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ABSTRACT. We study compactly supported probability measures in the com-
plex plane whose Cauchy transforms are branches of algebraic functions. To
such a germ we associate the normalized spectral curve and the meromorphic
differential Q2 = wdz. Under the assumptions that  has purely imaginary
periods and satisfies a natural admissibility condition at its poles, we con-
struct a positive mother body measure by means of the upper envelope of
the single-valued harmonic function ® [Q. We also prove a uniqueness re-
sult for the canonical measure under an additional geometric hypothesis on
the maximality graph. Finally, we recall the relation of our assumptions with
real-normalized meromorphic differentials on compact Riemann surfaces.

1. INTRODUCTION

Let u be a finite compactly supported complex measure in the complex plane C.
Define the logarithmic potential of p as

u(2) == /@ In |z — €ldu(€)

and the Cauchy transform of p as

Culz) := / d,uf('g*)
cz—¢§
Standard facts about the Cauchy transform include:

e C, is locally integrable; in particular it defines a distribution on C and
therefore can be acted upon by % and %.

e C, is analytic in the complement in C = CU {oo} to the support of u. For
example, if p is supported on the unit circle (which is the most classical
case), then C, is analytic both inside the open unit disc and outside the
closed unit disc.

e with the standard convention 0, = (9, —i0,)/2 and 05 = (0, +109,)/2, the
relations between p, C,, and u,, are as follows:

Ouy, 19C, 2 0%, 1
o MM RS Te TR o
These identities are understood in the sense of distributions.

(1.1) C, =2
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For more relevant information on the Cauchy transform we recommend a short
and well-written treatise [6].

The following problem was formulated and discussed in some generality in [5].

Main problem. Given a germ f(z) = ao/z + Y ;95 ai/2%, ag € R of an algebraic
(or, more generally, analytic) function near oo, is it possible to find a compactly
supported signed measure whose Cauchy transform coincides with (a branch of) the
analytic continuation of f(z) a.e. in C? Additionally, for which f(z) it is possible
to find a positive measure with the above properties?

The present note is closely related to the theory of piecewise harmonic subhar-
monic functions and positive Cauchy transforms developed in [2, 3], to the mother-
body problem for algebraic Cauchy transforms studied in [5], and to the appearance
of Boutroux, or equivalently imaginary-period, curves in asymptotic zero distribu-
tion problems; see for example [4]. The terminology concerning real-normalized
differentials comes from Krichever’s work and its later developments [7, 8, 9].

Remark 1. Observe that the obvious necessary condition ag > 0 is sufficient for
the existence of a compactly supported positive measure whose Cauchy transform
coincides with any given germ f(z) = ag/z + Y94 ai/2" locally near oo, see Theo-
rem 1 of [5]. On the other hand, in general, the possibility to represent an analytic
continuation of f(z) as the Cauchy transform of a positive or signed measure almost
everywhere in C imposes strong and at present unknown restrictions on f(z), see
relevant discussions in loc. cit.

If such a signed measure exists and additionally its support is a finite union
of compact semi-analytic curves and isolated points we will call it a real mother
body measure of the germ f(z), see Definition 1 introduced in [5] below. If the
corresponding measure is positive, then we call it a positive mother body measure

of f(2).

Definition 1. Given a germ f(z) = ag/z + > ;95 ai/2", ag > 0 of an analytic

function near oo, we say that a signed measure py is its mother body if:

(i) its support supp(ps) is the union of finitely many points and finitely many

compact semi-analytic curves in C;

(ii) The Cauchy transform of uy coincides in each connected component of the

complement C \ supp(ps) with some branch of the analytic continuation of f(z).
(Here by a compact semi-analytic curve we mean a compact segment of a real-

analytic curve in C ~ R2.)

Remark 2. The original notion of a mother body of a solid domain was appar-
ently pioneered in the 1960’s by a Bulgarian geophysicist D. Zidarov [13] and later
mathematically developed by B. Gustafsson [11]. Although a number of interesting
results about mother bodies was obtained in several special cases, [11], [13] there is
still no consensus about its appropriate general definition. In particular, no general
existence and/or uniqueness results are known at present.

Remark 3. Notice that by Theorem 1 of [3], if the Cauchy transform of a positive
measure coincides a.e. in C with an algebraic function f(z), then the support of
this measure is a finite union of semi-analytic curves and isolated points. Therefore
it is a mother body measure according to the above definition. Whether the latter
result extends to signed measures is at present unknown.
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Relations (1.1) suggest that a complex-valued measure p in C should be con-
sidered as a 2-current (i.e. generalized complex-valued 2-form), its logarithmic
potential u,, as a distribution (i.e. a generalized function) harmonic outside the
support of p and its Cauchy transform C, as a 1-current (i.e. generalized 1-form)
holomorphic outside the support of u. To emphasise this, we denote the measure
w by pdzdz and its Cauchy transform C, by C,dz.

We consider the situation when pdzdZ is a compactly supported probability mea-
sure which implies that C,dz = (1/2+ Y ;5 a:/2")dz = —(1/Z + Y 150 a; 277 2)dZ,
where Z = 1/z, i.e. it has a simple pole with residue —1. B

Assume that C,dz near oo equals f(z)dz where f(z) is a branch of an algebraic
function, i.e. it is a branch of a plane algebraic curve I'y C C? given by some
bivariate polynomial

Pf ('LU, Z) =0,

where w stands for the variable corresponding to the Cauchy transform. Consider
the standard compactification of C? with coordinates (w, z) as a subset of CP! x
CP! by projectivising the coordinates w and z respectively. Denote by ff C CP'x
CP" the compactification of T'y C C?; denote by T’y the normalisation of T'; and
by v : r F ff the standard normalisation map. The smooth compact Riemann
surface T ¢ is birationally equivalent to I'y. Let us consider the meromorphic 1-
form )y = wdz on the curve I'y and take its pullback on ff. (By a slight abuse of
notation, we denote the pullback of Q¢ to r 7 by the same letter.)

Observe that we have a the standard branched covering 7, : r s CP" along
the w-axis onto the z-axis. The pullback 77 *(C,dz) of the locally defined C,(z) to
the appropriate branch of r #, by definition, locally coincides with .

Definition 2. We say that a germ of an algebraic function f(z) = ag/z +
Z‘;Q a;/2, ap # 0 near co € CP! has purely imaginary periods if the meromorphic

1-form Q (which is globally defined on f) has all imaginary periods.

Remark 4. The latter definition is equivalent to the fact that the multi-valued
primitive function ¥(p) = [; ;) Qy which is well-defined on the universal covering of

ff \ Polesy, where Polesy C I'y is the set of all poles of Q and pg is some fixed
base point has a uni-valued real part RW¥(p) which is well-defined on r 7\ Polesy.
The periods of 2f are of two types: periods related to the poles of Q¢ and periods
related to the 1-dimensional homology classes of r ¢- The first type of periods are

purely imaginary if and only if all residues of Q; are real. The second type of
periods is absent if and only if I'; has genus 0.

The main result of the present paper is as follows.

Theorem 1. Let f(z) = 1/2+ > ,5,a:/2" be a germ of an algebraic function at
o0, and let T', X = f, 7: X — CP! and Q = wdz be as above. Assume that
(1) all periods of Q are purely imaginary;
(2) the germ f determines a point ps € X over z = 0o at which Q has residue
~1;
(3) the real primitive H = R [ Q has no positive blow-up away from pey: more
precisely, for every pole q # ps of Q one has H(p) — —oc0 as p — q, while
near poo one has H(p) —log |z(p)| = O(1).
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Then there exists a compactly supported positive probability measure piy on C such
that its Cauchy transform coincides almost everywhere with a branch of the analytic
continuation of f. Its support is contained in a finite union of real-analytic arcs
and finitely many points. Thus iy is a positive mother body measure of the germ

f.
2. PROOFS

2.1. Im-normalized differentials. We shall use the following standard fact about
meromorphic differentials with real, or after multiplication by 4, imaginary periods.
A meromorphic differential n on a compact Riemann surface X is usually called
real-normalized if all its periods are real. Equivalently, —i€) is real-normalized
precisely when 2 has purely imaginary periods.

For fixed prescribed principal parts with real residues and total residue zero,
there exists a unique real-normalized meromorphic differential. Indeed, start with
any meromorphic differential with the prescribed principal parts. The real parts
of its periods define a real linear functional on Hq(X,R). By the non-degeneracy
of the period pairing for holomorphic differentials, there is a unique holomorphic
differential whose real periods cancel these real parts. Subtracting it gives the
required real-normalized differential. Multiplication by ¢ gives the corresponding
statement for imaginary-normalized differentials. Thus the period condition in
Theorem 1 is not an accidental constraint: it is the natural normalization which
makes R [ Q single-valued.

This class of differentials is classical in the algebro-geometric theory of inte-
grable systems and in the geometry of moduli spaces. It appears, for example, in
Krichever’s work on real-normalized differentials and Arbarello’s conjecture, and
in the work of Grushevsky and Krichever on the universal Whitham hierarchy and
the moduli space of pointed Riemann surfaces; see [7, 8]. In the present paper we
use the equivalent imaginary-normalized convention because the real part of the
primitive then becomes a globally defined harmonic function on X \ Pol(Q2). This
is exactly the feature needed for the logarithmic-potential construction below.

2.2. The real primitive. Let
X = f‘, 7:X — CP!
be the normalized compact curve associated with the algebraic function, and let
Q=wdz

be the corresponding meromorphic differential on X. Since all periods of € are
purely imaginary, the function

H(p) :—?R/pOpQ

is single-valued on X \ Pol(Q2), up to an additive constant. Changing the base point
only adds a constant to H and will not change the measure constructed below after
the normalization at infinity is fixed.

Near the distinguished point p., corresponding to the germ f(z) = 1/2+O(272?)
we have, with Z = 1/z,
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Thus resy,_ 2 = —1 and

H(p) =log|z(p)| + O(1),  p = pec.

By assumption, every other pole contributes only a negative logarithmic singularity
for H; in particular it cannot appear in the upper envelope below.

2.3. The upper envelope. Define, for z € C,

U(z) := max{H(p) : 7(p) = z}.
The maximum is taken over finitely many points, counted without multiplicity. At
ordinary points of the covering, U is the maximum of finitely many harmonic func-
tions. At ramification points the local branches of H are still continuous harmonic
functions after normalization of the curve. At poles different from p., the relevant
branches tend to —oo and hence do not affect the maximum. Consequently U is a
well-defined continuous subharmonic function on C which is locally the maximum
of finitely many harmonic functions.
The asymptotic normalization at p., gives

U(z) =log|z| + O(1), z = 0.

Indeed the branch corresponding to ps gives the lower bound U(z) > log |z|+O(1),
while the admissibility assumption rules out any other branch with larger growth
at infinity or with a finite positive blow-up.

Now put ,
uf:%AU:gaU,

™ w0z 0Z
in the sense of distributions. Since U is subharmonic, pf is a positive measure.
Since U(z) = log|z| + O(1) at infinity, the total mass of py is equal to 1. Hence s
is a positive probability measure.

The support of 15 is contained in the locus where at least two branches of H have
the same maximal value, together with possible logarithmic point masses coming
from finite poles. Equalities of two distinct harmonic algebraic branches are locally
real-analytic arcs, except at isolated singular points. Hence supp p¢ is contained in
a finite union of compact semi-analytic arcs and isolated points.

2.4. The Cauchy transform. On the open set where the maximum defining U
is achieved by a unique branch p = p(z), write locally

e - | "0, P = wpl).

Since U = RF on this open set, the standard complex derivative convention gives

ou
22— =F'(2) = .
= F(5) = w(p(2)
By (1.1), the Cauchy transform of p is
ou
C;Uff (Z) = 2&

outside supp p1y. The exceptional set where the maximum is achieved by more than
one branch is contained in the support of p; and has planar Lebesgue measure
zero. Therefore C,,, coincides almost everywhere in C with one of the branches of
the algebraic function w = f(z). Near infinity it is the original branch 1/2+0(272),
because there U(z) = log|z| + O(1) is realized by the chosen point pe.
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This proves the existence of a compactly supported positive mother body mea-
sure for the germ f.

3. UNIQUENESS OF THE CANONICAL MEASURE

Theorem 1 is an existence theorem. Nevertheless the construction used in its
proof is canonical: after the additive constant in H is fixed by the normalization
at infinity, the upper envelope

U(z) = max H(p)
pEn—1(z)
and its Riesz measure are uniquely determined. The following result gives a precise
uniqueness statement in a natural geometric class.

Let K denote the maximality graph of H, i.e. the compact set where either at
least two branches of H attain the maximum in the definition of U, or where a
logarithmic atom of the Riesz measure is located. Equivalently, K = supp uy for
the measure constructed above, after removing irrelevant arcs on which the jump
of the normal derivative is zero.

Theorem 2 (Uniqueness on the canonical support). Assume, in addition to the
hypotheses of Theorem 1, that the canonical support K = supp iy is a compact
finite union of real-analytic arcs and points and that C\ K is connected. Then iy
is the unique finite positive measure v satisfying the following two conditions:
(1) suppv C K;
(2) in C\ K, the Cauchy transform C, coincides with the branch of the algebraic
function selected by the upper envelope U.

FEquivalently, once the canonical support is prescribed, the upper-envelope construc-
tion determines a unique positive mother body measure.

Proof. Let v be another measure satisfying (i)—(ii). The branch selected by the
upper envelope is 1/z + O(z72) at infinity. Hence v has total mass one. Set
0 = v — iy. Then o is a finite signed measure supported on K, and its Cauchy
transform vanishes in C \ K.

Expanding at infinity gives

€)= 3 o [ € dote) =0

Jj=0

for sufficiently large |z|. Therefore all complex moments of o vanish:

/Ejda(f)ZO, j=0,1,2,....
K

Since C \ K is connected, Mergelyan’s theorem implies that polynomials are uni-
formly dense in C(K). Thus [, ¢do = 0 for every continuous function ¢ on K,
and consequently o = 0. Therefore v = py. a

Remark 5. The support condition in Theorem 2 is essential. The inverse balayage
problem and the general mother-body problem are not expected to have an automatic
uniqueness theorem without specifying either a support class or an extremality con-
dition. The theorem above should therefore be read as a uniqueness theorem on the
canonical support produced by the upper-envelope construction, not as a claim that
every positive measure with the same germ at infinity is necessarily equal to piy.
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4. FINAL REMARKS

Several questions remain open. First, it would be useful to find intrinsic criteria,
stated only in terms of the spectral curve X and the divisor of €2, guaranteeing that
the upper-envelope measure has no atoms and is supported only on analytic arcs.
Second, one would like to understand when the canonical support K coincides
with a critical graph of a naturally associated quadratic differential. Finally, a
more systematic comparison with classical mother bodies of algebraic domains and
quadrature domains should clarify the relation between the present construction
and the older theory initiated by Zidarov and developed by Gustafsson.

The admissibility condition in Theorem 1 deserves further study. The imaginary-
period condition is classical, being equivalent after multiplication by i to real-
normalization of meromorphic differentials. By contrast, the sign condition at finite
poles is a positivity condition for the logarithmic potential. It rules out finite posi-
tive logarithmic blow-ups and is therefore essential for compactly supported positive
probability measures.
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