottom.

Let us assign to each chain two numbers, namely, its total length equal
to the sum of the reduced lengths for all the permutations involved (actu-
ally, for the corresponding decreasing subsequences of these permutations),
and its total domination equal to the sum of all dominations. (When we
calculate the domination for a permutation with blocked elements we just
disregard them completely.)

Theorem B. Let (f, g) be a pair of flags in relative position σ. Then

the strata of RDf,g are in 1-1-correspondence with the chains in the above

procedure starting with σ. The stratum corresponding to a given chain is

isomorphic to (C∗)l × C
d, where l is the total length of this chain and d is

its total domination.

Example. The structure of each refined double stratum is given in the
bottom line of Fig.1.

0.12. For any two permutations α and β denote by C1,α the Schubert
cell consisting of all flags which are in relative position α with respect to
f and by Cσ,β the Schubert cell of all flags in relative position β with
respect to g. (Warning: in the standard notation C1,α = Bα−1 · B and
Cσ,β = σ−1Bσβ−1 · B, see 0.7, where B is the subgroup of upper triangular
matrices.)

By definition, the cell C1,α belongs to the decomposition Df , the cell
Cσ,β belongs to the decomposition Dg, and their intersection belongs to the
double decomposition Df,g.
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Since the refined double decomposition RDf,g subdivides the decom-
positions Df , Dg and Df,g, it is useful to describe all refined double strata
included in the Schubert cells C1,α, Cσ,β and their intersection C1,α ∩Cσ,β .

Let us assign to a chain of permutations the following two new per-
mutations. The first blocking permutation of a chain is the sequence of
the successively blocked elements, i.e., its ith entry is the element blocked
on the ith step of the procedure. The second blocking permutation is the
sequence of positions on which the successively blocked elements stand, i.e.,
its ith element is the number of the position where the ith blocked element
stands.
Example, see Fig.1. For the chain 321→123 →123 → 123, the first
blocking permutation is 321 and the second blocking permutation is 321.
For the chain 321→312→132→ 132, the first blocking permutation is 231
and the second blocking permutation is 321. For the chain 321→ 321→
312 → 312, the first blocking permutation is 321 and the second blocking
permutation is 132.

Theorem C. A stratum of RDf,g belongs to the Schubert cell C1,α if and

only if the first blocking permutation of its chain coincides with α; a stratum

of RDf,g belongs to the Schubert cell Cσ,β if and only if the second blocking

permutation of its chain coincides with β. Therefore, a stratum belongs to

the intersection C1,α ∩ Cσ,β if and only if its first blocking permutation is

α and its second blocking permutation is β.

0.13. This theorem leads us to the following modifications of the described
algorithm producing the refined double decompositions of the Schubert cells
C1,α, Cσ,β and of their intersection.

Modification 1. In order to obtain the decomposition of C1,α, one must
consider on Step i, i = 1, . . . , n, only decreasing subsequences starting at
the ith element of the permutation α.

Modification 2. In order to obtain the decomposition of Cσ,β , one must
consider on Step i, i = 1, . . . , n, only decreasing subsequences ending at the
position whose number is equal to the ith element in the permutation β.

Modification 3. Finally, in order to obtain the decomposition of C1,α ∩
Cσ,β , one must consider on Step i, i = 1, . . . , n, only decreasing subse-
quences starting at the ith element of permutation α and ending at the
position whose number is equal to the ith element in the permutation β.

The corresponding three examples are presented on Figs.2,3.
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Fig.2. Modified algorithm for the case σ = α = 321
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Fig.3. Modified algorithm for the cases σ = β = 321 and

σ = α = β = 321

A similar process was proposed by Francesco Brenti [Br1] in the case
σ = ω0.
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0.14. The following remark is valid for all versions of the main algorithm,
i.e. for the refined double decomposition of the whole space of complete
flags, of some particular Schubert cell, or of a pairwise intersection of Schu-
bert cells.

Remark. Each step of the above algorithm is interpreted geometrically
as the projection of flags in the considered set onto a linear subspace of
the corresponding codimension, see §1. This means, in particular, that
restricted chains, i.e. those starting at a permutation with blocked elements
obtained after Step i, represent the decomposition of Fn−i (a Schubert cell
in Fn−i, or a pairwise intersection of Schubert cells in Fn−i, depending on
the modification of the algorithm).

0.15. To be more precise, we introduce the following operation on permu-
tations with blocked elements. Let us consider a permutation on n elements
with i blocked entries. The reduction of the blocked part from a given per-
mutation is the operation which forms a new permutation on n− i elements
in the following way: we exclude all blocked elements and subtract from
each nonblocked element the number of all blocked elements which are less
than it.
Example. The reduction of the blocked part from the permutation
7563241 gives 4312.

0.16. Proposition. i) The set of all restricted chains, i.e. chains starting

at some permutation σ̃ obtained after i steps of the algorithm (and thus

containing i blocked elements), geometrically presents:

(1) for the main algorithm, the refined double decomposition of Fn−i

relative to the pair in relative position σ̃′, where σ̃′ is obtained from

σ̃ by the reduction of all blocked elements;
(2) for the 1st modification, the refined double decomposition of the

Schubert cell C1,α′ in Fn−i, where α′ is obtained by the reduction of

the first i elements from α;
(3) for the 2nd modification, the refined double decomposition of the

Schubert cell Cσ̃′,β′ in Fn−i, where σ̃′ is the same as above and β′

is obtained by the reduction of the first i elements from β;
(4) for the 3rd modification, the refined double decomposition of C1,α′ ∩

Cσ̃′,β′ .

ii) Moreover, the geometrical meaning of Step i for any modification of

the algorithm is the decomposition of the initial object (Fn, C1,α, Cσ,β

or C1,α ∩ Cσ,β) into a disjoint union of products of similar objects in

Fn−i, enumerated by the set of all permutations σ̃ obtained after Step i,
by (C∗)l(σ̃) ×C

d(σ̃). Here l(σ̃) is equal to the sum of reduced lengths for all

permutations in the chain starting at σ and ending at σ̃, and d(σ̃) is the

sum of all dominations in this chain.

Example. The set of all reduced chains passing through any permutation
obtained after the first step except for 123 on Fig.1 presents the refined
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decomposition of the space of complete flags F2 = CP 1 relative to σ = 21
into three strata, namely, two points and C

∗. The chains passing through
123 (or σ = 12) present the standard Schubert cell decomposition of F2

into a point and C.

0.17. Remark. The above results hold in complete generality for the
spaces of complete flags over any algebraically closed field, or R. In this
case C

∗ must be substituted by the multiplicative and C by the additive
group of the field, cp. [Cu3].

0.18. Our next result gives sufficient conditions for the topological “ad-
jacency” of strata in C1,α ∩ Cσ,β in terms of combinatorial adjacency, i.e.
enumerates strata that can have nonempty intersection with the closure of
some given stratum in C1,α ∩Cσ,β . Since the refined double decomposition
in general is not a stratification, one has to use this modified notion of
adjacency.

Consider two chains of permutations. One of them is said to be less

or equal than the other one if each permutation of the former is less or
equal in the Bruhat order than the corresponding permutation of the latter
(for the notion of the Bruhat order see e.g. [Hu]). The above partial order
on the set of all refined double strata (or their chains of permutations) in
C1,α ∩Cσ,β is called the adjacency partial order , or the generalized Bruhat

order.
By Theorem C, each nonempty refined double stratum of RDf,g is

contained in a single pairwise intersection C1,α ∩ Cσ,β , namely, in the one
for which α equals to the first and β to the second blocking permutation of
the corresponding chain of permutations.

0.19. Theorem D. The closure of a given refined double stratum in

the corresponding pairwise intersection of Schubert cells belongs to (but in

general does not coincide with) the union of all refined double strata included

in the same pairwise intersection such that their chains of permutations are

less or equal in the adjacency partial order than the chain of the stratum

considered.

This theorem enables us to construct rather simple examples of pairwise
intersections whose refined double decompositions fail to be stratifications.
In particular, the refined double decomposition of C1234,4231 ∩ C4231,4231

consists of three strata, namely, C
∗× (C)2 and two copies of (C∗)3×C, see

Fig.9 below. In notations of Fig.9 the closure of the stratum C = (C∗)3×C

is nonempty in the stratum B = (C∗)3 × C; moreover, the closure of C =
(C∗)3 × C does not contain the whole stratum A = C

∗ × (C)2; see §7 for
more examples of this kind.

0.20. Let us consider the closure pattern of a given refined double stratum,
i.e. the set of all strata that have nonempty intersection with the closure
of the given one. (The question about the combinatorial description of the
closure pattern was raised for a similar situation in [Cu3].) Theorem D
gives us a necessary combinatorial condition for a stratum to belong to the
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closure pattern of the other one. In §7 we present an example showing that
this necessary condition is not sufficient. The relation between necessary
and sufficient conditions motivates the following definition.

We call a pairwise intersection of Schubert cells C1,α ∩Cσ,β nice if the
refined double decomposition RDf,g gives its stratification, and almost nice

if for any pair St1 ≺ St2 of refined double strata one has dim St1 6 dim St2.
The rest of C1,α ∩ Cσ,β are called hard. An example of a hard C1,α ∩ Cσ,β

is given in §7.

0.21. Let V denote an arbitrary complex quasiprojective variety. Let us
denote by hpq

k the Hodge numbers for the usual mixed Hodge structure in
H∗

c (V ; C), see e.g. [Dl1, Dl2, Dl3].
Let us define generalized Euler characteristics depending on p and q:

χpq =
∑

k

(−1)khpq
k ,

and form their generating function called the Ep,q-polynomial, or just the
E-polynomial of V :

EV (u, v) =
∑

p,q

χpqupvq.

Let us denote by Eα,β
σ the E-polynomial of C1,α ∩ Cσ,β , and by

CH(α, β, σ) the set of chains of permutations corresponding to the strata
contained in C1,α ∩ Cσ,β (see Theorem B).

0.22. Corollary (of Theorems B and D). i) The Hodge numbers hp,q
k of

any intersection C1,α ∩ Cσ,β can be positive only if p = q.
ii)

Eα,β
σ =

∑

ch∈CH(α,β,σ)

zd(ch)(z − 1)l(ch),

where z = uv, d(ch) and l(ch) are the total domination and the total length

of a chain ch, respectively.

0.23. The same expression ii) can be rewritten as an inductive formula
using the above remark on the geometrical meaning of our algorithm (see
0.14). More precisely, let S denote the set of all decreasing subsequences
in σ starting at element α(1) and ending at the position with number β(1),
(i.e., the set of subsequences used on the first step of the construction of
the refined double decomposition for C1,α ∩Cσ,β). For any decreasing sub-
sequence s ∈ S, let l(s) and d(s) denote its reduced length and domination,
respectively. Finally, let α′ and β′ denote the results of the reduction of
the first elements α(1) and β(1) from α and β, respectively, σs denote the
result of the cyclic shift of σ wrt s and the reduction of the first element of
s (see the description of the algorithm and its modifications above).

Corollary (of Theorems B and D).

Eα,β
σ =

∑

s∈S

zd(s)(z − 1)l(s)Eα′,β′

σs
.
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Example.

E4321,4321
4321 = (z − 1)E321,321

132 + (z − 1)2E321,321
231

+ (z − 1)2E321,321
312 + (z − 1)3E321,321

321 .

0.24. Corollaries 0.22 and 0.23 follow directly from the refined double
decomposition of C1,α∩Cσ,β . By results of [Cu3], their natural analogs are
also valid for any G/B, where G is a semisimple group and B is its Borel
subgroup. Part i) of 0.22 holds as well for all quasiprojective varieties that
can be decomposed into quasiprojective pieces satisfying hp,q

k = 0 if p 6= q.

0.25. The adjacency partial order (see 0.18) allows us to consider different
filtrations of C1,α∩Cσ,β by closed subsets consisting of refined double strata.
Moreover, one gets the standard filtration of such a kind as follows.

Let P be a finite poset. We define the height of an element a ∈ P as the
maximum length of a chain having a as the maximal element. The standard

filtration of P is its filtration by the subsets Pi = {a ∈ P | h(a) 6 i}, called
standard subposets.

Consider now the refined double decomposition of C1,α∩Cσ,β . Refined
double strata are enumerated by chains of permutations, which form a finite
poset with respect to the adjacency partial order. Theorem D shows that
the standard filtration of this poset is a filtration by closed subsets.

Any filtration of C1,α ∩ Cσ,β by closed subsets leads to its Leray spec-
tral sequence converging to the cohomology of C1,α ∩ Cσ,β with compact
supports. In our case we are primarily interested in filtrations by closed
quasiprojective subvarieties. Along with the above standard filtration, it
is often convenient to consider “filtration” by dimension: its ith term is
the union of all strata of dimension at most i. (Warning: for an arbitrary
C1,α ∩ Cσ,β this filtration is apparently not a filtration by closed subsets.)
In the case of an (almost) nice C1,α ∩ Cσ,β the filtration by dimension is
a filtration by closed quasiprojective subvarieties. Moreover, the following
statement is valid.

Theorem E. The Leray spectral sequence associated with the filtration by

dimension of the refined double decomposition of any (almost) nice pairwise

intersection degenerates at the second page.

0.26. Remark. A combinatorial description of d1 is unavailable at the
present moment and apparently is rather complicated.

0.27. As an application of the E-polynomials we prove the following com-
binatorial result.

Proposition . If at least one of the permutations α, β or σ is the longest

element w0, then there are no gaps in (complex ) dimensions of strata in

C1,α ∩ Cσ,β , i.e. there exist refined double strata of all intermediate (com-

plex ) dimensions between the minimal and the maximal ones.
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0.28. A similar family of decompositions was introduced by V.V.Deodhar
in the case of intersections C1,α ∩ Cw0,β , where w0 denotes the longest
element in an arbitrary finite Coxeter system, see [De1, De2], and was ex-
tended to all intersections C1,α∩Cσ,β by Ch.Curtis in [Cu3]. These decom-
positions depend on a reduced expression of the element α as a product of
simple reflections, and different choices of such expressions lead to different
decompositions. The combinatorial data that codes strata in the approach
of Deodhar–Curtis is similar to chains of permutations corresponding to re-
fined double strata, but more lengthy. We have found the correspondence
between the strata of these two decompositions and proved that the refined
double decomposition coincides with one of decompositions suggested by
Deodhar for some particular choice of reduced expression.

Let us define for any α ∈ Sn a reduced expression of α−1 of a special
form, namely, α−1 = tα(1)−1tα(1)−2 · · · t1α̃

−1, where α̃ belongs to Sn−1

and ti is the simple transposition interchanging i and i + 1. This enables
us to define inductively a reduced expression, which we call the standard

expression.

Proposition . The refined double decomposition of the Schubert cell

C1,α = Bα−1 · B coincides with the decomposition suggested by Deodhar

if one chooses the standard reduced expression of α−1.

0.29. Remark. There exist other natural refinements of double decom-
positions. These other decompositions of geometrical origin apparently
coincide with Deodhar’s decompositions corresponding to other choices of
reduced expressions.

0.30. The starting point of this study was an attempt to calculate the
cohomology of pairwise intersections of Schubert cells of the maximal di-
mension (see [SV]).

The authors are very grateful to Francesco Brenti for discussions of the
material of this article. Sincere thanks are due to Prof. T.Springer who
was first to point out to the authors the necessity to check the property of
being a stratification and mentioned the paper [Boe].

1. Refined double decompositions as k-tuple decompositions

and the very weak Bruhat order

1.1. In order to study the properties of refined double decompositions,
let us fix a pair of flags (f, g) in relative position σ and consider its +-
completion. By the definition (see 0.2), the +-completion consists of all
sums of pairs of all possible subspaces from the flags f and g, see the
example on Fig.4. Obviously, all the subspaces in the +-completion of
(f, g) are coordinate (in the corresponding coordinate system, see 0.7) and
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partially ordered by inclusion.
By the flag completion of the pair (f, g) we mean the set of all com-

plete flags such that each subspace of each of these flags belongs to the
+-completion of (f, g).

The number of flags in the flag completion of a pair of flags in relative
position σ is denoted by k(σ); it is just the number of all different paths in
the partially ordered +-completion going from the top to the bottom. For
example, there are 10 paths (and therefore flags in the flag completion) in
the diagram shown on Fig.4.

0

1 5

12 15 35

123

1234

12345

125 135 235

1235 2345

Fig.4. The +-completion of the pair of flags in relative

position 53241. Each set of numbers presents the coordinate

subspace spanned by the corresponding coordinate vectors.

Subspaces in each row are lexicographically ordered

1.2. Proposition (an alternative definition of the refined double decom-
position). The refined double decomposition RDf,g is the k-tuple decompo-

sition Df1,f2,..., where fi runs over the set of all complete flags in the flag

completion of (f, g), and hence k = k(σ) is the number of flags in this flag

completion.

1.3. Remark. A special n!-tuple Schubert decomposition into intersec-
tions of n!-tuples of cells taken from Schubert cell decomposition relative to
each of coordinate flags was introduced in [GS] and called the decomposition
into small cells. This decomposition and its projections on Grassmanians
play an important role in matroid theory, since each small cell on some
Grassmanian is the space of linear presentations of the corresponding ma-
troid. The decomposition into small cells subdivides each of our refined
double decompositions.

1.4. Let us define the following partial order on Sn. By an elementary

descent in a permutation i1 . . . in we call any inversion of two neighboring
numbers il, il+1 such that
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i) it decreases the inversion length of the permutation, and
ii) il+1 is less than all the elements il+2, . . . , in.
The transitive closure of elementary descents defines a partial order on

Sn, which we call the very weak Bruhat order. It is, obviously, a suborder
of the weak Bruhat order.

The only minimal element in the very weak Bruhat order is the identity,
while the set of maximal elements consists of all elements having 1 in the
last position. Figure 5 presents the very weak Bruhat order for the cases
of S3 and S4.

2314 2143 1423 1342 3124

2134 1243 1324

1234

4321

4312 4231 3421 3241

2431 4132 4213 3412 3214

2341 2413 1432 4123 3142 3214

231 312

213 132

123

321

Fig.5. The very weak Bruhat order on S3 and S4

1.5. Proposition. The number k(σ) equals the number of permutations

in the lower interval of σ in the very weak Bruhat order.

Proof. Follows immediately from the definition (see 1.1 and 1.4). �

1.6. Below we present a simple scheme for finding the number k(σ), which
we call a generalized Pascal triangle. Recall that the standard Pascal tri-
angle (of size n) can be represented as a box diagram having n rows and
n columns. Each box is a square. The first row contains n boxes, the
second row contains n − 1 boxes, and so on; the first column contains 1
box, the second column contains 2 boxes, and so on. The diagram is filled
by integers in the following way. We start at the unique box of the first
column and fill it with 1. Next, the contents of any other box is defined to
be the sum of the contents of its western and north-western neighbors (if
any). Proceeding in accordance with this rule, we first fill all the boxes of
the second column by ones; this gives a possibility to fill the boxes of the
third column, and so on (see Fig.6). The elements in the ith column of the

triangle are just the binomial coefficients
(
i−1

j

)
, 0 6 j 6 i − 1, and their

sum is 2i−1.



14 B. Shapiro, M. Shapiro, A. Vainshtein

1 1 1 1 1 1

1

1

1

1

1

2 3

3

4

6

4

5

5

10

10

Fig.6. Pascal triangle for n = 6

To construct the generalized Pascal triangle of type σ, we define Lσ(l),
1 6 l 6 n, as the number of elements ij of σ such that j > l and ij > il.
We now start from the diagram of the standard Pascal triangle and remove
the horizontal partitions between the last (from left to right) Lσ(1) boxes
of the first and the second row, then the horizontal partitions between the
last Lσ(2) boxes of the second and the third row, and so on. As a result,
we get a new box diagram; its boxes are no longer squares, but rectangles
of width 1 and arbitrary height. It is easy to see that the number of boxes
in the diagram equals n plus the inversion length of σ.
Example. Let n = 6, σ = 426135. Then the vector of Lσ’s is
(2, 3, 0, 2, 1, 0). The diagram of the corresponding generalized Pascal trian-
gle is presented on Fig.7a. The inversion length of σ is 7, and the number
of boxes in the diagram is 6 + 7 = 13.

1 1 1 1

1

1

1

2

4 5 5

5

10a) b)

Fig.7. Generalized Pascal triangle of type 426135

The diagram thus constructed is now filled by integers according to
the same rule as above. The only difference is that a box can have more
than one western neighbor; in this case we have to sum the contents of
all western neighbors, and that of the north-western one. As before, the
table is filled column by column, starting from 1 placed in the unique box
of the first column. The result of this procedure for the above example is
presented on Fig.7b.

1.7. Proposition. The number k(σ) equals the sum of the numbers in

the last column of the generalized Pascal triangle of type σ.
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Proof. Let us define two projections π1, π
1 : Sn → Sn−1. The first of them

takes i1 . . . ik1ik+2 . . . in to i1−1 . . . ik−1 ik+2−1 . . . in−1; the second one
takes ai2 . . . in to ia2 . . . ian, where iaj = ij if ij < a and iaj = ij − 1 if ij > a.
It is easy to see that for σ = i1 . . . in one has

(∗) k(σ) =

{
k(π1(σ)) + k(π1(σ)) if i1 6= 1,

k(π1(σ)) = k(π1(σ)) otherwise
.

Indeed, let i1 6= 1 (the case i1 = 1 is trivial). By Proposition 1.5, we have
to count the number of permutations in the lower interval of σ in the very
weak Bruhat order. There are two types of such permutations: those in
which i1 and 1 form an inversion, and those in which they do not. By the
definition, any path from σ to a permutation of the first type in the very
weak Bruhat order avoids elementary descents transposing i1 (otherwise
condition ii) of 1.4 would be violated). Thus, i1 remains all the time at
the first position of any permutation in such a path and does not influence
any of the descents used. Therefore, the number of the permutations of the
first type equals k(π1(σ)).

On the other hand, any path from σ to a permutation of the second
type contains elementary descents involving i1, and the first such descent
on any of these paths is the transposition of i1 and 1. Thus, 1 occurs at
the first position, and remains there all the time. Therefore, the number of
the permutations of the second type equals k(π1(σ)).

Let now b(σ) denote the sum of the elements of the last column in the
generalized Pascal triangle of type σ; we shall prove that b(σ) satisfies the
same equation as k(σ). Again we first assume that 1 is not in the first
position of σ. Hence, the second column of the generalized Pascal triangle
consists of two square boxes, and each of the boxes contains 1. Let us
consider two other generalized Pascal triangles with the same diagram that
the initial one; the first of them contains 0 in the first box of the second
column and 1 in the second box, while the second triangle contains 1 in the
first of these boxes and 0 in the other one. All the other columns of the both
triangles ate filled according to the rule 1.6. Since the rule is additive, we
get that the contents of any box of the initial triangle (except for the box in
the first column) equals the sum of the contents of the corresponding boxes
in the two new triangles constructed. However, the first of these triangles
corresponds bijectively to the generalized Pascal triangle of type π1(σ) (it is
sufficient to shorten by 1 the heights of all uppermost boxes; if such a box is
of height 1, then its contents is 0, and we just remove it). In a similar way,
the second of the triangles corresponds bijectively to the generalized Pascal
triangle of type π1(σ) (we again remove certain square boxes containing 0
and shorten by 1 certain boxes of height > 1). Therefore, b(σ) satisfies the
first line of (∗). The case σ = 1 i2 . . . in is again trivial, since in this case
the second column of the corresponding generalized Pascal triangle contains
only one box.
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Finally, for the trivial permutation 1 ∈ S1 one has k(1) = 1, while the
generalized Pascal triangle of type 1 consists of one box containing 1, and
so b(1) = 1. Therefore b(σ) and k(σ) satisfy the same equation with the
same initial values. �

2. Quotients of cells and refined double strata

2.1. Lemma. Let K, L, and M be a triple of linear subspaces in some

linear space. Then

(∗) dim((K/L) ∩ (M/L))

= dim((K + M) ∩ L)− dim(K ∩ L)− dim(M ∩ L) + dim(K ∩M).

Moreover, if M contains L, the above formula is simplified to

(∗∗) dim((K/L) ∩ (M/L)) = dim(K ∩M)− dim(K ∩ L).

The proof is obtained by a straightforward usage of inclusion and ex-
clusion of vectors of an appropriate basis.

2.2. Given a complete flag f and a subspace L in C
n, we denote by fL the

complete quotient flag , that is, the flag in the quotient space C
n/L obtained

by taking consequent quotients of all subspaces constituting f (and ignoring
occasional coincidences).

2.3. Assume that C is a cell of the Schubert cell decomposition Df and
L ⊆ C

n is a linear subspace. We denote by CL the set of all flags in C
containing L as a flag subspace.

Lemma . If CL 6= 0, then the set CL/L of quotients of all flags in CL

is isomorphic to some cell in the Schubert cell decomposition DfL
of the

space of complete flags in C
n/L. Moreover, if the flags in C are in relative

position α to f and the dimension of L is i, then flags in CL/L are in

relative position α′ to fL, where α′ is the permutation on n − i elements

obtained by the reduction of the first i elements of α.

Proof. The set CL/L belongs to some cell C ′ of the decomposition DfL
.

Indeed, let g be some flag in CL, let M be its subspace containing L and
let K be a subspace of f . Then dim((K/L) ∩ (M/L)) is equal to dim(K ∩
M) − dim(K ∩ L) by (∗∗), and thus does not depend on the choice of

g in CL. Conversely, any flag f ′ ∈ C ′ is the quotient of some flag f̃ ∈
CL. The corresponding flag f̃ ∈ CL can be constructed as follows. Its
subspaces included in L can be taken from an arbitrary flag in CL, while
those containing L are the inverse images of the subspaces of the considered
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quotient flag f ′. An easy check shows that f̃ belongs to CL, since it contains
L and has the necessary dimensions of intersections with the subspaces of
f . In order to prove that α′ is obtained from α by the reduction of its
first i elements, one must consider a standardtizing basis for the (f, g) (see
0.7) and take the quotient by the i-dimensional subspace of g. In this case
everything is obvious. �

2.4. Corollary. The assertion of Lemma 2.3 holds for any k-tuple Schu-

bert decomposition, i.e. if St is a nonempty stratum of Df,g,h... and StL is

its nonempty subset of all flags containing a linear subspace L, then the set

StL /L of quotients of flags in StL is isomorphic to a stratum in the k-tuple

decomposition DfL,gL,hL,....

2.5. Remark. The same holds for refined double decompositions, since
they are particular cases of k-tuple decompositions, see Proposition 1.2.

2.6. Remark. If L is one-dimensional, then CL/L ∼= CL.

2.7. Proposition. Let h1 and h2 be two flags lying in the same refined

double stratum of RDf,g, and let L1 and L2 denote the subspaces in h1 and

h2, respectively, of the same dimension. Then there exists an isomorphism

Φ: C
n/L1 → C

n/L2 of the quotient spaces that sends the quotient flag fL1

onto fL2 and the quotient flag gL1 onto gL2 . Moreover, the quotient flags

Φ(h1
L1) and h2

L2 belong to the same refined double stratum of the refined

double decomposition RDf
L2 ,g

L2
.

Proof. Such an isomorphism Φ exists if the pair of quotient flags (fL1 , gL1)
is in the same relative position as the pair (fL2 , gL2). Thus, we must check
that for any two subspaces K and M of f and g, respectively, dim((K/L1)∩
(M/L1)) = dim((K/L2)∩(M/L2)). Indeed, if we substitute L1 for L in (∗),
then we get the same four terms in the right hand side as if we substitute
L2 (this follows immediately from the definition of refined double strata).

To prove that such an isomorphism Φ takes the quotient flag h1
L1 to

the same refined double stratum of RDf
L2 ,g

L2
where h2

L2 lies, we must
show the following. Given any subspace K in the +-completion of the
pair (f, g) and subspaces L̃1 ⊃ L1 and L̃2 ⊃ L2 of the same dimension

that belong to h1 and h2, respectively, prove that dim((K/L1)∩ (L̃1/L1) =

dim((K/L2)∩(L̃2/L2). Using (∗∗), we rewrite the above relation as dim(K∩

L̃1)−dim(K∩L1) = dim(K∩L̃2)−dim(K∩L2), which follows immediately
from the definition of the refined double decomposition. �

3. Stabilizer of a pair of flags

and its action on the projective space
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3.1. Let us consider the subgroup Gσ = B∩σ−1Bσ, which is the stabilizer
of both flags f and g (recall that B denotes the subgroup of upper triangular
matrices). The subgroup Gσ is given by the following relations: the matrix
entry ai,j , i < j, vanishes if and only if the numbers i and j form an
inversion in σ, i.e. i occurs in σ further than j.

3.2. The subgroup Gσ acts on strata of all four decompositions Df , Dg,
Df,g and RDf,g, since it preserves both f and g. We first consider the
natural action of Gσ on the projective space Pn−1 of all lines in C

n.

Lemma. The set of all Gσ-orbits on Pn−1 corresponds bijectively to the

set S of all decreasing subsequences in σ. The orbit Os,σ corresponding to a

decreasing subsequence s is biholomorphically equivalent to (C∗)l(s)×C
d(s),

where l(s) is the reduced length of s and d(s) is its domination. Moreover,
for each orbit Os,σ there exists a subgroup Gs,σ ⊆ Gσ biholomorphically

equivalent to (C∗)l(s)+1×C
d(s) such that its quotient by the scalar matrices

(isomorphic to Os,σ) acts on Os,σ freely and transitively.

Proof. Let s = (i1, . . . , il(s)+1) be a decreasing subsequence in σ and
D = (j1, j2, . . . , jd(s)) be the set of elements in σ dominated by elements
of s. Then the orbit Os,σ consists of all lines whose spanning vectors in
an appropriate standarizing basis for (f, g) have arbitrary nonvanishing
coordinates with the numbers i1, . . . , il(s)+1 and arbitrary (possibly vanish-
ing) coordinates with the numbers j1, . . . , jd(s); the rest of the coordinates
vanish identically. Obviously, Os,σ is an orbit of Gσ and has the form

(C∗)l(s) × C
d(s), see 3.1. The orbit corresponding to the decreasing sub-

sequence s contains the distinguished line ps whose spanning vector has
1’s for all ij ∈ s and 0’s for the rest of coordinates. In order to describe
Gs,σ ⊆ Gσ we consider for each element ik from s the (possibly empty)
subset Jk of elements in D dominated precisely by ik, i.e. all the elements
that are dominated by ik but not dominated by i1, . . . , ik−1. Consider now
a subset in Gg consisting of the matrices with arbitrary entries in positions
(ik, Jk), arbitrary nonvanishing entries in positions (ik, ik), 1’s on the rest
of the main diagonal and zeros elsewhere. This set of matrices forms a sub-
group Gs,σ in Gg, which topologically is (C∗)l(s)+1 × C

d(s). The subgroup
Gs,σ acts freely and transitively on the set of all spanning vectors of lines
in Os,σ; one can check it by multiplying elements of Gs,σ by a spanning
vector of the distinguished line in Os,σ. Thus, the quotient of Gs,σ by the
scalar matrices acts freely and transitively on Os,σ.

A straightforward check shows that for any line (which corresponds to
a point on Pn−1) there exists an appropriate decreasing subsequence s in
σ such that the orbit Os,σ contains this line. �

3.3. Remark. All lines belonging to an orbit Os,σ have the same dimen-
sions of intersections with any subspace of the +-completion of (f, g). And
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conversely, lines with a given set of dimensions of intersections with the
subspaces of the +-completion belong to the same orbit.

3.4. Lemma. i) For any line L in an orbit Os,σ the quotient flags fL and

gL are in the same relative position σs defined by the cyclic shift of σ wrt

s and the reduction of the first element of s.
ii) The set F s of all flags in Fn containing lines of Os,σ is diffeomorphic

to Os,σ × Fn−1.

Proof. i) The independence of the relative position of fL and gL of the
choice of L in Os,σ follows from the transitivity of the action of Gs,σ on
Os,σ. The relative position of fL and gL can be calculated easily if one
takes L equal to the distinguished line ps ∈ Os,σ (see the proof of Lemma
3.2).

ii) The set of all flags containing a fixed line L is isomorphic obviously to
the set of all flags in C

n/L, i.e. to Fn−1. Let us denote by ν : Fn → Pn−1

the natural map sending each flag onto its 1-dimensional subspace. The
restriction of the projection ν onto the set F s defines the structure of a
fiber bundle with the fiber Fn−1 and the base Os,σ. This bundle is trivial
for the following reason. The transitive and free action of Gs,σ modulo
scalar matrices on F s defines another structure of a fiber bundle on Fs,
which is transversal to the first one. Namely, its fibers are diffeomorphic
to Os,σ and its base can be chosen as the set of all flags containing the
distinguished line in Os,σ. �

4. Proofs of Theorems A and B

4.1. Proof of Theorem A. We proceed by induction on n. The space
F2 coincides with CP 1; any pair of flags is just a pair of two (possibly
coinciding) points. Each refined double stratum is a point, C

∗, or C (if the
points coincide).

Let us consider now some refined double stratum St consisting of all
flags with a fixed set of dimensions of intersections with all the subspaces
of the +-completion of (f, g). We focus first on conditions satisfied by the
1-dimensional subspace of any flag in St. This 1-dimensional subspace must
belong to some coordinate subspace and avoid in it at least one (but possibly
more) coordinate hyperplanes. The set of all such lines is diffeomorphic to
the product of a complex torus by a linear space. Actually, each of these
lines belong to the image ν(St), i.e. is the 1-dimensional subspace of some
flag in St. Moreover, the restricted projection ν : St → ν(St) is a trivial
fiber bundle, see Lemma 3.4. By Remarks 2.5–2.6, the set all flags in St
with a fixed line is isomorphic to a refined double stratum in the space Fn−1

of all complete flags in C
n−1. Thus, St is diffeomorphic to the product of
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a complex torus by a linear space by some refined double stratum in Fn−1.
Since any refined double stratum in Fn−1 has the necessary form by the
inductive hypothesis, Theorem A is proved. �

4.2. Proof of Theorem B. Let us consider the space of complete flags
Fn and a fixed standard pair (f, g) in relative position σ. We present an
inductive construction of the refined double decomposition RDf,g of the
space of complete flags, which exactly fits the main algorithm. The space
Fn is decomposed into the disjoint union of F s, where F s is the union of
all flags whose 1-dimensional subspaces belong to the orbit Os,σ. Thus,
the set of all F s’s is in 1-1-correspondence with the set of all decreasing
subsequences in σ, and hence with the branches of Step 1 of the algorithm.
Each F s is diffeomorphic to Os,σ × Fn−1, by Lemma 3.4. Let us now
subdivide each F s. Namely, take a fiber (which is isomorphic to Fn−1) in
F s over some line L ∈ Os,σ and take the quotient flags fL and gL in this
fiber. We consider their stabilizer Gσs

and its orbits on the space Pn−2.
Choosing an Gσs

-orbit on Pn−2 corresponding to a decreasing subsequence
s′ of σs, we fix the dimensions of intersections of the 1-dimensional subspace
in a variable quotient flag with the +-completion of (fL, gL). Subsets of
fibers that are mapped to this orbit form a fibration over Os,σ. Moreover,
the set Fs,s′ of flags in all fibers that are projected on this orbit forms a
fibration over Os,σ × Os′,σs

. Since Gσ modulo scalar matrices acts freely
on Os,σ, see Lemma 3.2, this fibration is trivial. Fixing the orbits of Gσ

and Gσs
is equivalent to fixing the dimensions of intersections of 1- and

2-dimensional subspaces of a variable flag with the +-completion of (f, g).
Arguing inductively along the same lines, we get a sequence of fibrations
F s,s′,... over the products of tori and linear subspaces. Each of these sets is
characterized by the following conditions: the dimensions of intersections
of the consecutive subspaces (from 0 up to some dimension) of a variable
flag belonging to such a subset with the +-completion of (f, g) are fixed.

Therefore, after n steps one sees that the sets F s,s′,... are precisely the
refined double strata diffeomorphic to products of tori and linear subspaces,
and they are in 1-1-correspondence with chains of permutations in the main
algorithm. �

4.3. Remark. The main algorithm describes this sequence of operations
using the description of Gσ-orbits in Lemmas 3.2, 3.4. To avoid the reduc-
tion of elements and to keep track of elements in the original permutation
we prefer to use blocking instead of the reduction.

5. The image of a Schubert cell in the projective space
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and Theorem C

The proof of Theorem C and the modifications of the main algorithm
follows easily from Theorem B and several additional statements.

5.1. Lemma. Let C1,α be a Schubert cell in Df and let α(1) = k.

Then the image ν(C1,α) is the (k− 1)-dimensional affine subspace in Pn−1

consisting of all lines that belong to the k-dimensional subspace of f but do

not belong to its (k − 1)-dimensional subspace.

Proof. Follows immediately from the definition of C1,α. �

5.2. Remark. Quite similarly, if Cσ,β ∈ Dg and β(1) = m, then the image
ν(Cσ,β) ⊂ Pn−1 is the (m−1)-dimensional affine subspace of all lines lying
in the m-dimensional subspace of g, but not in its (m − 1)-dimensional
subspace.

5.3. Lemma. Under the assumptions of Lemma 5.1 the set Sα of all

Gσ-orbits constituting ν(C1,α) corresponds to the set of all decreasing sub-

sequences in σ having the following two additional properties:
i) any subsequence s ∈ Sα contains the number k;
ii) any s ∈ Sα does not contain any number greater than k.

Proof. By Lemma 5.1, we must choose only those orbits that contain lines
lying in the k-dimensional subspace of f , but not in its (k− 1)-dimensional
subspace. This is guaranteed exactly by conditions a) and b) above. �

5.4. Remark. Similarly, let σ = i1 . . . in and β(1) = m, then the set Sβ

of all Gσ-orbits constituting ν(Cσ,β) corresponds to the set of all decreasing
subsequences in σ having the following two additional properties:

i) any s ∈ Sβ contains the number im;
ii) any s ∈ Sβ does not contain the numbers im+1, . . . , in.

5.5. Corollary. The set Sβ
α of all Gσ-orbits constituting ν(C1,α)∩ν(Cσ,β)

corresponds to the set of all decreasing subsequences in σ located on the

interval between the numbers k and im and containing both of them.

So, if k = im, then there is only one decreasing subsequence consisting
of the element k = im. If k > im, then the set Sβ

α is empty. The topology
and the dimensions of these orbits are described in Lemma 3.2.

5.6. Proof of Theorem C. By definition, the refined double decompo-
sition RDf,g of the space Fn subdivides each Schubert cell C1,α, Cσ,β , and
their intersection C1,α∩Cσ,β . Statements 5.1-5.3 describe explicitly the de-
creasing subsequences that must be used on a step of the algorithm in order
to select those refined double strata which are contained in one of the above
three types of spaces. We also know what happens to the permutations α
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and β after a single step of the algorithm. The modifications given in In-
troduction just present this sequence of operations formally, using blocking
instead of the reduction. �

5.7. Proof of Proposition 0.16. Part i) of the proposition is just an
obvious corollary of Theorem B and the description of the modifications of
the algorithm. Indeed, all restricted chains starting at some permutation
σ̃ are obtained by the same procedure as the one for σ itself ignoring all
the blocked elements in σ̃ and (in modifications of the main algorithm) the
first i elements in α and β. Part ii) is obtained by a slight generalization
of Lemma 3.4 and the proof of Theorem B via an inductive argument. �

6. Adjacency of orbits in Pn−1 and Theorem D

6.1. Let us describe combinatorially the adjacency of Gσ-orbits on Pn−1.
We consider the following partial order on the set of decreasing subse-
quences in σ. A decreasing subsequence s1 is said to be less or equal than a
decreasing subsequence s2 (notation s1 ⊢ s2) if for each element of s1 there
exists an element in s2 that either dominates it or coincides with it.

8761

8751

8751

861

851

8421

841 8321

821

81

831

Fig.8. The natural partial order on the set of decreasing

subsequences in 83427561
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The restrictions of this partial order to the sets Sα, Sβ , and Sβ
α define the

corresponding partial orders on these subsets.
Example. The partial order on the set of the decreasing subsequences
starting at 8 and ending at the last position in the permutation σ =
83427561 is shown on Fig. 8.

The maximal decreasing subsequence of σ, denoted by smax(σ), is ob-
tained in the following way. Its first element is the maximal element of σ.
The ith element of smax(σ) is the maximal element of σ standing to the
right of the (i−1)th element of smax(σ). Similarly one defines the maximal
decreasing subsequence of any subset of elements in σ.

6.2. Lemma. The partial order ⊢ describes the adjacency of the Gσ-

orbits on Pn−1, ν(C1,α), ν(Cσ,β), and ν(C1,α) ∩ ν(Cσ,β), respectively. In

each of these cases there is no gaps in dimensions, i.e. there exist strata of

all complex dimensions between the minimal and the maximal.

Proof. The statement concerning the adjacency follows immediately from
the description of orbits, see Lemma 3.2. The absence of gaps in dimen-
sions is settled by the following observation. It suffices to consider the first
case; the other cases are similar. Take any decreasing subsequence s corre-
sponding to an orbit of a dimension bigger than one. In this case s contains
either more than one element, or a single element having a nonempty set
of dominated elements. We now construct a decreasing subsequence s′ cor-
responding to an orbit whose dimension is less by one, and which lies in
the closure of the first orbit. If s consists of just one element, then s′ is
the maximal decreasing subsequence of the set of dominated elements, see
the definition in 6.1. If the number of elements in s is bigger than one,
we replace the last element by the maximal decreasing subsequence of the
set of elements dominated precisely by the last element, but not by the
previous ones. If this set is empty then we just drop the last element. All
checks are straightforward. �

6.3. Consider a 1-parameter family of subspaces L(t), t ∈ [0, 1], such
that for all t ∈ [0, 1) the subspaces L(t) have a given set of dimensions of
intersections with all subspaces in the +-completion of (f, g), and L(1) has
the same set of dimensions of intersections with the individual subspaces of
f and g, but possibly bigger dimensions of intersections with the rest of the
subspaces in the +-completion. Denote by π(t) the permutation presenting
the position of gL(t) relative to fL(t).

Lemma. For any t ∈ [0, 1) one has π(t) � π(1).

Proof. The Bruhat order � describes the adjacency of Schubert cells.
Thus, the assertion of the lemma is equivalent to the following inequality:
for any two subspaces K and M of f and g, respectively, dim((K/L(1)) ∩
(M/L(1))) > dim((K/L(t)) ∩ (M/L(t))). Applying formula (∗) of §2 to
both sides of the inequality and taking into account the conditions dim(K∩
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L(1)) = dim(K ∩ L(t)) and dim(M ∩ L(1)) = dim(M ∩ L(t)), we get the
necessary result. �

6.4. Proof of Theorem D. Let us show that the closure of any given
stratum St ∈ C1,α ∩ Cσ,β is contained in the union of strata whose chains
are less than the chain of St in the adjacency partial order, see 0.18. Indeed,
consider a path γ : [0, 1]→ C1,α ∩ Cσ,β such that γ[0, 1) belongs to St and
γ(1) belongs to the boundary of St. This means that there exists at least
one subspace L(1) in γ(1) such that the dimension of its intersection with
some subspace in the +-completion of (f, g) is bigger than that for the
subspaces L(t) of the same dimension in γ(t), t ∈ [0, 1). Now, applying
Lemma 6.3 we get precisely the necessary statement. �

7. Combinatorial versus topological adjacency

7.1. Theorem D gives an obvious sufficient combinatorial condition for the
refined double decomposition of C1,α ∩Cσ,β to define its stratification (i.e.,
for the closure of each stratum to belong to the union of strata of lower
dimensions).
Criterion. If for any two refined double strata St1 and St2 in C1,α ∩Cσ,β

such that St1 ≺ St2 the dimension of St1 is less than that of St2, then the

refined double decomposition provides the stratification of C1,α ∩ Cσ,β.

7.2. Examples. All intersections of top-dimensional Schubert cells in F4

are stratifications. On the contrary, the simplest example of nonstratifi-
cation is provided by the refined double decomposition of the intersection
C1234,4231∩C4231,4231; it consists of the three strata, namely, of C

∗×C
2 and

of the two copies of (C∗)3 × C. The intersection of the two opposite top-
dimensional Schubert cells in F5 contains the fragment shown on Fig.9a,
which apparently shows that it is not a stratification. Still another example
is shown on Fig.9b. This example shows also that not all branches of the
algorithm reach the bottom level.
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Fig.9. Examples of nonnice refined double decompositions.

a) a nonnice fragment for α = β = σ = 54321; b) nonnice

decomposition for α = 53421, β = 53412, σ = 52341

Let us describe also in more detail the above simplest example. We
use projective complete flags on CP 3 instead of complete flags in the linear
space C

4. The strata are defined by the following conditions:
A = (C∗) × C

2 corresponding to 4231 → 1234 → 1234 → 1234 →
1234: the point of the variable flag h belongs to the line containing the
points of f and g, and the line of h belongs to the 2-plane containing the
lines of f and g.

B = (C∗)3 × C corresponding to 4231 → 2134 → 1234 → 1234 →
1234: the line o h belongs to the 2-plane containing the lines of f and g,
and the point of h does not belong to the line containing the points of f
and g.

C = (C∗)3 × C corresponding to 4231 → 3214 → 3214 → 1234 →
1234: the line of h passes through the origin and the point of h does not
belong to the 2-plane containing the lines of f and g.

If we want to get a stratification, we must split B into B1 and B2, where
B1 is given by an additional condition that the line of h passes through the
origin and B2 is given by the condition that the line of h does not pass
through the origin. We also split A into A1 and A2 given precisely by the
same additional conditions as B1 and B2, respectively. Then A1, which is
diffeomorphic to C

∗× (C\{2 points}), coincides with the closure of C in A
and B1 coincides with the closure of C in B. Pay attention to the fact that
A1 is no longer the product of a complex torus by a complex linear space.

7.3. Using the previous example one can construct the following example,
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which reveals an essential difference between combinatorial and topological
adjacencies. Namely, we take the refined double decomposition of the in-
tersection C12345,54231 ∩ C54321,54231 and consider the two strata A and B
defined by the following conditions:

A = (C∗)6×C corresponding to 54321→ 42315→ 32145→ 32145→
12345→ 12345;

B = (C∗)4 × C
2 corresponding to 54321 → 41325 → 21345 →

12345→ 12345→ 12345.
Then B ≺ A, but B does not intersect the closure of A, which means

that A is not adjacent to B.

7.4. To complete the section, we provide the only known to the au-
thors example of a hard C1,α ∩Cσ,β . The intersection C123456789,987654321 ∩
C987654321,987654321 contains the following two strata:

987654321
9751
−−−→ 785614329

86432
−−−→ 765413289

76532
−−−→

653412789
6542
−−−→ 543216789

5431
−−−→ 431256789

42
−→

231456789
31
−→ 213456789

21
−→ 123456789

and

987654321
971
−−→ 781654329

865432
−−−−→ 761543289

765432
−−−−→

651432789
654342
−−−−→ 541326789

5432
−−−→ 431256789

42
−→

231456789
31
−→ 213456789

21
−→ 123456789.

(The numbers above the arrows present decreasing subsequences used on
the corresponding steps.) The first chain is bigger in the adjacency partial
order than the second chain, i.e. its permutations are bigger or equal in
the usual Bruhat order than the corresponding permutations in the second
chain. The first stratum has the form (C∗)

20
× C

8, while the second has

the form (C∗)
22
× C

7. Thus, we get an example of a hard C1,α ∩ Cσ,β .

7.5. Remark. Several natural conjectures about the combinatorics of
refined double decompositions turned out to be wrong. For example, let

us consider the set S̃ ⊂ S used on the first step of the algorithm in the

decomposition of C1,α∩Cσ,β such that for any decreasing subsequence s ∈ S̃
the intersection C1,α′ ∩Cσs,β′ is nonempty. A natural conjecture would be

that S̃ is an interval in the partial order ⊢ on S, see 6.1. This turns to
be wrong in the examples C12345,546213 ∩ C654321,654213 and C12345,53412 ∩

C52341,53412. Moreover, in the latter case the set S̃ consists of 51 = C
∗,

531 = (C)∗
2
× C and 541 = (C)∗

2
× C

2, and thus even has a gap in
dimensions of its elements.

Several combinatorial conjectures based on our consideration and ques-
tions connected with refined double decompositions are presented in §11.
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8. On the mixed Hodge structure in the cohomology

of intersections of Schubert cells

8.1. Remark. All the elements in the pth cohomology with compact
supports of (C∗)k × C

l have Hodge indices p − (k + l), p − (k + l), and its
E-polynomial (see 0.21) equals (z − 1)kzl, where z = uv.

8.2. The proof of Corollary 0.22 is based on the following lemma.

Lemma (see e.g. [Du]. Let Y ⊂ X be a closed quasiprojective submanifold

of a quasiprojective manifold X and let U = X\Y . Then the exact sequence

of the pair (X,Y ) for the cohomology with compact supports

(†) · · · → Hk
c (U)→ Hk

c (X)→ Hk
c (Y )→ Hk+1

c (U)→ . . .

is an exact sequence of Hodge structures, that is, all differentials respect

Hodge indices.

8.3. Proof of Corollary 0.22i. Applying Lemma 8.2, one gets a simple
inductive proof of the first part of Corollary 0.22. Indeed, let us consider
the standard filtration F 1 ⊂ F 2 ⊂ · · · ⊂ Fm = C1,α ∩Cσ,β , see 0.24, where
F 1 is the union of all minimal refined double strata in the adjacency partial
order, F 2 is the union of all minimal strata and all strata that are adjacent
only to strata in F 1, i.e. they form two bottom levels in the adjacency
order, and so on. The difference between any F i and F i−1 is the disjoint
union of strata, by Theorem D. Now we prove (by induction on i) that all
F i have hp,q

k = 0 if p 6= q. Indeed, by Remark 8.1, F 1, which is the disjoint
union of refined double strata, has this property. Next, we consider the
long exact sequence (†) for the pair (F 2, F 1) and use Lemma 8.2 and the
fact that F 2 \ F 1 is again the disjoint union of strata to get the necessary
property for F 2, and so on. �

Remark. Exactly the same argument works for any quasiprojective V =⋃
Vi where Vi satisfy hp,q

k (Vi) = 0 for p 6= q.

8.4 Lemma (see [Du]. If a quasiprojective V is decomposed in the dis-

joint union V =
⋃

i Vi, where Vi are also quasiprojective, then χp,q(V ) =∑
i χp,q(Vi) for all p, q, or equivalently, EV (u, v) =

∑
i EVi

(u, v).

8.5. Proof of Corollary 0.22ii. To prove 0.22ii it suffices to apply
Lemma 8.4 and Remark 8.1 to the refined double decomposition of any
C1,α ∩ Cσ,β . �

8.6. To prove Corollary 0.23 we need the following additional statement.
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Suppose X is an arbitrary complex manifold; denote

ΠX(z) =
∑

i

χii(X)zi.

Lemma. Let X = U × Y and the following assumptions be true:
1) χij(Y ) = 0 for i 6= j;

2) hij
k (U) = 0 for i 6= j.

Then i) ΠX(z) = ΠU (z)ΠY (z),
ii) χij(X) = 0 for i 6= j.

Proof. Evidently, assumption 2) yields

hij
k (X) =

∑

p,q,l

hpq
l (U)hi−p,j−q

k−l (Y ) =
∑

p,l

hpp
l (U)hi−p,j−p

k−l (Y ).

Hence,

χij(X) =
∑

k

(−1)khij
k (X) =

∑

p,l

(−1)lhpp
l (U)

∑

k

(−1)k−lhi−p,j−p
k−l (Y )

=
∑

p,l

(−1)lhpp
l (U)χi−p,j−p(Y ) =

∑

p

χpp(U)χi−p,j−p(Y ).

Taking into account this relation, we see that assertion ii) follows immedi-
ately from assumption 1). Next,

ΠX(z) =
∑

i

∑

p

χpp(U)χi−p,i−p(Y )zi

=

(∑

p

χpp(U)zp

)(∑

j

χjj(Y )zj

)
= ΠU (z)ΠY (z),

and assertion i) follows. �

8.7. Proof of Corollary 0.23. To prove the inductive formula of 0.23
we use part ii) of Proposition 0.16 for one step of the algorithm, and get

C1,α ∩ Cσ,β =
∐

s∈S

Os,σ × (C1,α′ ∩ Cσs,β′),

where Os,σ is the orbit in Pn−1 corresponding to the decreasing subsequence
s and C1,α′ ∩Cσs,β′ is the intersection of Schubert cells in Fn−1, see Lemma
3.2. Then, from Corollary 0.22i, Lemma 8.6, and Remark 8.1 we see that the
E-polynomial of Os,σ × (C1,α′ ∩Cσs,β′) is equal to the product of zd(s)(z−



PAIRWISE INTERSECTIONS OF SCHUBERT CELLS 29

1)l(s) and EC1,α′∩Cσs,β′
. Thus, we obtain the following inductive formula

for the E-polynomials:

Eα,β
σ ≡ EC1,α∩Cσ,β

(u, v) =
∑

s∈S

zd(s)(z − 1)l(s)Eα′,β′

σs
.

�

8.8. The Leray spectral sequence can be used successfully for a filtration
of a topological space X satisfying the following condition. Let F ⊂ X be a
closed subspace of the filtration considered. One has the following natural
short exact sequence of sheaves: 0 → j!C → C → i∗C → 0, where i and j

denote the obvious inclusions F
i
−→ X

j
←− X \F and C is the usual constant

sheaf on X. The inclusion F →֒ X is called good if the sheaves i∗C and j!C

coincide with constant sheaves on F and X \F , respectively. An example of
a bad inclusion is the inclusion of the line x = 0 in the space R

2 \ {y 6= 0}.
Inclusions of quasiprojective varieties are always good. Consider now a
topological space that is an arbitrary union of refined double strata in
some C1,α∩Cσ,β . Warning: arbitrary unions of refined double strata are not
always quasiprojective varieties. At the same time, all lower intervals in the
adjacency partial order, unions of lower intervals and differences between
such unions present quasiprojective varieties. The adjacency partial order
defines the stricture of a poset on any subset of the strata involved. Any
union of lower intervals in this poset defines a closed subset in the above
topological space and any sequence of embedded systems of lower intervals
defines a filtration by closed subspaces.

8.9. Proof of Theorem E. Let us first cover the nice case. We consider
the Leray spectral sequence for the cohomology with compact supports as-
sociated with the standard filtration of a nice C1,α∩Cσ,β . By definition, we
consider the filtration of C1,α ∩ Cσ,β by closed subsets F i such that F i is
formed by the union of all strata of (complex) dimension less or equal to i.
The (p, q)th entry of the first page contains the (p + q)th cohomology with
compact supports of F p+1 mod F p, which coincides with the direct sum
of the (p + q)th cohomology with compact supports of all refined double
strata of dimension p. Let (C∗)k × (C)l be one of the strata of minimal
dimension in the considered nice C1,α ∩ Cσ,β . It follows from Proposition
9.1 below that the (p + q)th term is the direct sum of several copies of the
(p + q)th cohomology of some (C∗)k+2(p−1) × C

l−(p−1). The differential
d1 coincides with the connecting homomorphism in the exact sequence of
triples Hp+q

c (F p+1, F p) → Hp+q+1
c (F p+2, F p+1). The crucial property of

differentials in this spectral sequence for the filtration by quasiprojective
subvarieties is that they respect the Hodge weights (filtrations) in the coho-
mology, see [Dl2,Dl3]. By Remark 8.1, the Hodge weights of all elements of
the (p, q)th term are equal to p−(k+l), p−(k+l). Thus, the only nontrivial
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differential in this spectral sequence can be d1, since only d1 respects the
weights.

Now, let us modify this proof for the almost nice case. As it was men-
tioned before, the filtration of an almost nice C1,α ∩ Cσ,β by dimensions is
a filtration by closed subsets, and rows of the corresponding spectral se-
quence contain the cohomology with compact supports of unions of strata
of a given dimension. The union of all strata of a given dimension in the al-
most nice case is a quasiprojective variety with the standard filtration. The
corresponding Leray spectral sequence, obviously, degenerates at E1, since
by Proposition 9.1 below all refined double strata of the same dimension
have the same form and none of the differentials in this additional spectral
sequence respects the Hodge weights. Thus, one gets the same cohomology
with compact supports for the union of these strata as for their disjoint
union. Therefore, exactly the same degeneracy arguments as above apply.
�

8.10. Examples. The authors have calculated Betti numbers for all in-
tersections of top-dimensional Schubert cells in F3 and F4, which are all
nice, using a different method. (In dimension 5 the intersection of the op-
posite top-dimensional Schubert cells is only almost nice, see Fig.9a.) The
only interesting cases in these dimensions are σ = 321, σ = 4231, 3421, 4312
or 4321. These Betti numbers show that in all these cases the differential
d1 acts in the maximal way, i.e. that all rows of the first page form acyclic
complexes except for the top dimension, see an example on Fig.10. The
second page in all these examples contains only one nontrivial column, and
the cohomology in this column has pure weights; thus, the mixed Hodge
structure is pure.

Let us consider the filtration F 3 ⊃ F 2 ⊃ F 1, where F 1 = A, F 2 =
A∪B, F 3 = C1234,4231 ∩C4231,4231, and use the Leray sequence, see Fig.11
and Example 7.2. This filtration is precisely the one obtained from the
adjacency partial order. From the geometrical description of the strata A,
B, C one can see that the nontrivial differential d1 acting from the first
column to the second one (pay attention to the weights) kills the whole
first column, thus leaving us with the second page, which again contains
the pure Hodge structure.

8.11. Counterexample to the purity of the mixed Hodge structure

of C1,α ∩Cσ,β. In all previous examples the so-called purity of the mixed
Hodge structure holds, which in the case of C1,α∩Cσ,β means that the only

nonvanishing Hodge numbers are hi,i
i and they are equal to hi,i

i = (−1)iχi,i
c .

However, this turned out to be false in general (for arbitrary C1,α ∩ Cσ,β)
for the following reason. If purity holds for some C1,α ∩ Cσ,β , then the
coefficients of Eα,β

σ (z) must have strictly alternating signs. Recently, using
computer, B. Boe has found 4 intersections in S6 whose E-polynomials do
not have strictly alternating signs. Two simplest of these examples have
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been checked by the authors using the above method, and here is their
description.

1) C123456,563412∩C654312,654321 consists of the following 24 refined dou-
ble strata: 1 copy of (C∗)3 × C

5, 6 copies of (C∗)5 × C
4, 10 copies of

(C∗)7 × C
3, 6 copies of (C∗)9 × C

2, and 1 copy of (C∗)11 × C. The corre-
sponding E-polynomial is equal to q(−1 + 5q − 11q2 + 13q3 − 7q4 − q5 +
q6 +7q7− 13q8 +11q9− 5q10 + q11), and its coefficients do not have strictly
alternating signs.

2) C123456,563412∩C654321,654321 consists of the following 41 refined dou-
ble strata: 1 copy of (C∗)2 × C

5, 5 copies of (C∗)4 × C
4, 12 copies of

(C∗)6 × C
3, 15 copies of (C∗)8 × C

2, 7 copies of (C∗)10 × C, and 1 copy of
(C∗)12. This E-polynomial is equal to 1−5q +11q2−13q3 +8q4−q5−q6−
q7 + 8q8 − 13q9 + 11q10 − 5q11 + q12. Considerations of the adjacency par-
tial order reveal that both of these examples are almost nice, but not nice.
Since by Theorem E the corresponding Leray spectral sequence degenerates
at E2, it will be interesting to calculate d1, and therefore the cohomology
of these intersections.

9. Combinatorial properties and applications of E-polynomials

9.1. Proposition. For any nonempty stratum, the sum of the (complex )
dimension of the torus and the doubled dimension of the linear space equals

lng(α)+lng(β)− lng(σ), where lng is the inversion length of a permutation.

In particular, all strata of the same dimension have the same form.

Example. For the intersection C1234,4231 ∩ C4231,4231 we get lng(α) =
lng(β) = lng(σ) = 5, and l(St) + 2d(St) = 5 for all strata.

9.2. In order to prove Proposition 9.1, we start with the following lemma
relating the length of a permutation σ to the length of σs (see Lemma 3.4).

Lemma. Let s = (i1, . . . , ik), then

lng(σs)− lng(σ) = l(s) + 2d(s)− i1 − σ−1(ik) + 2,

where l(s) and d(s) are the reduced length and the domination of s, respec-

tively.

Proof. Indeed, let us denote by Ij the set of consequtive elements of σ
lying between ij and ij−1 (we set i0 = 0). When passing from σ to σs, we
loose all the inversions containing i1, and, for each ij , 2 6 j 6 k, all the
inversions (i, ij) such that i ∈ Ij and i > ij . On the other hand, for each
ij , 2 6 j 6 k, we acquire new inversions of the form (ij , i) such that i ∈ Ij
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and i < ij . So,

lng(σs)− lng(σ) =
k∑

j=2

#{i ∈ Ij : i < ij}−

k∑

j=2

#{i ∈ Ij : i > ij} −#{i ∈ I1 : i > i1} −#{i /∈ I1 : i < i1} =

k∑

j=1

#{i ∈ Ij : i < ij} −

k∑

j=1

#{i ∈ Ij : i > ij} −#{i : i < i1}.

Evidently, the first term in the right hand side equals d(s), while the
last term equals i1 − 1. Next, the sum of the first and the second terms is∑k

j=1 #{i : i ∈ Ij}, and hence it equals n−k− (n−σ−1(ik)) = σ−1(ik)−k.

Taking into account that l(s) = k− 1 (see 0.8), we get the statement of the
lemma. �

Example. Let σ = 46237518 and the decreasing subsequence in it be
(6, 3, 1), then σs = 4321657. We have lng(σ) = 12, lng(σs) = 7. On
the other hand, d(s) = 2, l(s) = 2, i1 = 6, σ−1(ik) = 7. So, 7 − 12 =
4 + 2− 6− 7 + 2.

9.3. Proof of Proposition 9.1. The proof is done by induction. In the
cases n = 1 and n = 2 the formula is trivially true.

Step of induction. For any nonempty stratum St ∈ C1,α∩Cσ,β we want
to prove that l(St) + 2d(St) = lng(α) + lng(β)− lng(σ), where l(St) is the
total length of St and d(St) is its total domination (see 0.11). Assume that
the chain corresponding to St starts with the permutation σ, and that the
next permutation of the chain is σs. By the inductive hypothesis, we have
l(St′)+2d(St′) = lng(α′)+lng(β′)− lng(σs), where St′ is the refined double
stratum in C1,α′ ∩Cσs,β′ corresponding to the subchain of the initial chain
starting with σs, α′ and β′ are obtained from α and β, respectively, by the
reduction of the first element, see Proposition 0.16. Subtracting the above
two formulas and applying Theorem B, we arrive at

l(s) + 2d(s) = lng(α)− lng(α′) + lng(β)− lng(β′)− lng(σ) + lng(σs).

Obviously, lng(α) − lng(α′) = α(1) − 1 and lng(β) − lng(β′) = β(1) − 1.
Hence, by Lemma 9.2, we have to prove that α(1) + β(1) = i1 + σ−1(ik).
However, by Theorem C, i1 = α(1) and σ−1(ik) = β(1), and the result
follows. �

9.4. Remark. The assertion of Proposition 9.1 remains valid for inter-
sections of Schubert cells in all flag spaces G/B.
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9.5. Lemma. The intersection C1,α ∩ Cσ,w0
is isomorphic to C1,α ∩

Cw0,w0σw0
× C1,σw0

. Thus, C1,α ∩ Cσ,w0
is nonempty if and only if C1,α ∩

Cw0,w0σw0
is nonempty, that is, in the case α � w0σ, where � denotes the

usual Bruhat order. If C1,α ∩Cσ,w0
is nonempty, then its dimension equals

lng(α).

Proof. See [KL2] 1.4, p.187. �

9.6. Corollary. Let s1 ⊢ s2 be two decreasing subsequences with coincid-

ing first and last elements, then σs1
� σs2

and w0σs1
� w0σs2

. Thus, if

C1,α′ ∩ Cσs1
,w0

is nonempty, then C1,α′ ∩ Cσs2
,w0

is also nonempty.

Proof. The set of all decreasing subsequences in σ with fixed first and last
elements describes the set of all Gσ-orbits that have a fixed set of dimensions
of intersections with the subspaces of f and g, see Corollary 5.5. Moreover,
by Lemma 6.2, the partial order ⊢ describes their adjacency. Thus, any 1-
parameter family of lines l(t), t ∈ [0, 1], such that l(t) ∈ Oσ,s2

for t ∈ [0, 1)
and l(1) ∈ Oσ,s1

satisfies the assumptions of Lemma 6.3 and gives the
necessary assertion. �

Example. For σ = 83427561 and s1 = (8, 3, 2, 1), s2 = (8, 7, 5, 1) we get
σs1

= 3241756 ⊢ σs2
= 7342516.

9.7. We now start proving Proposition 0.27 in the case β = w0 (or α = w0,
which is the same), i.e. for intersections of pairs of Schubert cells one of
which has the top dimension. This class of pairwise intersections is closed
under the projections involved in our algorithm, since the subset of flags
in a top-dimensional cell containing some fixed line is isomorphic to the
top-dimensional cell in the quotient space.

We proceed by induction on n. Cases n = 1 or 2 are obvious.
Step of induction. Assume that the assertion holds for the refined

decomposition of Fn−1 and consider the refined double decomposition of
C1,α ∩ Cσ,w0

in Fn. By Theorem C, refined double strata in C1,α ∩ Cσ,w0

are diffeomorphic to Cartesian products of orbits Os (where s ∈ Sw0
α ) by

refined double strata in C1,α′ ∩Cσs,w′

0
, where w′

0 is the longest permutation
on n − 1 elements and α′ has the same sense as before. It suffices to
show that nonempty refined top–dimensional strata corresponding to all
s ∈ Sw0

α have no gaps in dimensions. The dimension of any nonempty
intersection C1,α′∩Cσsub,w0

, and thus the dimension of the top-dimensional
strata, equals lng(α′) independently of s, see Lemma 9.5. Thus, we have
to show that the numbers lng(α′) + dim(Os) have no gaps when s runs
over the set of all decreasing subsequences in Sw0

α such that C1,α′ ∩Cσs,w0

are nonempty. Since lng(α′) does not depend on s, we must show that
the dimensions of all orbits corresponding to the decreasing subsequences
s such that α′ � w0σshave no gaps, cp. Lemma 9.5. The latter statement
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follows from Lemmas 6.2, 6.3 and Corollary 9.6. �

9.8. Now we cover the second case of Proposition 0.27, σ = w0.
By Lemma 9.5, the intersection C1,α ∩ Cσ,w0

is isomorphic to C1,α ∩
Cw0,w0σw0

×C1,σw0
. Thus, the absence of gaps in dimensions of refined dou-

ble strata in the case σ = w0 will follow from the preceding considerations
in the case β = w0 and the following

Lemma. There exists a bijection between the refined double strata in C1,α∩
Cσ,w0

and those in C1,α ∩ Cw0,w0σw0
× C1,σw0

. Strata in C1,α ∩ Cσ,w0
are

diffeomorphic to Cartesian products of the corresponding strata in C1,α ∩
Cw0,w0σw0

by C1,σw0
.

The proof is based on the following observation.

9.9. Proposition. Given the polynomial Eσ,β
α (z) of some intersection

C1,α ∩ Cσ,β and two numbers k and l such that the top-dimensional strata

in the refined double decomposition of C1,α∩Cσ,β have the form (C∗)
k
×(C)l,

one restores the number of strata in C1,α ∩ Cσ,β in all dimensions.

Proof. Since the dimension of C1,α ∩ Cσ,β is k + l, the degree of Eσ,β
α (z)

is also k + l, and the leading coefficient ak+l is equal to the number of
top-dimensional strata. Consider Eσ,β

α (z)−ak+l(z−1)kzl and assume that
its degree is p < k + l. Then its leading coefficient ap gives the number
of strata of dimension p in C1,α ∩ Cσ,β . By Proposition 9.1, the strata

of dimension p have the form (C∗)
2d−k−l

× (C)2l+k−d. Subtracting from
Eσ,β

α (z) − ak+l(z − 1)kzl the polynomial ap(z − 1)2d−k−lz2l+k−d, one gets
the number of strata in the next dimension, and so on. �

9.10. Proof of Lemma 9.8. By Lemma 9.5 and the definition of Eσ,β
α (z)

one has Ew0,w0σw0
α (z) = zlng(σw0)Eσw0

α (z). Moreover, it is known that both
C1,α∩Cw0,w0σw0

and C1,α∩Cσw0
are irreducible varieties, and one can show

that their only top-dimensional strata have the form (C∗)lng(α)−lng(σw0) and
(C∗)lng(α)−lng(σw0) ×C

lng(σw0), respectively. (These strata are obtained by
using maximal decreasing subsequences on all steps of the algorithm.) Now,
applying the procedure of defining the number of strata of each dimension
described in Proposition 9.9 and using the result for the first special case,
one gets the necessary statement. �

9.11. Here we recall the relation between the values of structure constants
cw3
w1,w2

(z) in the Hecke algebra and the E-polynomials, cp. [KL1, Ka, Cu1].
This relation holds for any flag space G/B where G is a semisimple group.

The Hecke algebra H is the deformation of the group algebra of Sn.
As a linear space H has the standard basis {Tw}, w ∈ Sn. As an algebra



36 B. Shapiro, M. Shapiro, A. Vainshtein

H is spanned by {Tti
}, where ti is the ith simple transposition, satisfying

the Hecke algebra relations. Namely,




Tti
∗ Tti+1

∗ Tti
= Tti+1

∗ Tti
∗ Tti+1

,

Tti
∗ Ttj

= Ttj
∗ Tti

,

Tti
∗ Tti

= (z − 1)Tti
+ zT1.

The structure constants cw3
w1,w2

are the coefficients in the decomposition
Tw1
∗ Tw2

=
∑

w3
cw3
w1,w2

Tw3
.

Proposition. EC1,α∩Cσ,β
(z) = cσ

α,β−1(z).

Proof. If z is a power of prime, then the structure constant cw3
w1,w2

(z)
calculates the number of points in the intersection C1,w1

∩ Cw2,w
−1

3

, see

e.g. [Cu1]. In an appropriate basis of C
n, all refined double strata in Fn

are defined over Z, and thus the refined double decomposition is defined
simultaneously over any finite field GF. Any refined double stratum over
GF is isomorphic to an appropriate (GF∗)k × (GF)l where GF∗ is the mul-
tiplicative group of GF. Both EC1,α∩Cσ,β

(z) and cσ
α,β−1(z) are polynomials

in z with integer coefficients coinciding when z is a power of a prime, since
they both count the number of points in C1,α∩Cσ,β over the corresponding
finite field. Thus, EC1,α∩Cσ,β

(z) = cσ
α,β−1(z). �

10. Relation to the decomposition of Curtis–Deodhar

10.1. In order to present to the readers certain similar results due to
V.V.Deodhar and Ch. Curtis, we quote several statements of [De1] con-
structing a special decomposition of C1,α and C1,α ∩ Cw0,β in terms of
reduced expressions for α−1. We preserve mostly the original notation. Let
W (y) denote the lower interval of y in W in the usual Bruhat order.

10.2. Proposition ([De1], Theorem 1.1). The Bruhat cell By · B can be

decomposed into disjoint nonempty subsets {Dσ}σ∈D (D is the indexing set,
which can be described explicitly) such that

(i) By · B = ∪σ∈DDσ.
(ii) For each σ ∈ D there exist unique non-negative integers m(σ) and

n(σ) such that Dσ ≃ C
m(σ) × (C∗)n(σ).

(iii) For each σ ∈ D there exists x ∈W (recall that in our case W = Sn,
and so Dσ ⊆ B

−x ·B with B− = w0Bw0). This element x is unique,
belongs to W (y) and is denoted by π(σ). Thus one gets a map

π : D →W (y).

10.3. Corollary ([De1], Corollary 1.2). By·B∩B−x·B = ∪σ∈D,π(σ)=xDσ.

(In particular, By · B ∩ B−x · B 6= ∅ if and only if x ∈W (y).)
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10.4. Let U+ and U− denote the maximal unipotent subgroups in SLn

corresponding to the set of all positive and negative roots, respectively.
(In our case they are the usual upper- and lower triangular unipotent sub-
groups.) Fixing y ∈ W and its reduced expression y = s1 . . . sk, where

sj = tij
, let us define for all 1 6 j 6 k the subsets Uj = U+ ∩ sj ...skU− and

U j = U+ ∩ sk...sj U+. (For a subset A ∈ SLn and g ∈ SLn, gA = gAg−1).

Proposition ([De1], Lemma 2.2).

(i) U1 ⊃
s1U2 ⊃

s1s2U3 ⊃ · · · ⊃
s1...skUk+1 = {id}.

(ii) U1 ⊂ U2 ⊂ · · · ⊂ Uk+1 = U+.

(iii) For any j, 1 6 j 6 k + 1, one has U+ = Uj ·
sj ...skU j

and such an

expression is unique.

(iv) Any element ξ ∈ By · B can be uniquely written as us1 . . . sk with

u ∈ U1.

10.5. The indexing set D in Proposition 10.2 is described in terms of a
reduced expression y = s1 . . . sk, where k is the length of y. It consists
of subexpressions s1 . . . ŝp1

. . . ŝpm
. . . sk with some additional properties,

which are called distinguished. More precisely, one can regard a subexpres-
sion as a sequence σ = (σ0, . . . , σk) of elements of W such that (i) σ0 = id
and (ii) σ−1

j−1σj ∈ {id, sj} for all 1 6 j 6 k. Note that for any j one gets
that σj−1 and σj are always comparable in the Bruhat order, i.e. one has a
trichotomy σj−1 < σj , or σj−1 = σj , or σj−1 > σj . Let us denote by n(σ)
the number of all positions j such that σj−1 = σj and by m(σ) the number
of positions j such that σj−1 > σj . Finally, let π(σ) = σk.

Now we can define the index set D in Proposition 10.2. A subexpression
σ is called distinguished if it satisfies the additional condition (iii) σj 6

σj−1sj for all 1 6 j 6 k.

Proposition ([De1], Proposition 3.1) Let u1 ∈ U1 be fixed. For 0 6 j 6 k,
let σj ∈ W be the unique element such that u1s1 . . . sj ∈ B

−σjB. Then

σ = (σ0, σ1, . . . , σk) is a distinguished subexpression.

In this way one gets a map ν : U1 → D defined in an obvious way.

10.6. Proof of Proposition 0.28. Let us define the standard reduced
expression of y ∈ Sn by the following rule: y = ty−1(1)−1ty−1(1)−2 · · · t1ỹ,
where ỹ belongs to Sn−1, i.e. ỹ(1) = 1, and ti is defined in 3.1. We
consider ỹ as an element of Sn−1 acting on the set {2, 3, . . . , n} and define
the standard reduced expression inductively.
Example. 3241 = (4, 3)(3, 2)(2, 1) · (1324) = (4, 3)(3, 2)(2, 1)(32).

Let y = t1 . . . tk be the standard reduced expression and q = y−1(1).
Let us consider the result of Deodhar’s decomposition of By · B after the
first q − 1 steps, which corresponds to the sequence U1 ⊃

s1U2 ⊃ . . .
⊃s1...sq−2 Uq−1 (see Proposition 10.4 above). We denote by v1 the spanning
vector of the one-dimensional space of the flag f ∈ By · B. It has the
following properties: vq

1 = 1, vj
1 = 0 if j > q. The first q − 1 steps of
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Deodhar’s procedure decompose the cell into the disjoint union of 2q−1 sets
enumerated by all possible subsets of nonvanishing coordinates of v1. At the
same time, our main algorithm for C1,α (with α = y−1) produces the same
result after the first step. Moreover, since the elementary transpositiopns
sq, . . . sk do not contain the element 1, one may assume that the vector v1

is fixed on all the subsequent steps. An easy reformulation of Deodhar’s
procedure presents the subsequent steps of his algorithm as an application
of the previous steps to the quotient space and quotient flags mod v1. Thus,
it gives exactly the same result as our main algorithm. �

11. Final remarks

Below we formulate several combinatorial and topological problems re-
lated to the material of the preceding sections with some comments.

11.1. Combinatorial questions. Problem 1. Calculate the number

of strata in the flag completion of (f, g).

One can use the very weak Bruhat order on Sn defined in §1. By
Proposition 1.5, the number of flags in the flag completion of (f, g) in
relative position σ equals the number of elements in the lower interval of
σ in this order. Proposition 1.7 provides an inductive way to find this
number.

Problem 2. Calculate the number of strata in the refined double decom-

position RDf,g of the whole flag space Fn (see Fig.1 and the description of
the main algorithm).

As a preliminary question, one needs to find the number of decreasing
subsequences in a permutation. Fig.12 contains the number of decreasing
subsequences and refined double strata for all permutations in S4.

The next group of questions deals with the properties of the adjacency
partial order. Let us introduce the following natural linear lexicographic
order on permutations and chains of permutations. Namely, a permutation
α is said to be bigger than β if the leftmost element of α that is distinct
from the corresponding element of β is bigger than the latter one. This
lexicographic order can be extended naturally to chains of permutations.
(The chains on all figures are arranged from left to right according to this
lexicographic linear order.)

Conjecture 1. For any nonempty C1,α ∩ Cσ,β , the refined double stratum

that is the maximal element in the lexicographic linear order is also the

maximal element in the adjacency partial order. Moreover, it is one of the

top-dimensional strata.

Conjecture 2. For any nonempty C1,α ∩ Cσ,β , the refined double stratum
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that is the minimal element in the lexicographic linear order is one of the

strata of the minimal dimension.

permutation number of flags number of number of refined
in flag completion decreasing double strata

subsequences

1234 1 4 24
2134 2 5 36
1324 2 5 36
1243 2 5 36
2314 3 6 52
2143 4 6 54
3124 3 6 52
1342 3 6 52
1423 3 6 52
3214 4 8 80
2341 4 7 73
2413 3 7 75
3142 4 7 75
4123 4 7 73
1432 4 8 80
3241 4 9 99
2431 6 9 112
4213 5 9 112
3412 6 8 107
4132 5 9 112
3421 7 11 165
4231 6 11 167
4312 6 11 163
4321 8 15 261

Fig.12. Some combinatorial characteristics for permuta-

tions in S4

Conjecture 3. Let S and T be two refined double strata such that S � T
(in the adjacency partial order), and assume that dim S−dimT > 1. Then

there exists a sequence of intermediate strata S = S1 � S2 � S3 � · · · �
Si = T such that dimSi − dimSi−1 = 1 for all i.

Consider the sequence of numbers of strata (contained in some C1,α ∩
Cσ,β) ordered by dimensions. For example, these sequences for 2 counterex-
amples of B. Boe are 1, 6, 10, 6, 1 and 1, 5, 12, 15, 7, 1.

Conjecture 4. The above sequence is unimodal, that is, nonstrictly in-

creasing up to some place and nonstrictly decreasing after that.

B.Boe has verified this conjecture for S4 and S5, as well as for the
Coxeter groups B4, C4, and D5.
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11.2. Topological questions. Problem 3. Describe combinatorially

the closure pattern of refined double strata, that is, enumerate all strata Sti

such that St ∩ Sti 6= ∅.

Problem 4.Give a combinatorial description of the differential d1 in the

Leray spectral sequence of §8 for (almost) nice C1,α ∩ Cσ,β.

Consider the standard filtration of any (e.g., hard) C1,α∩Cσ,β by closed
subsets, see 0.25.

Conjecture 5. The associated Leray spectral sequence degenerates at E2.

Another interesting topic concerning intersections of Schubert cells is
the relation between their topological properties over R and C. We say
that a real algebraic variety V enjoys the M-property if the sum of its Betti
numbers with coefficients in Z/2Z coincides with that of its complexifica-
tion. It is shown in [Sh] that the intersection RC1,w0

∩RCw0,w0
enjoys such

a property.

Conjecture 6. Any intersection RC1,α ∩ RCσ,β enjoys the M-property.
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