
AN INVERSE PROBLEM IN PÓLYA–SCHUR THEORY. I.
NON-DEGENERATE AND DEGENERATE OPERATORS

PER ALEXANDERSSON, PETTER BRÄNDÉN, AND BORIS SHAPIRO

Abstract. Given a linear ordinary differential operator T with polynomial
coefficients, we study the class of closed subsets of the complex plane such that
T sends any polynomial (resp. any polynomial of degree exceeding a given
number) with all roots in a given subset to a polynomial with all roots in the
same subset or 0. Below we discuss some general properties of such subsets as
well as the problem of existence of a minimal under inclusion subset among
those.

If a new result is to have any value, it must unite elements long since known,
but till then scattered and seemingly foreign to each other, and suddenly introduce
order where the appearance of disorder reigned. Then it enables us to see at a glance
each of these elements at a place it occupies in the whole.

— H. Poincaré, Science and method
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1. Introduction

Do we have an example where we can show that IT≥n with 2 points is smaller
than arbitrary many roots?

In 1914, generalizing some earlier results of E. Laguerre, G. Pólya and I. Schur
[PS14] created a new branch of mathematics now referred to as the Pólya–Schur
theory. The main result of [PS14] is a complete characterization of linear operators

1



2 P. ALEXANDERSSON, P. BRÄNDÉN, AND B. SHAPIRO

acting diagonally in the monomial basis of R[x] and sending any polynomial with
all real roots to a polynomial with all real roots (or to 0). Without the requirement
of diagonality of the action a characterization of such linear operators was obtained
by the second author jointly with late J. Borcea [BB09].

The main question considered in the Pólya–Schur theory [CC04] can be formulated
as follows.

prob1 Problem 1. Given a subset S ⊂ C of the complex plane, describe the semigroup
of all linear operators T : C[z]→ C[z] sending any polynomial with roots in S to a
polynomial with roots in S (or to 0).

def0 Definition 2. If an operator T has the latter property, then we say that S is a
T -invariant set, or that T preserves S.

So far Problem 1 has only been solved for the circular domains (i.e., images of the
unit disk under Möbius transformations), their boundaries [BB09], and recently for
strips [BC17]. Even a very similar case of the unit interval is still open at present.
It seems that for a somewhat general class of subsets S ⊂ C, Problem 1 is out of
reach of all currently existing methods.

In this paper, we consider an inverse problem in the Pólya–Schur theory which
seems both natural and more accessible. We will restrict ourselves to consideration
of closed T -invariant subsets.

prob:main Problem 3. Given a linear operator T : C[x]→ C[x], find a sufficiently large class
of closed T -invariant sets. Ultimately, describe all closed T -invariant subsets of the
complex plane.

For example, if T = dj

dxj , then a closed subset S ⊆ C is T -invariant if and only if
it is convex. Although it seems too optimistic to hope for a complete solution of
Problem 3 for an arbitrary linear operator T , we present below a number of relevant
results valid for linear ordinary differential operators of finite order. Note that an
arbitrary linear operator T : C[x] → C[x] can be represented as a formal linear
differential operator with polynomial coefficients, i.e., T =

∑∞
j=0Qj(x) dj

dxj where
each Qj(x) is a polynomial, see [Pee59]. To move further, we need to introduce
some basic notions.

def:degNonDegFuchs Definition 4. Given a linear ordinary differential operator of order k ≥ 1

T =
k∑
j=0

Qj(x) d
j

dxj
(1.1) {eq:main}

with polynomial coefficients, define its Fuchs index as

ρT = max
0≤j≤k

(deg(Qj)− j).

Alternatively, the Fuchs index can be defined as the maximum difference between
the output and input polynomial, when acted on by T :

ρT = max
p∈C[x]

(deg(T (p))− deg(p)) .

An operator T is called non-degenerate if ρT = deg(Qk)−k, and degenerate otherwise.
In other words, T is non-degenerate if ρT is realized by the leading coefficient of T .
We say that T is exactly solvable if its Fuchs index is zero.

A few operators are shown in Table 1, with some of their properties listed.
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Operator Fuchs index Properties

(x3 + 2x) d3

dx3 + x d2

dx2 + 1 0 Exactly solvable, non-degenerate

(x+ 1) d3

dx3 + x4 d2

dx2 + 2x 2 Degenerate

x2 d3

dx3 + 4 d2

dx2 -1 Non-degenerate

Table 1. Three examples of differential operators.
tab:operatorExamples

Definition 5. Given a linear operator T : C[x] → C[x], we denote by ITn the
collection of all closed subsets S ⊂ C such that for every polynomial of degree n
with roots in S, its image T (p) is either 0 or has all roots in S. In this situation, we
say that S belongs to the class ITn .

Similarly, a closed set S belongs to the class IT≥n if for every polynomial of degree
at least n with roots in S, its image T (p) is either 0 or has all roots in S. Obviously,
the class IT≥0 coincides with the class of all T -invariant sets. We say that a set
S ∈ ITn (resp. S ∈ IT≥n) is minimal if there is no closed proper nonempty subset of
S belonging to ITn (resp. to IT≥n).

Remark 6. Obviously, for any T and any n, the whole complex plane C is a trivial
example of a set belonging to both ITn and IT≥n. On the one hand, it is more natural
to study the class ITn in case when the operator T preserves the space of polynomials
of degree n. In particular, any exactly solvable operator preserves the degree of
polynomials it acts upon (except for possibly finitely many low degrees). Thus,
for an exactly solvable operator, it makes sense to consider the class ITn and its
elements for all n and study their behavior when n→∞. On the other hand, for
an arbitrary linear operator T it is more natural to consider non-trivial subsets of
C belonging to IT≥n where n is any non-negative integer. Observe that families of
sets belonging to ITn (resp. IT≥n) are closed under taking the intersection.

In the present paper (which is the first part of two) we study the class IT≥n for an
arbitrary T of the form (1.1). The sequel article [ABS19] is devoted to the study of
the class ITn and also of the so-called Hutchinson invariant sets for exactly solvable
operators and their relation to the classical complex dynamics.

The structure of the paper is as follows. In Section 2, we present and prove
some general results about IT≥n for an arbitrary operator T (with non-constant
leading term). In Section 3, we prove all results related to non-degenerate operators.
In Section 5 and Section 6, we prove all results related to degenerate differential
operators including operators with constant leading term. Finally, Section 8 contains
a number of open problems connected to this topic.
Acknowledgements. Research of the third author was supported by the grant
VR 2016-04416 of the Swedish Research Council. He wants to thank Lionel Lang
and August Tsikh for discussions related to tropical algebraic geometry.

2. General properties of invariant sets
sec:general

Definition 7. Given an operator T of the form (1.1) with Qk(x) different from a
constant, denote by Conv(Qk) ⊂ C the convex hull of the zero locus of Qk(x). We
refer to Conv(Qk) as the fundamental polygon of T .

The next proposition contains basic information about invariant sets in IT≥n.
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th:generalGeN Theorem 8. The following facts hold:
(1) for any operator T as in (1.1) and any non-negative integer n, every S ∈ IT≥n

is convex;
(2) for any operator T as in (1.1) and any non-negative integer n, if S is an

unbounded closed set belonging to IT≥n, then S is T -invariant, i.e., S belongs
to IT≥0;

(3) for any T as in (1.1) with Qk(x) different from a constant and any non-
negative integer n, every S ∈ IT≥n contains the fundamental polygon Conv(Qk);

(4) for any T as in (1.1) with Qk(x) different from a constant and any non-
negative integer n, the set IT≥n has a unique minimal (under inclusion)
element.

Proof. Item (i). Fix S ∈ IT≥n and choose x1, x2 ∈ S. Take p(x) = (x− x1)m(x−
x2)m for sufficiently large m, and consider p(`)(x). Then

p(`)(x) =
∑̀
j=0

(
`

j

)
m!

(m− j)!
m!

(m+ j − n)! (x− x1)m−j(x− x2)m+j−`

which implies that

q(x) := p(`)(x)
(x− x1)m−`(x− x2)m−` =

∑̀
j=0

(
`

j

)
(m)j(m)`−j(x− x1)`−j(x− x2)j .

Dividing both sides by m` and expanding the Pochhammer symbols, we see that

m−`q(x) =

∑̀
j=0

(
`

j

)
(x− x1)`−j(x− x2)j

+ R1(x)
m

+ R2(x)
m2 + · · ·

= ((x− x1) + (x− x2))` +O(m−1)R(x).
Using the latter expression, we obtain

p(`) = m`((x− x1)(x− x2))m−`
(

(2x− x1 − x2)` +O(m−1)R(x)
)
.

Therefore,
T (p(x))
m`

= Qk(x)((x− x1)(x− x2))m−k
(

(2x− x1 − x2)` +O(m−1)R(x)
)

+
k∑
j=1

Qk−j((x− x1)(x− x2))m−k+j

mj

(
(2x− x1 − x2)` +O(m−1)Rj(x)

)
.

All terms in the above sum go to 0 as m gets large, implying that the roots of
T (p(x)) are close to that of

Qk(x)((x− x1)(x− x2))m−` (2x− x1 − x2))` .
Since x1+x2

2 is a root of the latter polynomial, the original set S were convex.
Item (ii). Assume that S is an unbounded set belonging to IT≥n for some positive
n. Take some polynomial p of degree less that n with roots in S. Consider a 1-
parameter family of polynomials of degree n of the form Pt := (x−α(t))n−deg pp(x),
t ∈ [0,+∞), where α(t) is a variable point in S which continuously depends on t
and escapes to ∞ when t→ +∞. (Such a family obviously exists since S is convex
and unbounded.) Consider the polynomial family T (Pt). Since S ∈ IT≥n, the roots
of T (Pt) belong to S for any finite t and continuously depend on t. Since S is closed
the same holds for the limit of the roots of T (Pt) which do not escape to infinity.
Notice that the set of finite limiting roots exactly coincides with the set of roots of
T (p) which finishes the proof of item (ii).
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Item (iii). Choose arbitrary T with Qk(x) different from a constant, any non-
negative integer n, and an arbitrary set S ∈ IT≥n. Take p(x) = (x − α)m, where
α ∈ S. Then

T (p(x))
(m)k

=
k∑
j=0

Qj(x) (m)j
(m)k

(x− α)m−j .

If we let m→∞, then (m)j
(m)k → 0 for j < k. Hence, the roots of T (p(x)) approach

that of Qk(x)(x− α)m−k as m grows.

Item (iv). Observe that for any differential operator T as above, the set IT≥n is
non-empty since it at least contains the whole C. Now notice that by items (i) – (ii),
the intersection of all sets in IT≥n is non-empty. Indeed each of them contains all
roots of Qk(x). Since this intersection is convex it also contains the convex hull
Conv(Qk) of the roots of Qk(x). Since IT≥n consists of closed convex sets with a
nonempty common intersection, there is the unique minimal set in IT≥n. �

The unique minimal element in IT≥n whose existence is given in Theorem 8 (iv)
is denoted MT

≥n. The following consequence of Theorem 8 is straightforward.

cor:natural Corollary 9. (i) Under the assumption that Qk(x) is not constant, one has the
sequence of inclusions of closed convex sets

MT
≥0 ⊇ MT

≥1 ⊇ · · · . (2.1) {eq:limit}

(ii) Under the same assumption, if for some n, there exists a compact set S ∈ IT≥n
then MT

≥m is compact for all m ≥ n and there exists a well-defined limit

MT
∞ := lim

n→∞
MT
≥n. (2.2) {eq:limit2}

Obviously, MT
∞ is a closed convex compact set.

Remark 10. The assumption that Qk(x) is different from a constant is important
for the existence of the unique minimal under inclusion element in IT≥n. Many
operators with a constant leading term violate this property. For example, for
T = d

dx , every convex closed subset of C belongs to IT≥n for every non-negative
integer n. In fact, every point in C is a minimal set for T = d

dx . More details about
operators with a constant leading term can be found in Section 6.

Remark 11. Corollary 18 of the next section implies that for a non-degenerate
T , the minimal set MT

≥n is compact for any sufficiently large n. However this
compactness property might fail for small n. As we will show later in Proposition 39
of § 5, for any degenerate operator T and non-negative integer n, every set in IT≥n
and, in particular, MT

≥n is unbounded implying that compact invariant sets exist
for non-degenerate operators only. there exists a compact set S ∈ IT≥n for some
non-negative integer n, if and only if T is non-degenerate.

3. Non-degenerate operators
sec:non-degenerate

The main result of this section is Corollary 18, claiming that for a fixed non-
denegerate differential operator T , there exists a nonnegative integer n such that
IT≥n contains all sufficiently large disks. This implies compactness of the minimal
set MT

≥n for large n. Unfortunately, at present we do have an explicit description
the boundary of MT

≥n for a given T and n. Our best result in this direction is
Proposition 23 which describes the boundary of the limit MT

∞.
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The next example shows that Corollary 18 is the best we can hope for, as there
exist non-degenerate exactly solvable operators for which MT

≥n is non-compact for
small values of n.

Example 12. Consider the non-degenerate exactly solvable operator given by

T =
(
−x

2

4 + x

4

)
d

dx2 +
(
x

4 −
1
2

)
d

dx
+ 1. (3.1)

We have chosen T in such a way that for every z ∈ C,
T
[
(x− z)2] = (x− (2z))

(
x− ( z2 + 1

2 )
)
. (3.2) {eq:exactlySovlableNonCompact}

Take any closed subset S ∈ IT≥2. The first factor in (3.2) ensures that if z ∈ S, then
we also have 2z ∈ S. The second factor ensures that if z ∈ S, then 1

2 (z + 1) ∈ S.
These two facts imply that S must contain the interval [1,∞) of the real axis. In
particular, the minimal set MT

≥2 cannot be bounded.
Moreover, the image of (x − 1)4 has −3 as root. This then implies that the

entire real line lies in MT
≥2. Finally, the image of (x+ 1)2(x− 1)2 has two complex

(conjugate) roots, and this then implies that MT
≥2 is in fact the entire C.

3.1. Existence of invariant disks. Define the nth Fuchs index of a linear operator
T : Cn[x]→ C[x] to be

ρ = ρn = max
0≤j≤n

(deg T (xj)− j), (3.3)

and call T non-degenerate if deg T (xn)− n = ρn. Set GT (x, y) := T [(1 + xy)n] and
note that there are polynomials Pn` , ` = −n, . . . , ρ, of degree at most n, such that

GT (x, y) =
∑

−n≤`≤ρ

x`Pn` (xy). (3.4)

Thus T is non-degenerate if and only if the degree of Pnρ is n. When T =
∑k
j=0Qj

dj

dxj

is a differential operator of order k,

GT (x, y) =
k∑
j=0

j!x−jQj(x)
(
n

j

)
(xy)j(1 + xy)n−j , (3.5) {rn}

and it follows that

Pn` (x) =
k∑
j=0

j!a`,j
(
n

j

)
xj(1 + x)n−j , (3.6) {prn}

where a`,j is the coefficient of xj+` in Qj(x). Define

fn` (x) =
k∑
j=0

j!a`,j
(
n

j

)
xj , (3.7) {fprn}

In what follows, DR denotes the open disk {z ∈ C : |z| < R}, and D̄R is the closure
of DR. We also define ΩR as the open set {(z, w) ∈ C2 : |z| > R and |w| > 1/R}.

prop:bb09 Proposition 13 ([BB09, Thm.7]). Let T : Cn[x] → C[x] be a linear operator of
rank greater than one. The disk D̄R is n-invariant if and only if GT (z, w) 6= 0 for
all (z, w) ∈ ΩR.

genethm Theorem 14. Suppose T : Cn[x]→ C[x] is a non-degenerate linear operator with
nth Fuchs index ρ. Let g(x) be the greatest common divisor of {Pn` (x)}`. Then the
closed disk D̄R = {z : |z| ≤ R} is n-invariant for all sufficiently large R > 0 if and
only if

(1) all zeros of g(x) lie in {z : |z| ≤ 1}, and
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(2) all zeros of Pnρ (x)/g(x) lie in {z : |z| < 1}.

Proof. Suppose T : Cn[x]→ C[x] is a non-degenerate linear operator. We first prove
that conditions (1) and (2) are sufficient. Assume (1) and (2). Since degPn` ≤
degPnρ = n for all j, and the zeros of Pnρ (x)/g(x) lie in the open unit disk, there is
a positive constant C such that |Pn` (z)/Pnρ (z)| < C for all |z| ≥ 1 and all `. Hence,
for sufficiently large R: If (z, w) ∈ ΩR, then∣∣∣∣ GT (z, w)

zρPnρ (zw) − 1
∣∣∣∣ =

∣∣∣∣∣
ρ−1∑
`=−n

z`−ρ
Pn` (zw)
Pnρ (zw)

∣∣∣∣∣ ≤
ρ−1∑
`=−n

R−(ρ−`)C <
C

R− 1 < 1. (3.8) {tratt}

For such R, the disk D̄R = {z : |z| ≤ R} is n-invariant by Proposition 13.
Suppose D̄R = {z : |z| ≤ R} is n-invariant for R sufficiently large. If g(x)

has a zero in {z : |z| > 1}, then GT (z, w) = 0 for some (z, w) ∈ ΩR, and by
Proposition 13, the disk D̄R is not invariant. To get a contradiction, suppose
(Pnρ /g)(ξ) = 0, where |ξ| ≥ 1. Consider a sequence {ξj}∞j=1, where Pnρ (ξj) 6= 0,
|ξj | > 1, and limj→∞ ξj = ξ. Let

Bj(z) := znGT (z, ξj/z)/g(ξj) =
∑
`≤ρ

z`+n(Pn` /g)(ξj).

Since (Pnρ /g)(ξ) = 0 and Pn` (ξ) 6= 0 for some `, we see that at least one zero, say zj ,
of Bj(z) tends to ∞ as j →∞. Hence for

Rj := 1
2 |zj |

(
1 + 1
|ξj |

)
,

(zj , ξj/zj) ∈ ΩRj , while GT (zj , ξj/zj) = 0. By Proposition 13, T is not n-invariant
for any Rj . �

Recall that the map z 7→ z/(1 + z) sends the set {z ∈ C : Re(z) ≥ −1/2} to the
unit disk.

Theorem 15. Let T =
∑k
j=0Qj(x)dj/dxj and n ∈ N, and assume T is non-

degenerate considered as a linear operator T : Cn[x] → C[x]. Let ρ be the nth

Fuchs index of T , and aρ,j be the coefficient of xρ+j in Qj. The closed disk D̄R is
n-invariant for all sufficiently large R if and only if

(1) all zeros of the polynomial h := gcd(fn−n, fn−n+1, . . . , f
n
ρ ) have real part

greater or equal to −1/2. Equivalently, there is no β with Re(β) > 1/2, such
that

k∑
j=0

x−jj!
(
n

j

)
Qj(x)βj ≡ 0,

and,
(2) all zeros of the polynomial fnρ /h have real part greater than −1/2.

Proof. We want to translate conditions (1) and (2) of Theorem 14 into this setting.
This is done by (3.5), (3.6), (3.7) and suitable Möbius transformations.

�

exampleimp Example 16. Let T = Q0(x) +Q1(x)d/dx be non-degenerate. Suppose first that
Q0(x) + nβx−1Q1(x) ≡ 0 (3.9) {klo}

for some β. Then
T = P · (βn− xD),

where P = P (x) is some polynomial. But then
T (x−R)n = nP · (x−R)n−1((β − 1)x− βR),
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has a zero outside {z : |z| ≤ R} if and only if |β/(β − 1)| > 1 if and only if
Re(β) > 1/2. This explains (1).

Suppose (3.9) is not satisfied for any β. If degQ1 > degQ0 +1, then (2) is always
satisfied. Suppose degQ1 = degQ0 + 1, and let ai be the leading coefficient of Qi.
The polynomial in (2) is

a0 + na1x.

Hence condition (2) is equivalent to that Re(a0/a1) < n/2.

Proposition 17. Let T : Cn[x]→ Cn[x] be a diagonal operator, i.e.,

T (xk) = λkx
k, 0 ≤ k ≤ n.

The following conditions are equivalent.
(1) There is a compact nonempty n-invariant set K 6= {0},
(2) D1 is n-invariant,
(3) DR is n-invariant for all R > 0,
(4) all zeros of the polynomial

n∑
k=0

λk

(
n

k

)
xk

lie in D1.

Proof. Since the symbol of T is

GT (x, y) = T [(1 + xy)n] =
n∑
k=0

λk

(
n

k

)
(xy)k,

we see that the disk DR is n-invariant if and only if all zeros of the polynomial
n∑
k=0

λk

(
n

k

)
xk

lie in D1. This proves the equivalence of (2), (3) and (4).
Suppose that (1) holds for some K, but not (2). Let ζ ∈ K be of maximal

modulus. Since, the polynomial in (3) has zero outside the unit disk, the polynomial

T ((x− ζ)n) = (−ζ)n
n∑
k=0

λk

(
n

k

)(
−x
ζ

)k
has a zero outside K, a contradiction. �

cor:nonDegenerateStableDisks Corollary 18. If T is a non-degenerate differential operator, then there is an integer
N0 and a positive number R0 such that DR := D(0, R) is n-invariant whenever
n ≥ N0 and R ≥ R0.

Proof. Note that the zeros of fTn approach 0 as n→∞. Since aρ,k 6= 0, we see by
(3.6) that there are positive numbers N0 and C such that

• |Pn` (z)/Pnρ (z)| < C for all |z| ≥ 1, all `, and all n ≥ N0,
•
∑k
j=0 j!aρ,j

(
n
j

)
6= 0,

• the zeros of fTn are in D(0, 1/2).
Hence the estimate in (3.8) can be made uniform in n. Indeed, we may choose
R0 = C + 1. �

inrem Remark 19. Note that by item II of Theorem 8, if T is a linear operator and
Ω ⊆ C is closed and unbounded, then Ω is n-invariant if and only it is `-invariant
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for all ` ≤ n. Indeed if f(z) has degree ` ≤ n we may take a sequence {wj}∞j=1 in Ω
for which |wj | → ∞ as j →∞. Then the zeros of

T (f) = lim
j→∞

T [(1− x/wj)n−`f(z)]

is in Ω by Hurwitz’ theorem.

The following important notion can be found in [BB09, Def. 1].

def:stablePoly Definition 20. A polynomial f(z1, . . . , z`) ∈ C[z1, . . . , z`] is called stable if for all
`-tuples (z1, . . . , z`) ∈ C` with Im(zj) > 0, 1 ≤ j ≤ `, one has f(z1, . . . , z`) 6= 0.

prop:halfPlaneCharaterization Proposition 21. Let H be a closed half-plane given by H = {az + b : Im(z) ≤ 0}
and let T =

∑k
j=0Qj(x) d

j

dxj be a differential operator. The following are equivalent:
(1) The set of positive integers for which H is n-invariant is unbounded,
(2) H is n-invariant for all n ≥ 0,
(3) The polynomial

∑k
j=0Qj(ax+b)(−y/a)j as an element in C[x, y] is a stable

polynomial in (x, y).

Proof. By Remark 19 we see that (1) and (2) are equivalent. Now, (2) is equivalent
to that the operator S : C[x]→ C[x] defined by

S(f)(x) = T (f(φ−1(x)))(φ(x)),

where φ(x) = ax + b, preserves stability. The operator S is again a differential
operator, so the equivalence of (2) and (3) now follows from � Follows from what ref?

— P.
Follows from what ref?

— P.

Example 22. Consider the operator T : Cn → C given by

T = (x2 − x3) d
3

dx3 + (x+ x2) d
2

dx2 + (2x) d
dx
− 6. (3.10)

When n = 3, we have that for every z ∈ C,

T
[
(x− z)3] = 12

(
x− z2) (x− z/2) . (3.11)

In particular, if z is in an invariant set, then z2 is also in the set. Thus, there cannot
be any large invariant disk. However, this does not violate Theorem 14: the 3rd
Fuchs index of T is 0, but Pnρ (x) = −6(1 + 2x). Hence, the operator is degenerate
and the theorem does not apply.

3.2. Description of the limit minimal set MT
∞. Recall that in Corollary 9, we

showed that whenever the leading coefficient Qk(x) in an operator T is non-zero,
then there is a minimal invariant set MT

∞ containing the convex hull of the roots
of Qk(x). Furthermore, if T is non-degenerate, Corollary 18 implies that MT

∞ is
compact.

lm:collapse Theorem A (See [Sha10, Thm. 9]). Given a non-degenerate operator T as in (1.1)
and ε > 0, there exists a positive integer nε such that for any n > nε and any
polynomial p of degree n with all roots in Conv(Qk), all roots of T (p) lie in the
ε-neighborhood of Conv(Qk).

prop:limit Conjecture 23. For any non-degenerate T , MT
∞ = Conv(Qk).

Proof.

This proof is incomplete, Theorem A is not enough to conclude the statement.
Why cannot it converge to something larger? Petter suggested some half-plane
idea. The characterization in Proposition 21 cannot work as it is, as the half-
planes do not depend on n.
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By (iii)–(iv) of Theorem 8, we know that for any non-degenerate operator T , the
minimal sets MT

≥n exist and are compact for all sufficiently large n; they contain
Conv(Qk), and satisfy the sequence of inclusions

MT
≥n ⊇MT

≥n+1 ⊇MT
≥n+2 ⊇ · · ·

The fact that MT
∞ := limn→∞MT

≥n equals Conv(Qk) follows from Theorem A. �

Let us now describe a special class of non-degenerate operators for which all MT
≥n

coincide.

prop:Lame Proposition 24. Take a non-degenerate operator of the form T = Qk(x) dk

dxk
+

Qk−1(x) dk−1

dxk−1 satisfying the condition

Qk−1(x)
Qk(x) =

degQk∑
i=1

κi
x− xi

, (3.12) {eq:Polya}

where κi ≥ 0 and {x1, . . . , xdegQk} is the set of all roots of Qk(x). Then,

MT = MT
≥1 = MT

≥2 = · · · = MT
∞ = Conv(Qk).

Proof. By (iii) of Theorem 8, it suffices to show that under our assumptions on
T , Conv(Qk) is a T -invariant set. Moreover by Gauss–Lucas theorem, for T =
Qk(x) dk

dxk
+ Qk−1(x) dk−1

dxk−1 satisfying (3.12), it suffices to show that Conv(Qk) is
T̃ -invariant where T̃ = Qk(x) d

dx +Qk−1(x). Assume now that p(x) is an arbitrary
polynomial of some degree n whose roots r1, . . . , rn lie in Conv(Qk) and consider
q = T̃ (p). We want to show that q(z) 6= 0 for any z ∈ C \ Conv(Qk). Assume
q(z) = 0 which is equivalent to

Qk(z)p′(z) +Qk−1(z)p(z) = 0 ⇔ p′(z)
p(z) = −Qk−1(z)

Qk(z) . (3.13) {eq:bla}

The latter expression is equivalent to
n∑
j=1

1
z − rj

= −
degQk∑
i=1

κi
z − xi

,

where {x1, . . . , xdegQ1} is the set of roots of Qk and κi ≥ 0. Assuming that
z /∈ Conv(Qk), choose a line L separating z from Conv(Qk). By our assumptions,
L separates z from all rj ’s and all xi’s. Because of this and taking into account the
signs, one can easily conclude that the left-hand side of the latter expression is a
complex number pointing from z to the halfplane not containing z and the right-hand
side does the opposite. Therefore, (3.13) can not hold if z /∈ Conv(Qk). �

A special case of Proposition 24 when Qk(x) is a real-rooted polynomial follows
from more general results of [Brä10].

4. Operators of order one
sec:orderone

In this section we will provide more details about operators of order 1 and their
minimal sets MT

≥0. Recall that MT
1 is the minimal under inclusion invariant set for

polynomials of degree 1.
For a given operator T = U(x) d

dx + V (x) subject to degU > deg V , let us first
provide conditions of compactness of MT

1 close to necessary and sufficient.

prop:order1 Proposition 25. In the above notation,
(a) MT

1 is compact if either degU > deg V + 1 or degU = deg V + 1 and
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R(x) = U(x) + xV (x)
V (x) = αx+ Ũ(x)

V (x) (4.1) {eqNew}

with deg Ũ ≤ deg V and |α| > 1.
(b) if (4.1) holds with deg Ũ ≤ deg V and |α| < 1 then MT

1 is unbounded.

Proof. For a given polynomial p, the roots of T (p) are given by the equation
U(x)p′+V (x)p = 0. Assuming that p = x− t, then the latter equation is equivalent
to

t = U(x) + xV (x)
V (x) = R(x). (4.2) {eq:NN}

Let us show that under the assumptions of (a) there exists a disk D such that if
t ∈ D then all solutions of (4.2) also belong to D....

Let us now that under the assumptions of (b) no such compact set can exist... �

cor:minivset Corollary 26. Condition (a) of Proposition 25 guarantees the compactness of MT
≥0.

Proof. See Example 16. �

Remark 27. The remaining case |α| = 1 needs further investigations. Currently
we do not have analogs of Corollary 26 for operators of order exceeding one.

5. Degenerate operators: preliminaries
sec:degenerate

In our study of degenerate operators we will use some classical results about root
asymptotics of bivariate polynomials which is modern terminology belong to the
tropical geometry. We start by introducing the domination partial order on points
in R2, Namely, we say that a point p = (u, v) ∈ R2 dominates a point p′ = (u′, v′) if
u ≥ u′ and v ≥ v′. Given a subset S ⊆ R2, we call by its northeastern border NES

the set of all points in S which are not dominated by other points in S. Observe
that NES can be empty if S is non-compact, but for compact S, NES is always
nonempty. Furthermore, if S is both compact and convex then NES is contractible.

5.1. (Tropical) algebraic preliminaries and three types of Newton poly-
gons. Given a bivariate polynomialR(u, v) =

∑
(i,j)∈Θ ai,ju

ivj , denote by Conv(R) ⊂
R2 its Newton polygon, i.e. the convex hull of the set of exponents (i, j) ∈ Θ. The
northeastern border of Conv(R) will be denoted by NER, see examples in Fig. 1
and Fig. 2. By the above, NER is connected and contractible. The point of NER

with the maximal value of u will be called the eastern vertex and denoted by Ve and
the point of NER with the maximal value of v will be called the northern vertex
and denoted by Vn. The set NER coincides with a point if and only if Ve = Vn.
Notice that every edge of the boundary of Conv(R) included in NER has a negative
slope. Finally, denote by Rne(u, v) the restriction of R(u, v) to the subset Θne ⊆ Θ
consisting of all monomials whose exponents are the vertices of NER. We will call
Rne(u, v) the essential part of R(u, v).

Remark 28. Observe that for any bivariate R(u, v) and α, β ∈ C, the change of
variables u = ũ+ α, v = ṽ + β does not change neither NER nor Rne(u, v).

Given an arbitrary bivariate polynomial

R(u, v) =
∑

(i,j)∈Θ

ai,ju
ivj =

m∑
j=0

Rj(v)uj

and some number w ∈ C, denote by UR(w) the set of zeros of the equation R(u,w) =
0 in the variable u considered as the divisor in C, i.e. zeros are counted with
multiplicities. Here m is the degree of R w.r.t. u. Assume that the parameter w
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runs over the portion of the positive half-axis [κ,+∞) which contains no root of
Rm(v); one can always choose κ sufficiently large so that the latter condition is
satisfied. (Obviously, for all w ∈ [κ,+∞), the degree of the divisor UR(w) equals
m.) We define the subdivisor U∞R (w) ⊂ UR(w) as the set of all roots u(w) whose
absolute values tend to ∞ when w tends to +∞ along the positive half-axis. Notice
that U∞R (w) is well-defined for all sufficiently large positive κ̃ > κ since there exists
κ̃ such that for any w ∈ [κ̃,+∞), the absolute value of every root in U∞R (w) will be
strictly larger than the absolute value of any root in the complement UR(w)\U∞R (w).

Our next goal is to describe U∞R (w) in terms of Rne(u, v). In what follows we
will frequently use the following statement.

Given an arbitrary bivariate polynomial R(u, v) whose NER is not a single point,
decompose NER into the (disjoint) union of consecutive edges NER = ∪hs=1es
covering NER from north to east. That is e1 starts at Vn, eh ends at Ve, and each
es is adjacent to es+1, see Fig. 1. The absolute values of the slopes of e1, . . . , eh are
strictly increasing. The following statement can be easily deduced from the known
results of [Č48, Section 38, Th. 63–66], and [Wal78, Ch. 4, Sections 3 and 4]. (To
use the latter results, one has to substitute u and v by u−1 and v−1 respectively.)

pr:Newton Proposition 29. The degree of the divisor U∞R (w) is equal to ie − in where Ve =
(ie, je) and Vn = (in, jn). In other words, deg U∞R (w) equals the length of the
projection of NER onto the u-axis.

Additionally, U∞R (w) splits into h subdivisors U∞1 (w), . . . ,U∞h (w) corresponding
to the edges e1, . . . , eh respectively; the degree of U∞s (w), s = 1, . . . , h equals the
length of the projection of es on the u-axis. All zeros in the divisor U∞s (w) have the
asymptotic growth u ∼ εwsls where sls is the absolute value of the slope of es.

Possible values of ε can be found by substituting εwsls in the restriction of R(u, v)
to the monomials contained in the edge es and finding the non-vanishing roots of
this restriction.

def:imp Definition 30. Given an arbitrary bivariate polynomial R(u, v) whose northeastern
border NER is not a single point, we will call the slopes of edges in NER the
characteristic exponents of R(u, v). For a given edge es ∈ NER, all possible values
of ε corresponding to the restriction of R(u, v) to this edge will be called the leading
constants corresponding to (the characteristic exponent of) es. The union of all
leading constants of R(u, v) will be denoted by ΥR.

ex:R Example 31. To illustrate Proposition 29 and Definition 30, take

R(u, v) = u8 + u7v2 + u5v4 + (5 + 7
√
−1)u3v6 − 23uv7.

One can easily check that all monomials in R(u, v) belong to NER which consists
of three edges e1, e2, e3 connecting (1, 7) with (3, 6), (3, 6) with (7, 2), and (7, 2)
with (8, 0) resp. (The exponent (5, 4) of the second monomial belongs to e2.)
Degree of U∞R (w) equals 8− 1 = 7. Restriction R1(u, v) of R(u, v) to e1 is given by
(5 + 7

√
−1)u3v6−23uv7. Its nontrivial zeros with respect to the variable u are given

by (5+7
√
−1)u2−23w = 0. Thus for two roots from U∞1 (w), u ∼ εw1/2 where ε are

the two roots of the equation (5 + 7
√
−1)ε2− 23 = 0. They are approximately equal

to −1.45392±0.748212. (The absolute value of the slope of e1 equals 1
2 .) Restriction

R2(u, v) of R(u, v) to e2 is given by u7v2 + u5v4 + (5 + 7
√
−1)u3v6. Its nontrivial

zeros with respect to the variable u are given by u4 + u2w2 + (5 + 7
√
−1)w4 =

0; we have substituted w instead of v here to keep our notation. Thus for 4
different roots belonging to U∞2 (w), we have u ∼ εw where ε are the four roots
of the equation ε4 + ε2 + 5 + 7

√
−1 = 0. These are approximately equal to

−1.22651± 0.961446
√
−1 and −0.809831± 1.58673

√
−1. (The absolute value of the

slope of e2 equals 1.) Finally, the restriction R3(u, v) of R(u, v) to e3 is given by
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u8 + u7v2 which gives u = −v2. (The absolute value of the slope of e3 equals 2.)
Summarizing, we get that ΥR consists of 6 complex numbers approximately given
by {−1,−1.22651± 0.961446

√
−1,−0.809831± 1.58673

√
−1,−1.45392± 0.748212}.

Its convex hull contains 0 as its inner point.

v

u

Vn

Ve

e1

e2

e3

Figure 1. The northeastern border of the Newton polygon of
R(u, v) = u8+u7v2+u5v4+(5+7

√
−1)u3v6−23uv7, see Example 31.

(The Newton polygon itself is obtained by additionally connecting
Vn with Ve.)fig:neBoundary

cor:internal Corollary 32. In the above notation, for a given bivariate polynomial R(u, v), the
family of convex hulls of U∞R (w) converges to C when w → +∞ if and only if the
convex hull of ΥR contains 0 as its internal point.

Proof. (Sketch) This statement is rather obvious since if 0 is an interior point of
the convex hull of ΥR, then the roots in U∞R (w) will be asymptotically moving to
infinity when w → +∞ in the directions prescribed by all values of ε ∈ ΥR and their
convex hull will contain the centered at 0 disk of any given radius for sufficiently
large w. �

Let us fix a connected contractible piecewise linear curve NE ⊂ R2 with integer
vertices consisting of pairwise non-dominating points, see Fig. 1. In other words,
NE is a piecewise linear path with integer vertices whose edges have negative slopes
and their absolute values increase when moving down the path. Denote by Pol(NE)
the set of all bivariate polynomials whose northeastern border coincides with NE.
(In particular, we assume that all coefficients at the corners/endpoints of NE are
non-vanishing. Pol(NE) is a Zariski-open subset of a finite-dimensional linear space
of bivariate polynomials.) Recall that the integer length of a closed straight interval
I ⊂ R2 ⊃ Z2 is the number of points from Z2 contained in I, i.e. the number of
integer points belonging to I.

def:newtonCases Definition 33. Given NE ⊂ R2 as above, we call it
(i) defining if there exists an edge in NE with the slope −α/β where α and β

are coprime positive integers and β ≥ 3;
(ii) almost defining if there are no edges as in (i), but there either

(a) exists at least one edge in NE with the slope −α/2 and whose integer
length is larger than 2, or

(b) there exist at least two edges with the slope −α/2 and integer length
at least 2;

(iii) non-defining in the remaining case i.e., when either all edges of NE or all
edges but one have negative integer slopes and the remaining edge has a
negative half integer slope and integer length 2.
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(i) Defining

− 1
3

− 4
1

(ii) Almost def.

− 2
4

− 3
1 (ii) Almost def.

− 1
2

− 3
2

(iii) Non-def.

− 2
2

− 3
1 (iii) Non-def.

− 1
2

− 4
1 (iii) Non-def.

− 2
2

− 3
2

Figure 2. Examples of defining/almost defining/non-defining New-
ton polygons which are listed in Definition 33. The slopes of the
edges of the northeasten boundary have been expressed as fractions,
such that the length of the projection is in the denominator.fig:newtonCases

def:Newton Definition 34. A Newton polygon N ⊂ R2 is called defining/almost defining/non-
defining if its northeastern border contains at least one edge and is defining/almost
defining/non-defining respectively.

In Fig. 2, we show Newton polytopes illustrating Definition 33 and Definition 34.

pr:imp Proposition 35. Given NE ⊂ R2 as above, the convex hull of U∞R (w) converges
to C, when w → +∞

(i) for any R ∈ Pol(NE) if NE is defining;
(ii) for almost any R ∈ Pol(NE) if NE is almost defining;
(iii) if NE is non-defining there is a full-dimensional subset of Pol(NE) for

which the convex hull of U∞R (w) converges to C when w → +∞ and the
complement of the latter set in Pol(NE) is also full-dimensional.

Remark 36. In case (ii), the condition of nongenericity is given by the fact that
all ε ∈ ΥR are real proportional to each other (i.e. they lie on the same real line in
C passing through the origin);

In case (iii) if one forces the next to the leading coefficient for some edge with
integer slope and length of projection larger than 2 to vanish, i.e. one forces the sum
of the respective ε to vanish, then the conclusion of Corollary 32 will be valid for a
generic choice of the remaining coefficients at the vertices belonging to this edge.

If the convex hull of U∞R (w) does not tend to C, but in > 0 which means that
UR(w) \ U∞R (w) is nonempty, then the convex hull of UR(w) will tend to the convex
cone with apex at 0 spanned by the elements of ΥR.

Proof of Proposition 35. By Corollary 32 we need to prove that the convex hull of
ΥR contains 0 as its internal point

(i) for any R ∈ Pol(NE) if NE is defining;
(ii) for almost any R ∈ Pol(NE) if NE is almost defining;
(iii) if NE is non-defining, polynomials R ∈ Pol(NE) for which ΥR contains 0

as an internal point form a full-dimensional set with the full-dimensional
complement.

Indeed, assume that NE is defining. Then it contains an edge es with the slope
−α/β where α and β are coprime positive integers and β ≥ 3. Take any polynomial
R(u, v) ∈ Pol(NE) and denote by Rs(u, v) the restriction of R to es. Substituting
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u = εvα/β in the equation Rs(u, v) = 0 and factoring out a power of v, we get a
univariate algebraic equation defining ε which only involves powers of ε which are
multiples of b ≥ 3. Since every nonvanishing ε appears in ΥR together with all
ε · e2π

√
−1`/b for ` = 1, . . . , b− 1 one obtains that 0 lies in the interior of the convex

hull of ΥR.
Assume now that NE is almost defining. Then it either contains an edge es with

the slope −α/2 and length greater than 2 or two edges with half integer slopes and
length 2 each. (All the remaining edges have integer slopes.) In the former case, the
algebraic equation satisfied by epsilon has an even degree exceeding 2 and contains
only even powers of ε. Its non-vanishing solutions come in pairs of numbers of the
form (α,−α). If at least two such pairs are non-proportional over R (which happens
generically) then 0 is the inner point of ΥR. Similar in the latter case we have two
second order equations without linear terms defining ε. Again typically their pairs
of solutions are non-proportional over R and the result follows.

Finally, assume that NE is non-defining. Then all edges but possible one have
integer slopes which means that the corresponding equations for ε will have all
possible monomials present and their non-trivial roots can both contain 0 inside
their convex hull and also lie in a halfplane in C bounded by a real line passing
through the origin. If there is one edge of length 2 and half-integer slope in NER,
then it produces one pair of opposite values for ε. �

5.2. Preliminaries on exactly solvable operators. In the rest of this section
we will need the following information, see e.g. [Ber07].

Given an exactly solvable operator T , observe that for each non-negative integer
j,

T (xj) = λTj x
j + lower order terms. (5.1) {eq:spectrum}

Define the spectrum of an exactly solvable T as the sequence of complex numbers
ΛT := {λTj }∞j=0.

lm:eigenpolys Lemma A (See [MS01]). For any exactly solvable operator T and any sufficiently
large positive integer n, there exists a unique (up to a constant factor) eigenpolyno-
mial pTn (x) of T of degree n. Additionally, the eigenvalue of pTn equals λTn , where
λTn is given by (5.1).

One can easily show that for any exactly solvable operator T and any sufficiently
large positive integer n, |λTn | > |λTj | for 0 ≤ j < n.

Remark 37. In addition to Lemma A, observe that for any exactly solvable operator
T as in (1.1) and any non-negative integer n, T has a basis of eigenpolynomials in
the linear space Cn[x] consisting of all univariate polynomials of degree at most n.
This follows immediately from e.g., the fact that T is triangular in the monomial
basis {1, x, . . . , xn}. In other words, even if T has a multiple eigenvalue it has now
Jordan blocks, but the eigenpolynomial in the respective degree is no longer unique.
A simple example of such situation occurs for T = xk dk

dxk
.

In what follows, we will use the following result about exactly solvable operators.

pr:rootsEigenpolys Proposition 38. Given an exactly solvable operator T as in (1.1) and any invariant
set S ∈ ITn , S must contain the union of all roots of the eigenpolynomial pTm where
m ≥ n and |λTm| > |λTj | for 0 ≤ j < m. The latter fact implies that S contains the
union of all roots of all eigenpolynomials of sufficiently large degrees.

Proof. Indeed, as we mentioned above the absolute values of {λTn} will be strictly
increasing from some degree κT . Choose some m ≥ n such that |λTm| > |λTj | for
0 ≤ j < m and a basis {pT0 , pT1 , . . . , pTm} of the space Cm[x] of all polynomials of
degree at most m consisting of T ’s eigenpolynomials. Pick a polynomial q of degree
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m whose roots belong to S and expand it as q(x) =
∑m
j=0 ajp

T
j (x) with am 6= 0.

Repeated application of T to q gives

T ◦`(q) =
m∑
j=0

ajλ
`
jp
T
j (x) = λ`m

m∑
j=0

aj

(
λj
λm

)`
pTj (x). (5.2) {eq:iter}

Since S ∈ ITn all roots of T ◦`(q) belong to S. By our assumption and disregarding
the common factor λ`m, the polynomial in the right-hand side of (5.2) equals ampTm(x)
plus some polynomial of degree smaller than m whose coefficients tend to 0 as `
tends to infinity. Since am 6= 0 the roots of the polynomials in the right-hand side of
(5.2) tend to those of pTm implying that the latter must necessarily belong to S. �

5.3. General results about degenerate operators. An important although not
very complicated result about degenerate operator which partially follows from our
previous considerations is as follows.

pr:degen Proposition 39. If T is a degenerate operator, then for any non-negative n, every
set in IT≥n is unbounded and, therefore is T -invariant.

T -invariance follows from the unboundedness by item (ii) of Theorem 8.

Proof. Let us start with the special case of degenerate exactly solvable operators.
(They and their invariant sets are the main object of study of our sequel paper
[ABS19].)

Any exactly solvable operator T preserves the degree of a generic polynomial
it acts upon and has a unique (up to a constant factor) eigenpolynomial pTn (x) of
any sufficiently large degree n, see Lemma A and [Ber07, Lemma 1]. Moreover, if
rn denotes the maximum of the absolute value of the roots of pn(x), then for any
degenerate exactly solvable T , limn→∞ rn = +∞, see [Ber07, Theorem 1].

By Proposition 38 for any exactly solvable operator T , any S ∈ IT≥n must contain
the union of all roots of all eigenpolynomials pTm(x) for all sufficiently large m, we
conclude that any such S is necessarily unbounded.

Assume now that T has a positive Fuchs index ρ := ρT > 0. Consider the
operator T ′ = dρ

dxρ ◦ T . If T is degenerate, then T ′ is a degenerate exactly solvable
operator. By the Gauss–Lucas theorem, every S ∈ IT≥n belongs to IT ′≥n. Since every
subset S′ ∈ IT ′≥n is unbounded by the above argument, we have settled the case
ρ > 0.

Assume finally, that T is a degenerate operator with ρ < 0. Consider a family of
operators

T ′a = (x− a)−ρ · T,
where a ∈ C. Since under our assumptions, −ρ is a positive integer, Ta is a
degenerate exactly solvable operator for any a. Given S ∈ IT≥n, choose a ∈ S. Then
S ∈ IT

′
a

≥n and is therefore unbounded by the previous reasoning. �

6. Application of algebraic results to degenerate operators
sec:deg

In what follows, we need to consider the action of T =
∑k
j=0Qk(x) dj

dxj on
polynomials of the form (x− t)n for sufficiently large n. One has

T (x− t)n = (x− t)n−k
k∑
j=0

(n)j(x− t)k−jQj(x) = (x− t)n−kψT (x, n, t)

where ψT (x, n, t) is a trivariate polynomial. The important circumstance is that
the essential part ψ+

T (x, n) of ψT (x, n, t) is independent of t. We will apply to
ψ+
T (x, n) the results of the previous section and discuss how its zeros w.r.t x behave
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when n→ +∞. Denote by ajxdj the leading monomial of Qj(x) and consider the
polynomial

ψ̃T (x, n) =
k∑
j=0

ajn
jxdj+k−j .

(It contains much fewer monomials than ψT (x, n, t) but with the same coeffi-
cients.) Notice that the essential part ψ+

T (x, n) is obtained from ψ̃T (x, n) by
removing those monomials which do not belong to NE(ψT ). Taking the sym-
bol polynomial GT (x,w) =

∑k
j=0Qk(x)wj of T , we introduce its truncation

G̃T (x,w) =
∑k
j=0 ajw

jxdj and observe that ψ̃T (x, n) is obtained from G̃T (x,w)
by substituting w by n and adding k − j to the powers dj in the x variable to
the respective monomial. Thus the Newton polygon of ψ̃T (x, n) is obtained from
the Newton polygon of G̃T (x,w) by the affine transformation A sending (i, j) to
(i+ k − j, j). Therefore NE(ψT ) is obtained from the part of the boundary of the
Newton polygon of ψ̃T (x,w) under the latter affine transformation, see Fig. 3 for
an example.

NT

w

x

A−→
Nψ

n

x

Figure 3. The affine transformation A sending NT to Nψ. Here
T = (x3 + . . . ) d7

dx7 + (x6 + · · · ) d6

dx6 + d5

dx5 + (x7 + · · · ) d2

dx2 + (x +
· · · ) ddx +(x3 + · · · ), G̃T (x,w) = x3w7 +x6w6 +w5 +x7w2 +xw+x3

and ψ̃T (x, n) = n7x3 + n6x7 + n5x2 + n2x12 + x10.fig:neBoundaryShift

Denote the Newton polygon of G̃T (x,w) by NT and the Newton polygon of
ψ̃T (x,w) by Nψ. We have that Nψ = A ◦NT . The relation between the slopes of
edges before and after the affine transformation A is as follows.

If the slope sl of an edge of NT equals sl = µ
ν where µ and ν are coprime integers

and ν > 0, then the slope of its image asl equals asl = µ
ν−µ which implies that

asl = sl
1−sl or, equivalently, sl = asl

1+asl . Therefore if asl is a negative integer then
we get

asl = −J, J > 0⇔ sl = J

J − 1 .

Obviously any sl of the above form is positive (or +∞).
Analogously, if asl is a negative half-integer then we get

asl = −J2 , J > 0 and odd⇔ sl = J

J − 2 .

Again any sl of the above form is positive with the only exception J = 1 for which
sl = −1.

It is easy to describe A−1(NEψ) as the part of the boundary NT starting at Vn
and going southeast till we either reach the lowest point of the polygon or till the
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slope of the next edge becomes smaller than or equal to 1. Denote A−1(NEψ) as
BT and call it the shifted northeastern border of NT .

One can easily check that for T =
∑k
j=0Qk(x) dj

dxj , the corresponding NE(ψT )
is a single point if and only if T is nondegenerate. So for any degenerate T , its
NE(ψT ) contains at least one edge. Additionally, asl < 0 if and only if 1

sl < 1 which
means that either sl < 0 or sl > 1.

Observe that the vertex Vn of ψ̃ coincides with that of G̃. The following notion
is important for the rest of the paper.

Definition 40. A degenerate operator T is called defining/almost defining/non-
defining if its Newton polygon Nψ is defining/almost defining/non-defining resp. In
terms of the Newton polygon NT this means that its shifted northeastern border
BN is not a single point and in the defining case it contains an edge with the slope
of the form J

J−β with β ≥ 3, in the almost defining case all edges of BN have slopes
J
J−1 but there exists either one edge with slope J

J−2 , J odd and length greater than
2 or two such edges with length 2; and in the non-defining case contains edges
of arbitrary integer length with slopes J

J−1 , J being a positive integer, except for
possibly one edge of integer length 2 whose slope is J

J−2 , J odd.

The following result is an easy consequence of our previous considerations.

th:defining Theorem 41. For any nonnegative integer n and (almost) any degenerate operator
T whose NT is (almost) defining, the only set contained in IT≥n is C.

sec:nondefining
6.1. Degenerate operators with non-defining Newton polygons. As we have
seen above the convex hull of the set ΥT of all leading constants for (almost) every
degenerate T with (almost) defining NT contains 0 as its interior point.

For degenerate T with non-defining NT whose northeastern border we will denote
by NET , it might still happen that 0 is the interior point of the latter convex hull
in which case the conclusion of Theorem 41 holds. However for a full-dimensional
subset of Pol(NE) with a given non-defining NE, their leading constants belong
some half-plane in C bounded by a line passing through 0 and therefore 0 lies on
the boundary of their convex hull. In this situation the conclusion of Theorem 41
fails and we will discuss this case below.

Definition 42. Given a finite set U = {u1, . . . , uk} of (not necessarily distinct)
complex numbers, we define the cone C+U ⊆ C generated by U as given by

C+U := {α1u1 + α2u2 + · · ·+ α`u`},where αj ≥ 0, j = 1, . . . , `.
We say that a set S ⊆ C is closed with respect to C+U ⊆ C if for any complex

number z ∈ S and any v ∈ C+U , z + v belongs to S.

Obviously, 0 is the interior point of the convex hull of U = {u1, . . . , u`} if and
only if C+U = C.

Given a degenerate operator T with non-defining polygon NT , define ΥT :=
{ε1, . . . , εm} as the collection of all its leading constants and set C+

T := C+(ΥT ). As
we mentioned above, if C+

T = C, then the conclusion of Theorem 41 holds. Let us
assume now that C+

T is a closed sector in the plane with positive angle ≤ π. (We
are then missing two remaining cases: C+

T being a line through the origin and C+
T

being a half-line through the origin.)

lm:cone Lemma 43. In the above notation, any set S ∈ IT≥n is C+
T -invariant.

Proof. (Sketch) Indeed, take a point t ∈ S and consider the sequence of polynomials
T (x − t)n when n increases. The roots of ψT (x, n, t) whose absolute values tend
to infinity will be spreading out to infinity approximately along the rays whose
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directions are given by the elements of ΥT . Since every S must be convex the result
follows. �

th:cone Theorem 44. In the above notation, if the leading coefficient Qk(x) of the operator
T is not a constant, then limn→∞MT

≥n = Conv(Qk)⊕ C+
T , where Conv(Qk)⊕ C+

T

is the subset of C obtained as the union of all possible shifts of C+
T for which its apex

lie in Conv(Qk).

Proof. Write proof

�

6.2. Degenerate operators with non-defining Newton polygon and con-
stant leading term. The remaining case of a constant leading term is discussed
below. One can easily check that degenerate operators

T = dk

dxk
+Qk−1(x) d

k−1

dxk−1 + · · ·+Qk(x)

with non-defining NT split into two subclasses:
A: operators with constant coefficients;
B: operators satisfying the following three conditions:

(i) degQk−1 = 1;
(ii) degQj ≤ 1 for j = 0, . . . , k − 2;
(iii) if jmin is the smallest value of j for which degQj = 1, then Q` must vanish

for all ` ≤ jmin − 2.
For the more interesting subclass (B) the northeastern border of such operator T

can consist of 1, 2 or three edges, see Fig. 4 below. If it consists of 1 edge then after
an affine change of x we can reduce such an operator to

T = dk

dxk
− x dk−1

dxk−1 + α
dk−2

dxk−2 , α ∈ C.

If it consists of 2 edges then after an affine change of x we can reduce such an
operator to

T = dk

dxk
− x

(
dk−1

dxk−1 +
∑̀
i=1

αi
dk−1−i

dxk−1−i

)
+
∑̀
i=1

βi
dk−2−i

dxk−2−i

where ` ≤ k−1 is a positive integer and all αi and βi are arbitrary complex numbers
with the only restriction α` 6= 0.

Finally, if it consists of 3 edges then after an affine change of x we can reduce
such an operator to

T = dk

dxk
− x

(
dk−1

dxk−1 +
∑̀
i=1

αi
dk−1−i

dxk−1−i

)
+
∑̀
i=1

βi
dk−2−i

dxk−2−i + β`+1
dk−3−`

dxk−3−`

where ` ≤ k − 3 is a positive integer, all αi and βi are arbitrary complex numbers
with the restrictions α` 6= 0 and β`+1 6= 0. We will discuss these subcases below.

sub:constant
6.2.1. Subclass A, i.e., operators with constant coefficients. Observe that in the case
case of constant coefficients, if S is a T -invariant set, then for any a ∈ C, Sa := S+a
is a T -invariant set as well.

pr:constantcoeff Proposition 45. Let

T = ak
dk

dxk
+ ak−1

dk−1

dxk−1 + · · ·+ a0, ak 6= 0 (6.1) {eq:constant}
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Figure 4. NE borders of the three sub-cases in subclass (B). Here,
× denotes a monomial that might be present, but all coefficients
below × must have coefficient 0.fig:neCases

be a linear differential operator with constant coefficients. Let Λ−1
T = {λ−1

1 , . . . , λ−1
k }

be the set of the inverses of characteristic exponents (not necessarily distinct), where
akt

k + ak−1t
k−1 + · · ·+ a0 = ak(t− λ1)(t− λ2) · · · (t− λk).

Then a convex set S ⊆ C is T -invariant if and only if S is closed with respect to
CΛ−1

T .

Remark 46. We use the convention that if λj = 0 then its inverse disappears from
the list Λ−1

T . Further notice that if CΛ−1
T = C which happens in the open (in the

usual topology) subset of linear differential operators of the form (6.1) of any given
order k ≥ 3, the only T -invariant S ⊆ C is the whole C.

Proof of Proposition 45. To prove the implication ⇒, we invoke Lemma 43 and the
observation that CΛ−1

T = C+
T .

To prove the converse implication, we proceed by induction on k whose base is
the following statement.

lm:order1 Lemma 47. For an operator T = d
dx −λ, a convex set S ⊆ C is T -invariant if and

only if for any x ∈ S and τ > 0, the number x− τλ belongs to S which is equivalent
to S being closed with respect to CΛ−1

T .

Proof. In case λ = 0, any convex set S is T -invariant due to the Gauss–Lucas
theorem. For λ 6= 0, using the rescaling of x we can reduce T to the special case
d
dx + 1. Observe that for any polynomial p(x), the zeros of p′(x) + p(x) coincide
with that of e−x(p(x)ex)′. Recall that ex = limn→∞(1 + x

n )n = limn→∞
(x+n)n
nn . By

translation invariance, we can additionally assume that either all roots of p(x) are real
or among these roots there is at least one with a positive imaginary part and at least
one with the negative imaginary part. For any natural n, all roots of ((x+n)np(x))′
lie in the convex hull of all roots of p appended with −n. When n→∞, we get the
required statement. In other words, all roots of p′(x) + p(x) = e−x(p(x)ex)′ lie in
the infinite polygon (or halfline) formed by the parallel translation of the convex
hull of all roots of p to infinity in the direction −1. �

To continue our proof by induction, notice that the operator (6.1) factorises as

T = ak

(
d

dx
− λ1

)(
d

dx
− λ2

)
· · ·
(
d

dx
− λk

)
=
(
d

dx
− λ1

)
T̃ ,

where T̃ has order k − 1. Observe that the factors in the above expansion commute.
By inductive hypothesis, S is a T̃ -invariant subset if and only if it is closed with
respect to CΛ−1

T̃
.

Assume that S ⊂ C is closed with respect to CΛ−1
T and let p(x) be a polynomial

with all roots in S. We need to show that T (p) has all roots in S. We have that
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T (p) =
(
d
dx − λ1

)
T̃ (p). Since S ⊂ C is closed with respect to CΛ−1

T it is also
closed with respect to CΛ−1

T̃
which implies that all roots of T̃ (p) lie in S. Using

Lemma 47 again and the fact that CΛ−1
T contains Cλ−1

1 we get that all roots of
T (p) =

(
d
dx − λ1

)
T̃ (p) lie in S as well. �

6.2.2. Subclass B, i.e., operators with constant leading term and degQk−1 = 1. Let
us start with operators of order 1. After an affine change of x, we only need to
consider one single operator T = d

dx − x. The following statement holds.

lm:d+x Lemma 48. The minimal T -invariant set of T = d
dx − x is the real axis.

Proof. It is easy to check using the main criterion of [BB09] that T is a HPO, i.e.,
sends every real-rooted polynomial to a real-rooted polynomial. Recall that the
symbol F (x,w) of the differential operator T =

∑k
j=0Qj(x) dj

dxj is by definition
given by F (x,w) =

∑k
j=0Qj(x)wj . The above mentioned criterion of being a HPO

says that the real algebraic curve ΓF ⊂ R2 with coordinates (x,w) which is the
zero locus of F (x,w), i.e., given by F (x,w) = 0 must intersect each affine line with
negative slope in all real points, i.e. the number of real points counting multuplicity
must be equal the degree of F (x,w). in the case under consideration, the symbol
F (x,w) of T equals w − x and it has one intersection point with each affine line
with negative slope. One can also check that no subinterval of R is a T -invariant
set. Indeed, applying T to x− α, α ∈ R we get

T (x− α) = −x(x− α) + 1 = −(x2 − αx− 1)
whose roots are α/2 ±

√
(α/2)2 + 1. They are the endpoints of a real interval

containing α. �

The next result describes which operators T in the class B are HPO and therefore
their minimal T -invariant set is the real axis and thus is minimal possible.
(Is it obvious that it can not be a half-axis?)

Observe that for any operator T belonging to the class B its symbol F (x,w) is
of the form U(w)− xV (w) where U(w) = wk + · · · and V (w) = wk−1 + · · · . Here
· · · stands for lower degree terms in w. Denote by ΓF the symbol curve of the latter
F (x,w) which in this case is given by the union of the collection of lines given by the
equation S(w) = 0 where S(w) is the maximal common factor of U(w) and V (w)
together with the graph of rational function x = Ũ(w)

Ṽ (w) , where U(w) = S(w)Ũ(w)
and V (w) = S(w)Ṽ (w). (Notice that Ũ(w) and Ṽ (w) are coprime.)

prop:rational Proposition 49. The operator T belonging to the class B is a HPO if and only if
(1) both polynomials U(w) and V (w) are real-rooted (and, in particular, have

real coefficients after a scaling);
(2) the roots of Ũ(w) and Ṽ (w) are strictly interlacing.

Proof. Indeed, we need to understand when any real affine line with a negative
slope intersects the curve ΓF given by U(w)− xV (w) in k real points. Since ΓF is
the union of the collection of lines given by the equation S(w) = 0 together with
the graph of rational function x = Ũ(w)

Ṽ (w) then we need to intersect both of them in
real points only. To intersect the collection of lines in all real points we need S(w)
to be real-rooted. To intersect x = Ũ(w)

Ṽ (w) in all real points by an affine line with

a non-positive slope we need x = Ũ(w)
Ṽ (w) to consist of degU(w) real and monotone

increasing branches between the poles of this rational function. For this we need all
zeros of Ṽ (w) and Ũ(w) to be real and interlace. �
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The next result describes which operators T in the class B preserve the closed
upper half-plane H+ = {x | Im x ≥ 0}.
(Hopefully, it can be modified to characterize the preservation of an arbitrary
halfplane.)

prop:halfplane Proposition 50. The operator T belonging to the class B preserves H+ if and only
if the rational function U(w)

V (w) preserves it.

Proof. Indeed, by the main criterion of [BB09] T preserves H+ if and only if
F (x,−w) is non-vanishing in the domain H2

+ = {(x,w) | Im z > 0 and Imw > 0}.
In other words, the zero locus of U(−w)− xU(−w) should not intersect H2

+. This
zero locus is given by the union of S(−w) = 0 and x = Ũ(−w)

Ṽ (−w) .

WHAT ABOUT S(−w) = 0???

Consider now the rational function R− : CP 1
w → CP 1

z given by R−(w) = Ũ(−w)
Ṽ (−w) .

To satisfy our condition we need that R−(w) sends the open upper half-plane in
CP 1

w to the open lower half-plane in CP 1
z which is equivalent to the fact that the

original rational function R(w) = Ũ(w)
Ṽ (w) sends the open upper half-plane in CP 1

w to
the open upper half-plane in CP 1

z . In other words, it preserves H+. Notice that
R(w) = w+ Ũ(w)−wṼ (w)

Ṽ (w) which implies that it sends H+ to itself for large |w|. (Here

we use that Ũ(w)−wṼ (w)
Ṽ (w) is bounded when z →∞.) �

lm:cond Lemma 51. A rational function R(w) = zk+1+αzk+···
zk+βzk−1+··· preserves H+ if and only if

one of the following equivalent conditions holds:
(1) R−1(RP 1) does not intersect the open upper halfplane;
(2) R(w) has no real critical points with real critical values, ImR(w) ≥ 0 for

all real w and all the poles of R(w) lie in the closed lower halfplane.

Remark 52. The condition that ImR(w) ≥ 0 for real w and R(x) = P (x)
Q(x) is

equivalent to ReQ(w)ImP (w) − ImQ(w)ReP (w) ≥ 0 for real w. Therefore this
condition can be made efficient in terms of the coefficients of P (w) and Q(w).
Observe that by our assumptions R(w) sends ∞ to ∞ with multiplicity 1. A
necessary condition for ImR(w) ≥ 0 for all real w to hold is that there are no
real real critical points of R(w) with real critical values and, in particular, no real
poles of multiplicity greater than 1. Additionally, if real poles exist they must have
negative residues.

Proof. Indeed, the complement CP 1 \R−1(RP 1) splits into positive and negative
connected components which are mapped by R(w) to the open upper and lower
halfplanes respectively. The requirement that R(w) preserves H+ means that H+ is
contained in the closure of one of the latter positive connected components which is
equivalent to the fact that R−1(RP 1) does not intersect the open upper halfplane.

Let us first show the conditions (2) are necessary. Indeed ImR(w) ≥ 0 for real
w is obvioiusly necessary for R(w) to preserve H+ since otherwise a point on the
real axis maps to the open lower halfplane. The absence of poles in the open upper
halfplane is equally obvious since R(w) maps a sufficiently small neighborhood of
such pole surjectively onto some neighborhood of ∞. Since ∞ lies on the boundary
of H+ (which is topologically a disk) there exists a point close to the such pole
which will be mapped outside H+. Contradiction.

Let us now show the sufficiency of conditions (2). Notice that the set of all
poles of R(w) is the complete preimage of ∞ ∈ RP 1. Let us show that R−1(RP 1)
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does not intersect the open upper halfplane. Indeed, take the preimage curve γp
in R−1(RP 1) which passes through a given pole p in the open lower halfplane. Let
us show that γp does not cross the real axis. Notice that singularities of R−1(RP 1)
only occur at the critical points with real critical values. Indeed, assume that γp
crosses the real axis at some point q. Then since we are requiring that there are
no real critical points with real critical values q is nonsigular and γp is smooth at
q. Then the real intervals (q − ε, q) and (q, q + ε) where ε is sufficiently small are
mapped by R(w) to the opposite halfplanes which contradicts to the requirement
ImR(w) ≥ 0 for all real w.

�

7. Variations and further outlook
sec:examples

Above we have mainly concentrated on invariant sets for roots of polynomials of
degree at least n. Unfortunately at the moment, we neither have a description of
the (boundaries of these) minimal invariant sets nor a numerically stable procedure
which will construct them or their approximations in specific examples. The goal of
this section is to present some interesting variations of our basic notion of invariant
sets together with numerical examples illustrating the other types of invariant sets
introduced below. These notions are of definite interest and worth studying in the
future.

Variation 1: invariant sets for roots of polynomials of a fixed degree.
Instead of looking for a set which is invariant for roots of polynomials of degree at
least n, we can relax the requirement and ask that a set is only invariant for roots
of polynomials of degree exactly n. In other words, given an operator T as above, a
set S ⊂ C is called T -invariant in degree n if every polynomial of degree exactly n
with all roots in S, has the property that T (P ) has all roots in S (or is constant).

Given T and n, we denote by ITn the family of T -invariant sets in degree n
and we denote by MT

n the corresponding unique minimal closed invariant set (if
it exists). Note that MT

n ⊆ MT
≥n. It makes most sense to study MT

n for exactly
solvable operators T since in this case they preserves the degrees of polynomials
they act upon.

As we will show below, in many cases MT
n can have a complicated structure — in

particular, it does not need to be convex, and it can be a fractal etc. An illustration
can be found in Fig. 5. Detailed study of T -invariant sets in degree n is carried out
in the sequel paper [ABS19].

ex:juliaExample Example 53. The minimal invariant set MT
1 for the differential operator T =

(x2−x+ i) ddx + 1 coincides with the classical Julia set associated with f(x) = x2 + i.

Variation 2: Hutchinson-invariant sets. A set S ⊂ C is called Hutchinson-
invariant in degree n if every polynomial of the form P (x) = (x− t)n with t ∈ S, has
the property that T (P ) has all roots in S (or is constant). In particular, a T -invariant
set in degree 1 is a Hutchinson-invariant set in degree 1 and vice versa. However,
for n > 1, T -invariant and Hutchinson-invariant sets in degree n in general do not
coincide. We denote by HTn the collection of all Hutchinson-invariant sets in degree n
and by HMT

n ∈ HTn the unique minimal under inclusion closed Hutchinson-invariant
set in degree n (if it exists). Notice that

HMT
n ⊆ MT

n ⊆ MT
≥n.

In particular, if HMT
n exists, then MT

n and MT
≥n exist as well.

Let us explain our choice of terminology. Hutchinson-operator defined by a finite
collection of univariate functions φ1, . . . , φm and its invariant sets were introduced
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Figure 5. The minimal set MT
1 for the operator (x2−x+ i) ddx + 1.

This set has the property that if t ∈ MT
1 , then ±

√
t− i is also in

MT
1 .fig:julia

and studied in [Hut81] as well as a large number of follow-up papers. In our situation,
assume that the action of T on (x− t)n factorizes as:

T ((x− t)n) = (x− (a1t+ b1)) · · · (x− (amt+ bm)) , (7.1) {eq:factorizable}

see e.g. (3.2). Then we have that if S ⊂ C is Hutchinson-invariant in degree
n, then fi(S) ⊆ S for all i = 1, 2, . . . ,m, where fi(t) = ait + bi. If all these fi
are contractions, that is, |ai| < 1, one can show that there is a unique minimal
non-empty closed Hutchinson-invariant set S, and it is exactly the invariant set
associated with the Hutchinson-operator defined by f1, . . . , fm, see [Hut81]. (One
can also consider other types of factorizations similar to (7.1) with e.g. polynomial
or rational factors.) This observation implies that one can obtain many classical
fractal sets such as the Sierpinski triangle, the Cantor set, the Lévy curve and the
Koch snowflake as Hutchinson-invariant sets, see Example 54. In particular, MT

n

does not have to be connected.
Julia sets associated with rational functions can also be realized as Hutchinson-

invariant sets of appropriately chosen operators T , see [ABS19]. Let us illustrate
the situation with Example 53 and Example 55.

ex:levy Example 54. For the differential operator T = x(x+ 1) d
2

dx2 + i ddx + 2, the set HMT
2

is a Lévy curve. The roots of T ((x− t)2) are given by

x = 1 + i

2 t and x = 1− i
2 (t− i).

The two maps
t 7→ 1 + i

2 t and t 7→ 1− i
2 (t− i) (7.2) {eq:levyMaps}

are both affine contractions which together produce a fractal Lévy curve as their
invariant set, see Fig. 6. In particular, every member of IT2 must contain HMT

2
given by the latter curve which also implies that MT

2 exists.

ex:juliaSpecial Example 55. The differential operator T = x(x− 1) d
dx + 1 admits two minimal1

sets HMT
1 , one of which is the one-point set {0} and the other is the unit circle. This

1Minimal here means that no proper closed subset is an invariant set.
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Figure 6. The Hutchinson-invariant set HMT
2 for the operator

T = x(x+ 1) d2

dx2 + i ddx + 2. The two colors indicate the image of
the set under the two maps in (7.2).fig:levy

fact is in line with known properties of the Julia sets; some very special rational
functions admit several completely invariant sets containing one or two points. The
reason why the above case is exceptional, is that T maps the polynomial x to x2,
which has the same zeros as x. In general, such exceptional invariant sets only show
up in the situation when there exists some t such that T (x − t) = c(x − t)k, see
[Bea00].
Remark 56. There are at least two advantages in studying Hutchinson-invariant
sets compared to the set-up of the present paper. The first one is that the occuring
types of fractal sets have already been extensively studied which connects this topic
to the existing classical complex dynamics, comp. e.g. [Bar93, Fal04]. The second
advantage is that there exists a stable Monte–Carlo-type method for producing a
good approximation of HMT

n , whenever the latter set is compact. Namely,
(1) start with some z0 ∈ C;
(2) for j = 0, 1, 2, . . . , pick randomly a root of T ((x−zj)n) with equal probability,

and denote it by zj+1;
(3) plot zj+1 and iterate step 2 until a picture emerges.
Our experiments show that about 100 iterations per final pixel gives a clear

picture. This algorithm was used to create Fig. 5. The set of points zj rapidly
converge to the set HMT

n , and the initial choice of z0 statistically will not matter.

Variation 3: Hutchinson-invariant sets with continuous parameter. Given
T and n as above, consider

ψ(x, t, n) := T ((x− t)n)/(x− t)n−k,
where k is the order of the operator T . Then ψ(x, t, n) is a polynomial in C[x, t, n].
Given n0 ≥ 0, we say that a set S is Hutchinson-invariant with parameter ≥ n0 if
for every real number n ≥ n0, we have that

ψ(x, t0, n) = 0 (considered as a polynomial in C[x])
has all roots in S, whenever t0 ∈ S. We denote by CHT≥n0

the collection of all
Hutchinson-invariant with parameter ≥ n0 and by CHMT

≥n0
the minimal non-empty
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closed such set S (it if exists). It is easy to verify that, for all integers m ≥ 1,

HMT
m ⊆ CHMT

≥m ⊆ CHMT
≥0.

Properties of the minimal invariant set CHMT
≥n0

seem to substantially depend
on whether n0 = 0 or n0 > 0, see Fig. 7, and Fig. 8. Namely, the boundary of
CHMT

≥0 looks rectifiable, while the boundary of CHMT
≥1 seem to have a fractal

(and non-rectifiable) character. However, in contrast with Hutchinson-invariant sets
which can be fractal, CHMT

≥n0
always has a finite number of connected components.

lem:pathWiseConnected Lemma 57. For any operator T and a real number n0 ≥ 0, the set CHMT
≥n0

consists of finitely many path-connected components.

Proof. By minimality of CHMT
≥n0

, if t ∈ CHMT
≥n0

, we may assume that there exist
t0 ∈ CHMT

≥n0
and n ≥ n0, such that t is a root of ψ(x, t0, n) = 0. Since roots of a

polynomial depend continuously on the coefficients, there exists a curve γ(s), with
γ(n) = t and γ(∞) = x∗, such that

ψ(γ(s), t0, s) = 0 for all s ∈ [n,∞),
where x∗ is a zero of the leading coefficient Qk(x) in T . �

Approximations of CHMT
≥n0

can also be obtained via the same Monte–Carlo
method as above, but in this case the parameter n has to be chosen according
to some probability distribution supported on [n0,∞). For example, to produce
Figs. 7 and 8, we used n = (u/(1 − u))r where u is uniformly distributed on the
unit interval, and r > 0 is a fixed parameter.

Figure 7. The minimal Hutchinson-invariant set CHMT
≥0 with

non-negative parameter ≥ 0 for T = x d
dx + (x+ 1)2. The color of a

pixel indicates what value of u was used to obtain the respective
value zj .fig:cardiodid
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Figure 8. The minimal Hutchinson-invariant set CHMT
≥1 with

parameter ≥ 1 for T = x d
dx + (x+ 1)2. Recall that the case n = 1

gives MT
1 , which is a Julia fractal. This fact explains the fractality

of the boundary of CHMT
≥1.fig:cardiodid2

In general, it is unclear what the relation between CHMT
≥n and MT

≥n is, but for
large n, we expect the inclusion CHMT

≥n ⊆ MT
≥n, since extending the domain of n

from the set of large integers to the set of large real numbers does not seem to make
a big difference. Note that Conjecture 23 and Proposition 58 suggest that these sets
coincide in the limit n→∞.

The following proposition shows that as n0 grows, the minimal continuous
Hutchinson-invariant set converges to the zero locus of the leading coefficient Qk of
T .

prop:hutchinsonConvHull Proposition 58 (Convergence to the zero locus of Qk). Given a non-degenerate
operator T =

∑k
j=0Qj

dj

dxj , R > 0 and δ > 0, then there exists n0 = n0(R, δ)
such that for all t ∈ C, with |t| < R we have that each root of

T [(x− t)n] = 0

different from t lies at a distance at most δ from some root of Qk(x).
In particular, for any δ > 0, there exists an n0 = n0(δ) such that the δ-

neighborhood of the union of roots of Qk(x) is Hutchinson-invariant in degree
n, for all n ≥ n0. The same holds for the Hutchinson-invariant sets with parameter
exceeding n.

Proof. Fix R > 0 and δ > 0. A straightforward calculation shows that

ψ(x, t, n)
n(n− 1) · · · (n− k + 1) = Qk(x) +

k∑
j=1

Qk−j(x)(x− t)j

(n− k + 1)(n− k + 2) · · · (n− k + j) .
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Hence, the zeros ψ(x, t, n) = 0 tend to the zeros Qk(x) as n → ∞, provided that
|t| < R. Thus, for some n0 := n0(δ), all roots of ψ(x, t, n) = 0 lie at a distance at
most δ from the fundamental polygon of T . �

Variation 4: two-point Hutchinson invariant sets. Our last variation of the
notion of invariant sets is inspired by the convexity property of sets from IT≥n.

Set P (x) := (x− t1)n1(x− t2)n2 and consider

φ(x, t1, n1, t2, n2) := T (P )
(x− t1)n1−k(x− t2)n2−k

,

where k is the order of the operator T . Again, φ(x, t1, n1, t2, n2) is a polynomial
in C[x, t1, n1, t2, n2]. Given n0 ≥ 0, a set S ⊂ C is called two-point Hutchinson
invariant with parameters ≥ n0 if for every pair of real number n1, n2 ≥ n0, we have
that

φ(x, t1, n1, t2, n2) = 0 (considered as a polynomial in x)
has all roots in S, whenever t1, t2 ∈ S. We denote by C2HMT

≥n0
the minimal under

inclusion non-empty closed set S which is two-point Hutchinson invariant with
parameters ≥ n0 (if it exists).

Obviously, CHMT
≥n0
⊆ C2HMT

≥n0
. Moreover, we can apply the same technique

as in Theorem 8, to show that two-point continuous invariant sets are convex.
In Fig. 9, we show and compare the minimal Hutchinson-invariant set with a

non-negative parameter and the minimal two-point Hutchinson invariant set with
non-negative parameters for the operator T = (x− i) ddx + x2 − 1. It is tempting to
conjecture that the boundary curve (connecting −1 and 1, and passing through i) is
a cycloid, and that the boundary curve in Fig. 7 is a cardiodid. However, computer
comparisons suggest that this might not be the case.

Remark 59. The linear operators which factor as in (7.1) allow us to produce a
large class of fractal sets associated with Hutchinson operators, where each map is
an affine contraction from C to C. These minimal invariant sets HMT

n are fractals,
and therefore might be difficult to study. Can one instead give a (simple) description
of the boundaries of the associated continuous Hutchinson invariant set CHMT

≥0 or
its larger convex cousin C2HMT

≥0? Remember that we have the set of inclusions

HMT
n ⊆ CHMT

≥0 ⊆ C2HMT
≥0,

so a simple description of CHMT
≥0 may provide some additional insight in the nature

of HMT
n .

8. Final remarks and problems
sec:final

1. The major open question related to the present paper is how to describe
the boundary of MT

≥n for non-degenerate or degenerate operators with
non-defining Newton polygons and Qk different from a constant. At the
moment we only know what happens with MT

≥n when n→∞. Our numeri-
cal experiments indicate that the boundary of MT

≥n is piecewise analytic.
Already for no-degenerate operators of order 1 this problem seems to be
quite non-trivial.

2. Another important issue to study is the dependence of MT
≥n on the coeffi-

cients of operator T . It seems that even in the case when T is non-degenerate
and n is such that MT

≥n is compact, it is loose compactness under small
deformation of T with the space of non-degenerate operators of the same
order. Even for operators of order one the question is non-trivial. For
example, consider the space of pairs of polynomials (U, V ) where degU = k
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Figure 9. The 1-point and 2-point Hutchinson-invariant set for
the operator T = (x− i) d

dx + x2 − 1. As expected, the second set
is convex and is indeed a super-set of the first set. (The sporadic
pixels below the real axis in the second picture seem to be artifacts
of the Monte-Carlo method used to produce the image.)fig:cycloids

and deg V = k − 1. Describe the boundary of the space of such pairs for
which MT

≥n is compact?
3. Can one say more about operators with constant leading term and degQk−1 =

1?
4. Can one say more about operators with ΥT being a line or a halfline?
5. Could there be a compact invariant set of a non-degenerate operator T

violating the assumptions of Theorem 14? It guarantees that all sufficiently
large disks centered at the origin are T -invariant. But is this necessary for
the existence of compact invariant sets?
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Moscow-Leningrad, 1948. MR 0030003
[Wal78] Robert J. Walker, Algebraic curves, Springer-Verlag, New York-Heidelberg, 1978, Reprint

of the 1950 edition. MR 513824

Department of Mathematics, Stockholm University, S-10691, Stockholm, Sweden
E-mail address: per.w.alexandersson@gmail.com

Department of Mathematics, Royal Institute of Technology, SE-100 44, Stockholm,
Sweden

E-mail address: pbranden@kth.se

Department of Mathematics, Stockholm University, S-10691, Stockholm, Sweden
E-mail address: shapiro@math.su.se


	1. Introduction
	2. General properties of invariant sets
	3. Non-degenerate operators
	3.1. Existence of invariant disks
	3.2. Description of the limit minimal set .

	4. Operators of order one
	5. Degenerate operators: preliminaries
	5.1. (Tropical) algebraic preliminaries and three types of Newton polygons
	5.2. Preliminaries on exactly solvable operators
	5.3. General results about degenerate operators

	6. Application of algebraic results to degenerate operators
	6.1. Degenerate operators with non-defining Newton polygons
	6.2. Degenerate operators with non-defining Newton polygon and constant leading term

	7. Variations and further outlook
	8. Final remarks and problems
	References

