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Abstract. Let λ be a partition and let Aλ and Bλ be universal matrices of independent odd
variables whose common zero pattern is the Young diagram of λ. Write det(I + tAλBλ) =

∑
j ϕjt

j

and let Aλ be the algebra generated by the ϕj . Evaluation hj 7→ ϕj induces an isomorphism
Sym/Iλ ∼= Aλ, where Iλ is spanned by the Schur functions sρ with ρ ̸⊆ λ, and Aλ is isomorphic to
the cohomology ring of the Grassmannian Schubert variety Xλc . Hence the sµ(ϕ), µ ⊆ λ, form a
basis with truncated Littlewood–Richardson multiplication, Aλ is Gorenstein exactly for rectangles,
and the Hilbert series

∑
µ⊆λ t|µ| is a weighted lattice-point enumerator of an order polytope.

For an arbitrary set D of cells, the Cauchy kernel identifies the graded dual of AD with an explicit
space of symmetric functions given by signed closed walks in D. The coefficient of a doubled-cell
monomial

∏
e∈S aebe in sµ(ϕ) is the trace, on the irreducible representation Vµ of the symmetric

group, of the generalized Young symmetrizer of S ⊆ D; if S is a Young diagram of shape τ , it is δµτ

times the product of the hook lengths of τ . Consequently sµ(ϕ) ̸= 0 if and only if Vµ occurs in the
Specht module of some S ⊆ D. We describe AD for disjoint unions and for diagrams whose connected
components are Ferrers diagrams, and classify the Gorenstein algebras among the latter. On the
geometric side, a Crofton-type formula writes the class of the diagram variety YD ⊆ Gr(r,m+ r) as
an average of doubled-cell functionals of tangent planes. It follows that the Schur support of [YD] is
the Specht support of D, and that [YD] is proportional to the doubled-cell functional when D is
Ferrers. We prove that AD is canonically isomorphic to the image of H∗(Gr(r,m+ r)) in H∗(YD)
whenever all components of D are Ferrers, show that this fails for the four-cell zigzag (3, 2)/(1), and
verify by exact computation that it holds for the non-Ferrers diagram (3, 3, 2)/(1).

1. Introduction

Canonical invariant Chern–Weil forms on type-A flag varieties generate finite-dimensional graded
algebras whose structure can be richer than that of the cohomology rings represented by these forms
[16, 12, 13]. For a Grassmannian, the curvature matrix at the standard point factors as a product
AB of rectangular matrices of odd Maurer–Cartan variables. We study the specializations obtained
by retaining only the entries indexed by a set of cells. For Young diagrams the resulting algebras
have a uniform description in terms of symmetric functions and Schubert geometry (Theorems A
and B). For arbitrary sets of cells they are governed by Specht modules of diagrams (Theorems C
and D), and a Crofton-type formula compares them with the cohomology of Grassmannian diagram
varieties (Theorem E).

1.1. Young diagrams. Let λ = (λ1 ≥ · · · ≥ λr > 0), put m = λ1, and write

Dλ = {(c, i) : 1 ≤ i ≤ r, 1 ≤ c ≤ λi}
for its Young diagram, with row coordinate i and column coordinate c. In the exterior algebra on
independent odd variables aci, bic indexed by Dλ, form the zero-pattern matrices

Aλ = (aci)m×r, Bλ = (bic)r×m.
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The entries of AλBλ are even and therefore commute. Define

Hλ(t) = det(Im + tAλBλ) = 1 + ϕ1t+ · · ·+ ϕmt
m

and let Aλ be the subalgebra generated by the ϕj , with deg ϕj = j (half the exterior degree).
Let Sym = C[h1, h2, . . .] be the ring of symmetric functions in the complete generators. For a

partition ρ, let sρ be the corresponding Schur function and set

Iλ = spanC{sρ : ρ ̸⊆ λ}.
The Littlewood–Richardson rule implies that Iλ is an ideal.

Theorem A. Evaluation hj 7→ ϕj induces a graded-algebra isomorphism

Sym/Iλ
∼−−→ Aλ.

Thus
{sµ(ϕ) : µ ⊆ λ} and {ϕµ1 · · ·ϕµℓ

: µ ⊆ λ}
are homogeneous bases, and

Hilb(Aλ; t) =
∑
µ⊆λ

t|µ|.

In the Schur basis, multiplication is given by

sµ(ϕ)sν(ϕ) =
∑
τ⊆λ

cτµνsτ (ϕ).

The vanishing half of Theorem A is representation-theoretic. The span of the cells of Dλ in
Cm ⊗ (Cr)∗ is stable under a product of Borel subgroups, so its exterior powers project nontrivially
only to skew Cauchy summands Sµ′Cm ⊗ Sµ(Cr)∗ with µ ⊆ λ; an odd version of the Cauchy–
Frobenius formula then forces sµ(ϕ) = 0 for µ ̸⊆ λ. Linear independence comes from the doubled-cell
monomials

Ωτ =
∏

(c,i)∈Dτ

acibic, τ ⊆ λ.

The coefficient of Ωτ in sµ(ϕ) is the trace of a Young symmetrizer of shape τ acting on the irreducible
representation Vµ of the symmetric group; hence it equals δµτHτ , where Hτ is the product of the
hook lengths of τ (Lemma 4.1).

The quotient in Theorem A is geometrically natural. If λ ⊆ mr and λc denotes the 180◦-rotated
complement of λ in this rectangle, let Xλc be the corresponding Schubert variety in Gr(r,m+ r).

Theorem B. There is a graded-algebra isomorphism

Aλ
∼= H∗(Xλc ;C),

where algebra degree d corresponds to cohomological degree 2d.

For a rectangle λ = mr this is the cohomology ring of Gr(r,m+ r). For nonrectangular λ the
Hilbert series is not palindromic, so Aλ is neither Gorenstein nor a complete intersection, and Xλc

is singular. Multiplication by ϕ1 is the Young-lattice up-operator on [∅, λ], with nilpotency index
|λ|+ 1.

The Hilbert series also has a polyhedral reading. The subdiagrams µ ⊆ λ are the order ideals
of the cell poset of Dλ; their indicator vectors are the lattice points of the corresponding order
polytope, and degree is the coordinate sum. This is distinct from the root-polytope Ehrhart theory
of bipartite graphs in [7]; see Section 5.
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1.2. Arbitrary supports. The odd-matrix construction does not use northwest closure. For an
arbitrary set of cells D ⊆ [m]× [r], called a diagram, place odd generators aci, bic, (c, i) ∈ D, in the
cells of D to obtain matrices AD and BD, and put

HD(t) = det(Im + tADBD) =
∑
j≥0

ϕj(D)tj , AD = C[ϕ1(D), ϕ2(D), . . .],

JD = ker
(
evD : Sym → AD, hj 7→ ϕj(D)

)
, sµ(ϕD) = evD(sµ).

Thus ADλ
= Aλ and JDλ

= Iλ, but in general JD is not spanned by Schur functions: for two cells
in distinct rows and columns, JD ∩ Sym2 = C(s2 − s11) (compare Remark 3.3). We describe JD
through its orthogonal complement J⊥

D ⊆ Sym for the Hall inner product; in each degree, J⊥
D is the

dual of the corresponding graded piece of AD.
For S, T ⊆ D with |S| = |T | = d, listed in fixed orders, let aS and bT be the ordered products of

the corresponding generators, and define FS,T ∈ Symd by ⟨f, FS,T ⟩ = [aSbT ] evD(f), the coefficient

of the monomial aSbT . For the doubled-cell monomial ΩS =
∏

e∈S aebe = (−1)(
d
2)aSbS put FS =

(−1)(
d
2)FS,S , so that ⟨f, FS⟩ = [ΩS ] evD(f). Let RS and CS be the groups of permutations of S that

preserve every row, respectively every column, regarded as subgroups of Sd through the order of S,
and put

rS =
∑
ρ∈RS

ρ, cS =
∑
γ∈CS

sgn(γ)γ, yS = cSrS ∈ C[Sd].

The left ideal Sp(S) = C[Sd]yS is the Specht module of the diagram S [6]; for S = Dτ it is the
irreducible module Vτ . The Specht support of S is the set of partitions µ such that Vµ is a constituent

of Sp(S). Write U = Cm and W = Cr, let eS ∈
∧d(U ⊗W ∗) be the wedge product of the vectors

uc ⊗ w∗
i , (c, i) ∈ S, and let πµ be the orthogonal projection onto the summand Sµ′U ⊗ SµW ∗ of the

skew Cauchy decomposition (3.4), for the Hermitian form in which the uc ⊗ w∗
i are orthonormal.

Finally, D is Ferrers if its nonempty rows, viewed as sets of columns, are totally ordered by inclusion;
equivalently, some permutation of rows and columns carries D to a Young diagram Dτ , and τ is the
shape of D.

Theorem C. Let D ⊆ [m]× [r] be an arbitrary diagram.

(i) (Cauchy-kernel duality.) In AD ⊗ Sym(y),∑
µ

sµ(ϕD)⊗ sµ(y) =
∏
j≥1

HD(yj). (1.1)

Consequently FS,T is the coefficient of aSbT in (1.1), it does not depend on the ambient

diagram D ⊇ S ∪ T , and J⊥
D = span{FS,T : S, T ⊆ D, |S| = |T |}. Explicitly,

FS,T = (−1)(
d
2)
∑
α,β

sgn(β) ptype(βα), (1.2)

where α runs over the row-preserving bijections S → T , β over the column-preserving
bijections T → S, sgn(β) is taken with respect to the chosen orders, and type(βα) is the
cycle type of the permutation βα of S.

(ii) (Doubled cells.) For S ⊆ D with |S| = d and µ ⊢ d,

[ΩS ] sµ(ϕD) = χµ(yS) =
d!

fµ
∥πµeS∥2. (1.3)

This is a nonnegative integer, and it is nonzero if and only if µ lies in the Specht support of
S. If S is Ferrers of shape τ , then FS = Hτsτ .

(iii) (Schur support.) sµ(ϕD) ̸= 0 if and only if µ lies in the Specht support of some S ⊆ D with
|S| = |µ|.
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Parts (i), (ii) and (iii) are Theorems 7.1, 7.4 and 7.6. The closed-walk formula (1.2) comes from
expanding the power sums evD(pk) = (−1)k−1 tr((ADBD)

k): in a closed walk an a-cell is followed
by a b-cell in the same row, which is followed by an a-cell in the same column. For S = T the
pairs (α, β) range over RS × CS , and (1.2) becomes the first equality in (1.3). For D = Dλ and
S = Dτ this is the Young symmetrizer computation of Lemma 4.1. Combined with Theorem A,
part (ii) yields a statement about symmetric groups alone: for every subset S ⊆ Dλ, all irreducible
constituents of Sp(S) are indexed by subdiagrams of λ. The Borel argument of Section 3 is thus a
proof of this fact. The doubled-cell coefficient is a trace, not a multiplicity: for the zigzag

Z = (3, 2)/(1) = {(2, 1), (3, 1), (1, 2), (2, 2)}
one has FZ = 4s31 + 6s22, whereas the Frobenius characteristic of Sp(Z) is s(3,2)/(1) = s31 + s22.
Remark 3.3 is the smallest instance of (iii): two cells in distinct rows and columns have Specht
module C[S2], and FS = h21 = s2 + s11. We conjecture that the doubled-cell functionals alone span
J⊥
D , that is, that an element of AD vanishes as soon as all its doubled-cell coefficients vanish; this

holds for forests and for diagrams with Ferrers components, and in all cases we have computed
(Section 7).

The cells of D are the edges of a bipartite graph GD whose vertices are the nonempty rows and
columns; its connected components are the components of D. A Ferrers diagram is connected. We
write D = D1 ⊔D2 when D1 and D2 share no row and no column, and let ∆ be the coproduct of
Sym.

Theorem D. (i) If D = D1 ⊔ D2, then J⊥
D = J⊥

D1
· J⊥

D2
, the linear span of the products FG;

equivalently, JD = ∆−1
(
JD1 ⊗ Sym + Sym⊗ JD2

)
.

(ii) If the components of D are Ferrers of shapes λ1, . . . , λk, then

J⊥
D = span{sµ1sµ2 · · · sµk : µj ⊆ λj}.

(iii) For D as in (ii) the following are equivalent: AD is Gorenstein; Hilb(AD; t) is palindromic;
up to permutations of rows and columns, D is a rectangle, or a disjoint union of k ≥ 2 rows
of a common length, or a disjoint union of k ≥ 2 columns of a common length.

Parts (i) and (ii) are Theorem 8.3 and its corollary, and (iii) is Theorem 8.6. Part (i) holds
because ADBD is block diagonal, so HD(t) = HD1(t)HD2(t), and ∆ is adjoint to multiplication.
The kernel carries more information than the algebra: k cells in distinct rows and columns and

a single row of k cells both give C[q]/(qk+1), with J⊥ spanned by the hj1 and by the hj , j ≤ k,
respectively. For k disjoint rows of length a, with xi =

∑
c acibic the sum over the ith row, one finds

HD(t) =
∏

i(1− txi)
−1, so AD is the ring of Sk-invariants of

⊗
iC[xi]/(x

a+1
i ); it is Gorenstein and

has the same Hilbert series as the rectangle ak. No Gorenstein algebra AD outside the list in (iii)
occurs among the diagrams of our computations (Section 8); we conjecture that (iii) holds for all D.

1.3. Diagram varieties. Let LD ⊆ Matr×m(C) consist of the matrices X = (xic) with xic = 0 for
(c, i) /∈ D, and let YD ⊆ Gr(r,m+ r) be the closure of {rowspan(Ir | X) : X ∈ LD}. It is irreducible
of dimension |D| and contains LD as a dense open subset. For D = Dλ it is the Schubert variety
Xλc after a change of coordinate flags, and for skew D it is a Grassmannian Richardson variety
[8, 14]; in the convention of [2, 14], which records forced zeros, YD is the diagram variety of the
complement of D. Let Q be the tautological quotient bundle, so that hj 7→ cj(Q) = σ(j) is the
homomorphism Sym → H∗(Gr(r,m+ r);C) of Theorem 6.1. We regard the fundamental class of
YD as the element [YD] ∈ Sym|D| defined by

⟨f, [YD]⟩ =
∫
YD

f(c(Q)), f ∈ Sym|D|;

the proof of Theorem 6.1 gives [YDλ
] = sλ. Let TD be the image of H∗(Gr(r,m+r);C) → H∗(YD;C),

and let Jgeom
D be the kernel of the induced surjection Sym → TD; write Jodd

D = JD. Thus
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AD
∼= Sym/Jodd

D and TD ∼= Sym/Jgeom
D , and Theorems A and B say that Jodd

Dλ
= Jgeom

Dλ
= Iλ and

TDλ
= H∗(YDλ

;C). In the top degree d = |D| one has (AD)d = CΩD and H2d(YD;C) = C, so
Jodd
D ∩ Symd = F⊥

D and Jgeom
D ∩ Symd = [YD]⊥: in top degree the comparison of the two ideals asks

whether FD and [YD] are proportional.
The two sides are linked by Chern–Weil theory. Give Q the metric induced by the standard

Hermitian form on Cm+r. At the base point x0 = rowspan(Ir | 0) its curvature is the product of
the second fundamental form and its adjoint [5, Chapter 0, §5]; in the chart coordinates xic, the
Chern forms of Q at x0 are, up to universal constants, the elements ϕj([m]× [r]) with aci and bic
replaced by dx̄ic and dxic. Restricting to LD replaces them by ϕj(D). Thus AD is the algebra of
values at x0 of the Chern–Weil forms restricted to LD, and TD is the algebra of their classes on YD.
Identify Matr×m(C) with U ⊗W ∗ by Eic 7→ uc ⊗ w∗

i . For a complex d-plane V ⊆ Matr×m(C) with
unit Plücker vector v, put

FV =
∑
µ⊢d

d!

fµ
∥πµv∥2 sµ,

so that FLS
= FS by (1.3).

Theorem E. Let D ⊆ [m]× [r] and d = |D|.
(i) (Crofton formula.) There is a constant κd > 0, depending only on d and on the normalization

of the metric, such that for all f ∈ Symd

⟨f, [YD]⟩ = κd

∫
LD

⟨f, FVX
⟩ dvol(X), VX = (Ir +XX∗)−1/2 LD (Im +X∗X)−1/2, (1.4)

where dvol is the Riemannian volume of the metric induced on the open subset LD ⊆ YD.
Consequently the Schur expansion of [YD] has positive coefficients on the Specht support of
D and vanishes elsewhere; if D is Ferrers, then [YD] = (deg YD/d!)FD.

(ii) (Comparison.) If every component of D is Ferrers, then Jodd
D = Jgeom

D , so that hj 7→ ϕj(D)
and hj 7→ σ(j)|YD

induce an isomorphism AD
∼= TD. For such D, TD = H∗(YD;C) if and

only if D is connected.
(iii) (The zigzag.) For Z = (3, 2)/(1), the ideals Jodd

Z and Jgeom
Z coincide in every degree except

4, where

(Jodd
Z )⊥ ∩ Sym4 = C (2s31 + 3s22), (Jgeom

Z )⊥ ∩ Sym4 = C (s31 + s22).

Both quotients have Hilbert series 1 + t+ 2t2 + 2t3 + t4.
(iv) (A non-Ferrers example.) For D = (3, 3, 2)/(1), Jodd

D = Jgeom
D , and both quotients have

Hilbert series 1 + t+ 2t2 + 3t3 + 3t4 + 3t5 + 3t6 + t7. The proof is computer-assisted (exact
linear algebra over Q).

Part (i) is Theorem 9.2 together with Corollary 9.3; (ii) is Theorem 9.4; (iii) and (iv) are
Propositions 9.6 and 9.9. A unitary transformation carries X ∈ LD to x0 and the tangent plane of
YD at X to a plane in the U(r)×U(m)-orbit of VX ; the integrand in (1.4) is therefore the pointwise
Chern–Weil density at X, and FD = FV0 is its value at the base point. Since VX = g LD h with
g ∈ GLr(C) and h ∈ GLm(C), and πµ commutes with GL(U)×GL(W ), every FVX

has the same
support as FD; with Theorem C this gives the support statement. For a Ferrers diagram in Young
position, LD is stable under left multiplication by upper triangular and right multiplication by lower
triangular matrices, so the Iwasawa decomposition places all VX in the U(r)× U(m)-orbit of LD

and the integrand is a constant multiple of FD. The comparison theorem (ii) itself follows from
Theorems A and B, the product decomposition YD1⊔D2

∼= YD1 × YD2 , the Künneth formula, and
Theorem D(i). Liu proposed to identify classes of diagram varieties with Frobenius characteristics
of diagram Specht modules (see [10, 14]), and this fails in general [14]; by (i), the Schur support of
[YD] is nevertheless always the Specht support of D.
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For non-Ferrers D the average in (1.4) can change the direction of the central value FD. For
the zigzag, FZ weights the two constituents of Sp(Z) by the traces 4 and 6, while the Richardson
class [YZ ] = s(3,2)/(1) weights them by their multiplicities. Since the discrepancy lies in the top
degree, it persists for Z ⊔ D′ whenever all components of D′ are Ferrers: FZ⊔D′ = FZFD′ and
[YZ⊔D′ ] = [YZ ][YD′ ], where FD′ is a nonzero multiple of [YD′ ], and Sym is a domain. The diagram
D = (3, 3, 2)/(1), the 3×3 square with two opposite corners removed, is invariant under transposition,
so FD is invariant under the involution ω of Sym. Its support is the Specht support of the skew shape,
namely {(3, 3, 1), (3, 2, 2)} by [6], so FD lies on the ω-invariant line C(s331+s322), which also contains
[YD] = s(3,3,2)/(1). This settles the top degree; the lower degrees are settled by exact computation.
Among the connected non-Ferrers skew shapes λ/ν with at most eight cells, (3, 3, 2)/(1) is the only
one with Jodd

D = Jgeom
D ; for all others, FD and [YD] = sλ/ν are not proportional (Section 9). For

D = Dλ, the Crofton formula gives a proof of the top-degree part of Theorem B that does not use
the Schubert cell decomposition (Remark 6.3).

1.4. Organization. Section 2 introduces the odd-matrix model and its row–column symmetry, and
Section 3 proves Schur vanishing. Section 4 computes the doubled-cell coefficients of Young diagrams
and proves Theorem A. Section 5 gives the order-polytope interpretation, and Section 6 proves
Theorem B and its consequences. Section 7 treats the curvature algebra of an arbitrary diagram:
the Cauchy kernel and the closed-walk formula, doubled-cell coefficients and Specht modules,
Schur support, cell deletion and forests (Theorem C). Section 8 contains low-degree and functorial
properties, transposition, disjoint unions, Ferrers components, the Gorenstein classification and a
table of examples (Theorem D). Section 9 studies diagram varieties: the Chern–Weil interpretation
of AD, the Crofton formula, the comparison theorem, and the diagrams (3, 2)/(1) and (3, 3, 2)/(1)
(Theorem E). Computer calculations are used only where this is stated explicitly, and they are
described where they occur.

2. Odd matrices with Young-diagram support

Fix a nonempty partition λ = (λ1 ≥ · · · ≥ λr > 0) and set m = λ1. Let Eλ be the exterior
algebra on the 2|λ| odd generators

aci, bic, (c, i) ∈ Dλ.

Set
Aλ = (aci)1≤c≤m, 1≤i≤r, Bλ = (bic)1≤i≤r, 1≤c≤m,

with zero entries outside Dλ, and put Qλ = AλBλ. Since the entries of Qλ have even exterior degree,
they belong to a commutative subalgebra of Eλ.

Definition 2.1. Define

Hλ(t) = det(Im + tQλ) =
m∑
j=0

ϕjt
j , ϕ0 = 1, (2.1)

and put ϕj = 0 for j > m. The Young-diagram curvature algebra is

Aλ = C[ϕ1, . . . , ϕm] ⊂ Eλ, deg ϕj = j.

When λ = mr is a rectangle, this is the odd-matrix model for the curvature-form algebra of
Gr(r,m+ r). An arbitrary λ gives its canonical Young-diagram zero-pattern specialization.

The reversed product gives a useful symmetry. Put

Q̃λ = BλAλ, H̃λ(t) = det(Ir + tQ̃λ).
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Proposition 2.2 (Opposite determinant identity). One has

Hλ(t)H̃λ(t) = 1. (2.2)

In particular, the coefficients of Hλ and H̃λ generate the same subalgebra of Eλ.

Proof. For every q ≥ 1, cyclically moving the first odd factor through the other 2q − 1 odd factors
gives

tr((BλAλ)
q) = − tr((AλBλ)

q).

The entries of both products are even and lie in a commutative nilpotent algebra. Hence the formal
identity log det(I + T ) = tr log(I + T ) applies. The logarithm of the left-hand side of (2.2) is zero,
proving the identity. Comparing coefficients recursively in (2.2) proves the final assertion. □

The reciprocal relation explains why the coefficients ϕj play the role of complete rather than

elementary symmetric functions. Indeed, under hj 7→ ϕj , the coefficient of tj in H̃λ(t) = Hλ(t)
−1 is

the image of (−1)jej .

3. Schur vanishing

3.1. The Schur ideal. Let Sym = C[h1, h2, . . .], with h0 = 1 and hj = 0 for j < 0. For a partition
µ, use the Jacobi–Trudi convention

sµ = det(hµi−i+j).

Recall the subspace
Iλ = spanC{sρ : ρ ̸⊆ λ}. (3.1)

Lemma 3.1. The subspace Iλ is an ideal of Sym. The quotient Sym/Iλ has homogeneous basis

{sµ : µ ⊆ λ},
and multiplication

sµ sν =
∑
τ⊆λ

cτµνsτ . (3.2)

Proof. If cτρν > 0, then ρ ⊆ τ . Therefore ρ ̸⊆ λ implies τ ̸⊆ λ. The Littlewood–Richardson rule
shows that the span in (3.1) is closed under multiplication. The remaining assertions follow because
the Schur functions form a basis of Sym. □

Evaluation at the coefficients of (2.1) gives a surjective homomorphism

evλ : Sym −→ Aλ, hj 7−→ ϕj . (3.3)

We next prove that Iλ is contained in its kernel.

3.2. A skew Cauchy support lemma. Let U = Cm and W = Cr, with ordered bases u1, . . . , um
and w1, . . . , wr. Regard the supported entries of Aλ as the basis vectors

uc ⊗ w∗
i ∈ U ⊗W ∗, (c, i) ∈ Dλ,

and put
Mλ = span{uc ⊗ w∗

i : (c, i) ∈ Dλ}.
The diagram Dλ is northwest closed: if (c, i) ∈ Dλ, c

′ ≤ c, and i′ ≤ i, then (c′, i′) ∈ Dλ. Choose the
upper-triangular Borel subgroups relative to the displayed bases of U and W ∗. Then Mλ is stable
under their product.

The skew Cauchy decomposition is

d∧
(U ⊗W ∗) ∼=

⊕
ν⊢d

SνU ⊗ Sν′W ∗, (3.4)

with the usual dimension restrictions; see [1, 3, 18].
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Lemma 3.2 (Young-diagram support). The projection of
∧dMλ to

Sµ′U ⊗ SµW ∗

is zero unless µ ⊆ λ.

Proof. Let πµ be the equivariant projection in (3.4). Since
∧dMλ is Borel-stable, its image under

πµ is a Borel-stable subspace of the irreducible module Sµ′U ⊗ SµW ∗. If this image is nonzero, the
Lie–Kolchin theorem gives in it a vector fixed by the product of the two unipotent radicals. The
irreducible module has a unique such line, its highest-weight line, so the image contains that line.

The highest weight of this summand is (µ′, µ). Since πµ preserves torus weights, this weight

must occur in
∧dMλ. Every torus weight there is represented by a d-element subset S ⊆ Dλ: its

U -weight records the column counts of S, and its W ∗-weight records the row counts. Occurrence of
the highest weight therefore forces the ith row count to equal µi. Row i of Dλ has only λi cells, so
µi ≤ λi for every i. □

Remark 3.3. Northwest closure is essential. Consider the two-cell pattern D = {(1, 1), (2, 2)} and
put zi = aibi, so z

2
i = 0. Then

HD(t) = (1 + z1t)(1 + z2t)

and s(2)(ϕ) = ϕ2 = z1z2 ̸= 0, although no row of D has two cells. Without Borel stability, a weight
count alone cannot force the highest weight to occur. In the language of Section 7, the two cells
form a diagram S with RS = CS = {1}, so Sp(S) = C[S2] and FS = h21 = s2 + s11; Theorem 7.6
explains the nonvanishing of s(2)(ϕ).

3.3. An odd Cauchy–Frobenius identity. Let M ⊂ U ⊗W ∗ have a basis indexed by a finite set
D. Introduce odd generators ae, be, e ∈ D, and let

A :W −→ U, B : U −→W

be the corresponding universal odd maps with mutually reversed support. For d ≥ 0, define

Ad =
∑

ej=(cj ,ij)∈D

(uc1 ⊗ · · · ⊗ ucd)⊗ (w∗
i1 ⊗ · · · ⊗ w∗

id
)⊗ ae1 · · · aed ,

Bd =
∑

ej=(cj ,ij)∈D

(u∗c1 ⊗ · · · ⊗ u∗cd)⊗ (wi1 ⊗ · · · ⊗ wid)⊗ be1 · · · bed .

Terms with repeated indices vanish. Simultaneously permuting the tensor positions changes Ad and

Bd by the sign of the permutation, so they are the universal alternating tensors of
∧dM and its

independently generated dual.
Let Pσ permute the U -tensor positions and put

CU
η =

∑
σ∈Sd

χη(σ)Pσ.

If fη is the dimension of the Specht module of shape η, then (fη/d!)CU
η is the central idempotent

projecting to the η-isotypic component.

Lemma 3.4 (Odd Cauchy–Frobenius identity). Let Q = AB and

det(I + tQ) =
∑
j≥0

ψjt
j .

For every partition µ ⊢ d,

d! sµ(ψ1, ψ2, . . .) = (−1)(
d
2)
〈
(CU

µ′ ⊗ 1)Ad,Bd

〉
, (3.5)

where the brackets contract the U,U∗,W ∗, and W tensor factors componentwise. Consequently

sµ(ψ) factors through the Sµ′U ⊗ SµW ∗ projection of
∧dM .
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Proof. The ψj are the elementary symmetric functions of the even matrixQ. Thus the homomorphism
hj 7→ ψj is the standard involution ω followed by evaluation at Q, and

sµ(ψ1, ψ2, . . .) = sµ′(Q).

The Frobenius formula [11, Chapter I] gives

d! sµ′(Q) =
∑
σ∈Sd

χµ′
(σ) Tr(PσQ

⊗d). (3.6)

Expanding Q = AB, a typical term on the right is

d∏
j=1

acjijbijcσ(j)
.

Moving all A-coefficients to the left of all B-coefficients contributes (−1)(
d
2). The resulting sum is

the contraction on the right-hand side of (3.5), up to replacing σ by σ−1, which does not change an
irreducible character.

Finally,
(PU

τ ⊗ PW ∗
τ )Ad = sgn(τ)Ad.

Hence the µ′-isotypic projection in the U positions is paired with the µ-isotypic projection in
the W ∗ positions. By the multiplicity-free decomposition (3.4), this is exactly the summand
Sµ′U ⊗ SµW ∗. □

Theorem 3.5 (Schur vanishing). For the Young-diagram curvature algebra Aλ,

sµ(ϕ1, ϕ2, . . .) = 0 whenever µ ̸⊆ λ. (3.7)

Consequently Iλ ⊆ ker(evλ), and the elements sµ(ϕ) with µ ⊆ λ span Aλ.

Proof. Apply Lemma 3.4 with M = Mλ, and then apply Lemma 3.2. Since the Schur functions
form a basis of Sym, the surviving Schur elements span the image of evλ. □

4. Presentation and bases

4.1. Doubled-cell coefficients. For τ ⊆ λ, define the doubled-cell monomial

Ωτ =
∏

(c,i)∈Dτ

acibic.

Its factors have even degree, so their order is immaterial.

Lemma 4.1 (Diagonal coefficient lemma). Let µ, τ ⊆ λ with |µ| = |τ |. Then

[Ωτ ] sµ(ϕ) = δµτHτ , Hτ =
∏

x∈Dτ

h(x),

where h(x) is the hook length of the cell x in Dτ . By the hook length formula, Hτ = |τ |!/f τ .
Proof. Put d = |τ | and Q = Qλ; the hook product Hτ is not to be confused with the polynomial
Hλ(t). We write e = (c, i) for a cell and ae, be for aci, bic.

Step 1: power sums. In Sym one has
∑

k≥1 pkt
k/k = log

∑
j≥0 hjt

j [11, Chapter I, §2]. Applying

evλ and the identity log det(I + tQ) = tr log(I + tQ) used in the proof of Proposition 2.2 gives
evλ(pk) = (−1)k−1 tr(Qk). Since sµ =

∑
ρ⊢d z

−1
ρ χµ

ρ pρ [11, Chapter I, §7],

[Ωτ ] sµ(ϕ) =
∑
ρ⊢d

z−1
ρ χµ

ρ (−1)d−ℓ(ρ)[Ωτ ]
∏
j

tr(Qρj ). (4.1)

Step 2: closed walks. We have

tr(Qk) =
∑

ac1i1bi1c2ac2i2bi2c3 · · · ackikbikc1 ,
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a sum over closed walks in which the a-cell (cj , ij) is followed by the b-cell (cj+1, ij) in the same row,
and this by the a-cell (cj+1, ij+1) in the same column (indices modulo k). A term of

∏
j tr(Q

ρj )
contributes to Ωτ only if its a-cells and its b-cells are both the cells of Dτ , each occurring once. Such
a term determines the bijections α, β of Dτ sending each a-cell to the following b-cell and each b-cell
to the following a-cell. Then α preserves rows, β preserves columns, and the walks are the cycles of
βα, so βα has cycle type ρ. Conversely, a pair (α, β) with βα of type ρ arises from exactly zρ terms:
one chooses which factor of

∏
j tr(Q

ρj ) carries each cycle and a starting cell in each cycle. The term

is the product of the even elements aebα(e), e ∈ Dτ , in walk order. Listing Dτ = {e1, . . . , ed}, we get

d∏
k=1

aekbα(ek) = (−1)(
d
2)ae1 · · · aed bα(e1) · · · bα(ed) = (−1)(

d
2) sgn(α) ae1 · · · aed be1 · · · bed = sgn(α) Ωτ .

Let Rτ and Cτ be the groups of permutations of Dτ preserving every row and every column. Since
(−1)d−ℓ(ρ) = sgn(βα), the term of (4.1) indexed by ρ equals χµ

ρ
∑

sgn(β), the sum over the pairs
(α, β) ∈ Rτ × Cτ with βα of type ρ. Summing over ρ,

[Ωτ ] sµ(ϕ) =
∑

α∈Rτ , β∈Cτ

sgn(β)χµ(βα) = χµ(cτrτ ), (4.2)

where rτ =
∑

α∈Rτ
α, cτ =

∑
β∈Cτ

sgn(β)β, and χµ is extended linearly to the group algebra of the

permutations of Dτ , identified with C[Sd] by numbering the cells.
Step 3: the Young symmetrizer. A numbering of the cells of Dτ is a tableau T of shape τ , and

Rτ , Cτ become its row and column groups. Thus y = rτcτ is the Young symmetrizer of T (denoted
cλ = aλbλ in [4, §4.1]). By [4, Theorem 4.3], y2 = nτy for a scalar nτ ̸= 0, and the left ideal C[Sd]y is
isomorphic to Vτ . Since traces are cyclic, χ

µ(cτrτ ) = χµ(y). The element ϵ = y/nτ is idempotent, so
its trace on Vµ is dim ϵVµ = dimHomSd

(C[Sd]ϵ, Vµ) = δµτ by Schur’s lemma. Hence χµ(y) = δµτnτ .
To compute nτ , note that the coefficient of the identity in y is 1, because Rτ ∩ Cτ = {1}. Hence
right multiplication by y on C[Sd] has trace d!. It is also nτ times right multiplication by ϵ, an
idempotent with image C[Sd]ϵ ∼= Vτ of dimension f τ . Therefore nτ = d!/f τ , which equals Hτ by
the hook length formula [4, §4.1]. □

Remark 4.2. Steps 1 and 2 use only that the cells involved belong to the support, and they apply to
any subset S of an arbitrary diagram; this gives Theorem 7.4. The vanishing for µ ̸= τ also follows
from highest-weight theory. By Lemma 3.4, [Ωτ ]sµ(ϕ) is a fixed nonzero multiple of ⟨CU

µ′vτ , v
∗
τ ⟩,

where vτ =
∧

(c,i)∈Dτ
(uc ⊗ w∗

i ) and v
∗
τ is the dual wedge vector. Each raising operator of the two

Borel subgroups moves a cell of Dτ strictly left or strictly up, onto a cell already in the wedge, so
vτ spans the highest-weight line of Sτ ′U ⊗ SτW ∗. The central element CU

µ′ therefore kills vτ unless
µ = τ .

Corollary 4.3. The elements sµ(ϕ), µ ⊆ λ, are linearly independent.

Proof. In every degree, Lemma 4.1 shows that the matrix of coefficients [Ωτ ]sµ(ϕ), with µ, τ ⊆ λ, is
diagonal with nonzero diagonal entries Hτ . □

4.2. The Schur quotient.

Theorem 4.4 (Young-diagram Schur-quotient theorem). The evaluation map (3.3) induces an
isomorphism

Sym/Iλ
∼−−→ Aλ. (4.3)

Equivalently, ker(evλ) = Iλ. The two families

{sµ(ϕ) : µ ⊆ λ}, {Φµ := ϕµ1 · · ·ϕµℓ
: µ ⊆ λ} (4.4)
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are homogeneous bases. Moreover,

Hilb(Aλ; t) =
∑
µ⊆λ

t|µ|, (4.5)

and
sµ(ϕ)sν(ϕ) =

∑
τ⊆λ

cτµνsτ (ϕ). (4.6)

Proof. Theorem 3.5 gives a spanning family indexed by the subdiagrams of λ, and Corollary 4.3
shows that this family is independent. Thus (4.3) is an isomorphism. Equations (4.5) and (4.6)
follow from Lemma 3.1.

For the second basis, recall

hρ =
∑
ν⊢|ρ|

Kνρsν .

After passing to Sym/Iλ, discard the terms with ν ̸⊆ λ. In every degree, the remaining square
Kostka matrix indexed by ρ, ν ⊆ λ is unitriangular in dominance order. Therefore the images of hρ,
ρ ⊆ λ, also form a basis. □

Corollary 4.5 (Pieri operator and nilpotence). For every µ ⊆ λ,

ϕ1sµ(ϕ) =
∑
ν⊆λ

ν/µ is one cell

sν(ϕ). (4.7)

Thus multiplication by ϕ1 is the up-operator on [∅, λ] in Young’s lattice. More generally,

ϕd1 =
∑
µ⊆λ
|µ|=d

fµsµ(ϕ), (4.8)

where fµ is the number of standard Young tableaux of shape µ. In particular,

ϕ
|λ|
1 = fλsλ(ϕ) ̸= 0, ϕ

|λ|+1
1 = 0.

Proof. Equation (4.7) is the ordinary Pieri rule followed by the truncation in Theorem 4.4. Iterating
from the empty partition counts saturated chains in Young’s lattice, hence standard Young tableaux,
proving (4.8). In degree |λ|, the only subdiagram of λ is λ itself. □

Corollary 4.6 (Finite straightening). Every product Φρ has a unique expansion in the basis
{Φµ : µ ⊆ λ}. It is obtained by expanding hρ in the Schur basis, deleting the terms indexed by
diagrams outside λ, and then applying the inverse of the restricted unitriangular Kostka matrix.

Example 4.7 (Hooks). For λ = (m, 1r−1), the complete-monomial basis is

1, ϕaϕ
b
1, 1 ≤ a ≤ m, 0 ≤ b ≤ r − 1.

Consequently

Hilb(Aλ; t) = 1 +

m∑
a=1

r−1∑
b=0

ta+b.

5. The order polytope of a Young diagram

Let Pλ be the poset whose elements are the cells of Dλ, with

(c, i) ⪯ (d, j) ⇐⇒ c ≤ d and i ≤ j.

Thus a subset of Dλ is a Young subdiagram precisely when it is an order ideal of Pλ. Consider the
ideal form of Stanley’s order polytope [17],

Oλ =
{
x ∈ [0, 1]Dλ : xp ≥ xq whenever p ⪯ q

}
. (5.1)
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This is the usual order polytope of the opposite poset. For x = (xp)p∈Dλ
, write |x| =

∑
p∈Dλ

xp.

Proposition 5.1 (Order-polytope formula). The Hilbert series of Aλ is the weighted lattice-point
enumerator

Hilb(Aλ; t) =
∑

x∈Oλ∩ZDλ

t|x|. (5.2)

Equivalently,

dim(Aλ)d = #

(
Oλ ∩ ZDλ ∩

{
x :
∑
p

xp = d

})
.

More generally, the Ehrhart value

LOλ
(k) = #(kOλ ∩ ZDλ)

counts plane partitions of shape λ with entries in {0, 1, . . . , k}.

Proof. Every lattice point of Oλ is a zero–one vector. The inequalities in (5.1) say exactly that its
support is an order ideal of Pλ, hence a subdiagram Dµ with µ ⊆ λ. Under this bijection, |x| = |µ|,
so (5.2) follows from Theorem 4.4.

The lattice points of kOλ are the integer-valued order-reversing maps Pλ → {0, 1, . . . , k}. Written
in the cells of Dλ, these are precisely arrays weakly decreasing along rows and columns, that is,
plane partitions of shape λ bounded by k. □

Remark 5.2 (Comparison with the bipartite root polytope). Let Gλ be the bipartite incidence graph
of the cells of Dλ. Kálmán and Postnikov [7] show that the interior polynomial of the hypergraphs
induced by Gλ is equivalent to the Ehrhart polynomial, and to the triangulation h-vector, of the
root polytope QGλ

. Proposition 5.1 concerns a different polytope and a different specialization: it is
a coordinate-sum enumerator of the lattice points of Oλ at dilation one, not the Ehrhart numerator
of QGλ

.
The two polynomials already differ for the rectangle λ = 22. In that case

Hilb(A22 ; t) = 1 + t+ 2t2 + t3 + t4,

whereas the interior polynomial of G22 = K2,2 is 1 + t. Thus the order-polytope interpretation
gives a genuine polytopal model for the Hilbert series, but it is not a consequence of bipartite
root-polytope duality.

6. Schubert geometry

Put m = λ1 and r = ℓ(λ), so λ ⊆ mr. For ρ ⊆ mr, padded by zeros to length r, define

ρc = (m− ρr,m− ρr−1, . . . ,m− ρ1),

the complement inmr rotated by 180◦. This is an order-reversing involution. Let σρ ∈ H2|ρ|(Gr(r,m+
r);C) be the Schubert class and let Xρ be the corresponding Schubert variety, of codimension |ρ|.

Presentations of ordinary cohomology rings of Schubert varieties as quotients by complementary
Schubert classes are standard; see [15]. The following Grassmannian argument records the precise
convention needed here.

Theorem 6.1 (Schubert realization). Let ι : Xλc ↪→ Gr(r,m + r) be the inclusion. Then ι∗ is
surjective and

ker ι∗ = spanC{σρ : ρ ̸⊆ λ}.
Consequently the composite

Sym
hj 7→σ(j)−−−−−−→ H∗(Gr(r,m+ r);C) ι∗−−→ H∗(Xλc ;C)
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induces a graded-algebra isomorphism

Aλ
∼= H∗(Xλc ;C), (6.1)

where cohomological degree 2d corresponds to degree d in Aλ.

Proof. The Grassmannian Schur presentation gives

Sym/Imr ∼= H∗(Gr(r,m+ r);C), sρ 7−→ σρ.

The Schubert cells of Xλc are indexed by ν ⊇ λc. They have even real dimension, and the classes
[Xν ] form a basis of H∗(Xλc ;C). For every such ν,〈

ι∗σρ, [Xν ]
〉
=

∫
Gr(r,m+r)

σρ ⌣ σν = δρ,νc .

It follows that ι∗σρ = 0 when ρ ̸⊆ λ, while {ι∗σρ : ρ ⊆ λ} is the cohomology basis dual to
{[Xρc ] : ρ ⊆ λ}. Hence ι∗ is surjective with the stated kernel. Theorem 4.4 now gives (6.1). □

Remark 6.2. For λ = mr, one has λc = ∅ and X∅ = Gr(r,m + r). The realization is stable
under enlarging the ambient rectangle: any rectangle MR containing λ gives a Schubert variety in
Gr(R,M +R) with the same cohomology ring Sym/Iλ.

Remark 6.3 (Chern–Weil form of the top degree). Put d = |λ| and write f(σ) for the image of
f ∈ Sym under hj 7→ σ(j). By the proof of Theorem 6.1,

∫
Xλc

f(σ) = ⟨f, sλ⟩ for f ∈ Symd, and by

Lemma 4.1, [Ωλ]f(ϕ) = Hλ⟨f, sλ⟩. Hence the top-degree part of Theorem B is the identity∫
Xλc

f(σ) = H−1
λ [Ωλ] f(ϕ), f ∈ Symd,

which expresses the integral of a characteristic class over Xλc through the coefficient of its Chern–
Weil form at a single point. The proportionality of the two functionals can be proved without
the Schubert cell decomposition. Since Xλc = YDλ

, Corollary 9.3, a consequence of the Crofton
formula of Theorem 9.2, gives [Xλc ] = (degXλc/d!)FDλ

, a positive multiple of sλ: at every point
of the dense chart LDλ

the Chern–Weil density of f(c(Q)) is a positive multiple, independent of
f , of ⟨f, FDλ

⟩. Comparing the constants with [Xλc ] = sλ gives degXλc = d!/Hλ. Thus the hook
length formula, which enters Lemma 4.1 through the Young symmetrizer constant nλ = d!/fλ,
reappears as the classical degree formula degXλc = ⟨hd1, sλ⟩ = fλ, the image under Theorem 6.1 of
the top-degree case of Corollary 4.5.

Corollary 6.4 (Duality and singularity). The following conditions are equivalent:

(i) λ is a rectangle;
(ii) Hilb(Aλ; t) is palindromic;
(iii) Aλ is a graded Artinian Gorenstein algebra;
(iv) Aλ is a graded complete intersection.

If λ is nonrectangular, Xλc is singular and Aλ is not the rational cohomology algebra of a compact
oriented manifold. If λ is rectangular, ϕ1 is a strong Lefschetz element.

Proof. The coefficient of t in (4.5) is 1, whereas the coefficient of t|λ|−1 is the number of removable
corners of λ, or equivalently the number of distinct positive part sizes. Thus a nonrectangular λ
has nonpalindromic Hilbert series. For λ = mr, the Hilbert series is a Gaussian binomial and is
palindromic.

If λ = mr, then Aλ
∼= H∗(Gr(r,m+ r);C). The standard Chern-class presentation of Grassman-

nian cohomology is a graded complete intersection and hence Gorenstein. Conversely, a graded
Artinian Gorenstein algebra has palindromic Hilbert series, and every Artinian complete intersection
is Gorenstein. This proves the equivalence.
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Ordinary cohomology of a compact oriented manifold satisfies Poincaré duality, as does that of
a smooth projective variety. The nonpalindromicity therefore gives both stated obstructions. In
the rectangular case, ϕ1 corresponds to the Plücker hyperplane class, so hard Lefschetz makes it a
strong Lefschetz element. □

For diagrams whose components are Ferrers diagrams, the analogous classification is Theorem 8.6.

Corollary 6.5 (Transposition). There is a graded-algebra isomorphism

Aλ
∼= Aλ′

obtained by exchanging rows and columns and swapping the odd generators aci and bic. Under the
Schur presentations, the induced map is

sρ 7−→ (−1)|ρ|sρ′ . (6.2)

Proof. After exchanging rows and columns, the curvature matrix for λ′ is BλAλ. Proposition 2.2
shows that its determinant coefficients generate the same algebra as those of AλBλ. On symmetric
functions, the coefficient of tj in Hλ(t)

−1 is (−1)jej . Thus the induced automorphism is the standard

involution ω followed by multiplication by (−1)d in degree d, which gives (6.2). Since ρ ̸⊆ λ if and
only if ρ′ ̸⊆ λ′, this automorphism carries the relevant Schur ideals to one another. □

7. Arbitrary supports I: duality and doubled-cell coefficients

From now on D ⊆ [m]× [r] is an arbitrary finite set of cells (c, i), with column c and row i as
before. We call D a diagram.

7.1. Setup. Let ED be the exterior algebra on odd generators aci, bic, (c, i) ∈ D. Let AD be the
m × r matrix with aci in position (c, i) for (c, i) ∈ D and zeros elsewhere, let BD be the r ×m
matrix with bic in position (i, c), and put QD = ADBD. Define

HD(t) = det(Im + tQD) =
∑
j≥0

ϕj(D)tj , AD = C[ϕ1(D), ϕ2(D), . . .] ⊂ ED,

and let evD : Sym → AD, hj 7→ ϕj(D), with kernel JD. We write sµ(ϕD) = evD(sµ). For D = Dλ

these are the objects of Sections 2–4. The proof of Proposition 2.2 uses only that the entries of AD

and BD are odd, so HD(t) det(Ir + tBDAD) = 1 for every D; in particular pk 7→ (−1)k−1 tr(Qk
D)

under evD.
For a subset S ⊆ D with d = |S| we fix an order S = {s1, . . . , sd} and put

aS = as1 · · · asd , bS = bs1 · · · bsd , ΩS =
∏
e∈S

aebe = (−1)(
d
2)aSbS .

Here ae and be denote the two generators attached to the cell e; the factors of ΩS are even, so ΩS

does not depend on the order. Since evD(f) is a combination of products of entries of QD, it lies in
the span of the linearly independent monomials aSbT with |S| = |T |.

The row counts of S are ri(S) = #{c : (c, i) ∈ S} and the column counts are cc(S) = #{i :
(c, i) ∈ S}. Through the chosen order we regard permutations of S as elements of Sd. Let RS ⊆ Sd
(respectively CS) be the group of permutations of S that preserve the row (respectively column) of
every cell, and put

rS =
∑
ρ∈RS

ρ, cS =
∑
γ∈CS

sgn(γ)γ, yS = cSrS ∈ C[Sd].

The left ideal Sp(S) = C[Sd]yS is the Specht module of the diagram S [6, 9]. If S = Dτ is a Young
diagram, yS is a Young symmetrizer and Sp(S) ∼= Vτ , the irreducible Sd-module of shape τ ; in
general Sp(S) is reducible. For a partition µ ⊢ d let χµ be the character of Vµ, extended linearly to
C[Sd].
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A diagram is Ferrers if its nonempty rows, viewed as sets of columns, are totally ordered by
inclusion. Equivalently, after permuting rows and columns it becomes a Young diagram Dτ , whose
shape τ = sh(D) is the decreasing rearrangement of the row counts; equivalently, no 2× 2 submatrix
of the 0/1 matrix of D is a permutation matrix. The components of D are the connected components
of the bipartite graph GD whose vertices are the nonempty rows and columns and whose edges are
the cells. We write D = D1 ⊔D2 when D1 and D2 have no row and no column in common. Finally,
Dt = {(i, c) : (c, i) ∈ D}.

7.2. The Cauchy kernel.

Theorem 7.1 (Cauchy kernel and duality). Let D be a diagram.

(a) In AD ⊗ Sym(y), ∑
µ

sµ(ϕD)⊗ sµ(y) =
∏
j≥1

HD(yj). (7.1)

(b) For S, T ⊆ D with |S| = |T | = d there is a unique FS,T ∈ Symd with ⟨f, FS,T ⟩ = [aSbT ] evD(f)
for all f ∈ Symd. It is the coefficient of aSbT in (7.1) and does not depend on the ambient
diagram D ⊇ S ∪ T .

(c) The graded dual of AD is

(AD)
∗
d
∼= span{FS,T : S, T ⊆ D, |S| = |T | = d}, JD ∩ Symd = span{FS,T }⊥.

(d) FS,T = 0 unless S and T have the same row counts and the same column counts. In general,

FS,T = (−1)(
d
2)
∑
α,β

sgn(β) ptype(βα), (7.2)

where α runs over the bijections S → T preserving rows, β over the bijections T → S
preserving columns, sgn(β) is the sign of β with respect to the chosen orders of T and S,
and type(βα) is the cycle type of the permutation βα of S.

Proof. (a) In Sym(x)⊗ Sym(y) the Cauchy identity reads
∑

µ sµ(x)sµ(y) =
∏

j

∑
k hk(x)y

k
j [11, I.4].

Apply evD ⊗1.
(b), (c) Write evD(f) =

∑
S,T κS,T (f)aSbT . Each κS,T is a linear form on Symd, represented

by a unique FS,T because ⟨ , ⟩ is nondegenerate on Symd. Pairing (7.1) with f in the y-variables
gives evD(f), which proves the second assertion of (b). Setting the generators attached to cells
outside S ∪ T equal to zero is an algebra homomorphism ED → ES∪T sending QD to QS∪T , hence
ϕj(D) to ϕj(S ∪ T ) and aSbT to itself. This gives the independence of D. Since the monomials
aSbT are linearly independent, f ∈ JD if and only if ⟨f, FS,T ⟩ = 0 for all S, T , and (c) follows by
finite-dimensional duality.
(d) The torus (C×)m× (C×)r acts on ED by scaling aci by xcy

−1
i and bic by yix

−1
c . It fixes det(I+

tQD), hence every element of AD, while aSbT has weight
∏

c x
cc(S)−cc(T )
c

∏
i y

ri(T )−ri(S)
i . This proves

the first claim. For (7.2), write f =
∑

ρ z
−1
ρ ⟨f, pρ⟩pρ, so that FS,T =

∑
ρ z

−1
ρ

(
[aSbT ] evD(pρ)

)
pρ. By

the remark in §7.1, evD(pρ) =
∏

j(−1)ρj−1 tr(Q
ρj
D ), and

tr(Qk
D) =

∑
ac1i1bi1c2ac2i2bi2c3 · · · ackikbikc1

is a sum over closed walks. In such a walk the a-cell (cj , ij) is followed by the b-cell (cj+1, ij) in
the same row, which is followed by the a-cell (cj+1, ij+1) in the same column. Hence a monomial

of
∏

j tr(Q
ρj
D ) whose a-cells form S and whose b-cells form T (all distinct, otherwise it vanishes)

determines a row-preserving bijection α : S → T and a column-preserving bijection β : T → S such
that the walks are the cycles of βα. Conversely every pair (α, β) with type(βα) = ρ arises from
exactly zρ such terms (choose which factor carries each cycle and its starting point). Each term
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equals
∏

e∈S(aebα(e)), listed in walk order; since the factors are even we may list them in the order

of S, and moving all a’s to the left gives (−1)(
d
2) sgn(α)aSbT . Therefore

FS,T = (−1)(
d
2)
∑
α,β

(−1)d−ℓ(type(βα)) sgn(α) ptype(βα),

and (−1)d−ℓ(type(βα)) = sgn(βα) = sgn(β) sgn(α). □

Remark 7.2. Formula (7.2) has been checked, including all signs, against a direct computation in the
exterior algebra for all pairs (S, T ) in several diagrams with up to seven cells. For |S| = |T | = k it

gives ⟨hk, FS,T ⟩ = (−1)(
k
2)
∑

α,β sgn(β). The sum over β vanishes unless the cells of T lie in distinct
columns, since otherwise the column-preserving bijections form a coset of a nontrivial product of
symmetric groups. Hence [aSbT ]ϕk(D) = 0 unless S and T consist of k cells in the same k columns
with the same row counts, in which case

[aSbT ]ϕk(D) = (−1)(
k
2) sgn(β0)

∏
i

ri(S)!, [ΩS ]ϕk(D) =
∏
i

ri(S)!, (7.3)

where β0 : T → S is the unique column-preserving bijection. This is the odd version of the
Cauchy–Binet expansion of the principal minors of ADBD: in contrast with the even case, repeated
rows do not cancel.

7.3. Doubled-cell coefficients. We identify U ⊗W ∗ with Matm×r(C) by uc ⊗w∗
i 7→ Eci, with the

Hermitian inner product ⟨X,Y ⟩ = tr(XY ∗) and the induced inner product ⟨x1∧· · ·∧xd, y1∧· · ·∧yd⟩ =
det(⟨xk, yl⟩) on

∧d(U ⊗W ∗). Let πµ be the orthogonal projection onto the summand Sµ′U ⊗ SµW ∗

of (3.4). For S ⊆ D put eS = Es1 ∧ · · · ∧ Esd , where E(c,i) = Eci.

Lemma 7.3 (Norm lemma). Let ξ1, . . . , ξd, η1, . . . , ηd ∈ Matm×r(C), let a1, . . . , ad, b1, . . . , bd be odd
generators, and put A =

∑
k akξk, B =

∑
k bkη

∗
k and det(Im + tAB) =

∑
j ψjt

j. Then for every
µ ⊢ d, [ d∏

k=1

akbk

]
sµ(ψ) =

d!

fµ
〈
πµ(ξ1 ∧ · · · ∧ ξd), η1 ∧ · · · ∧ ηd

〉
.

Proof. As in the proof of Lemma 3.4, sµ(ψ) = sµ′(AB), and the Frobenius formula gives d! sµ′(AB) =∑
σ χ

µ′
(σ)Tr(Pσ(AB)⊗d); this is a polynomial identity in the entries, valid over the commutative

algebra of even elements. Expanding,

Tr(Pσ(AB)⊗d) =
∑
c,i

d∏
j=1

AcjijBijcσ(j)
=
∑
c,i

∑
κ,λ

∏
j

aκ(j)bλ(j)
∏
j

ξκ(j)(cj , ij) ηλ(j)(cσ(j), ij),

where only maps κ, λ : [d] → [d] that are permutations contribute to
∏

k akbk, and then∏
j

aκ(j)bλ(j) = sgn(κ) sgn(λ)
∏
k

akbk.

For tensors in (U ⊗W ∗)⊗d let PU
σ permute the U -factors. The remaining sum over c, i is〈

PU
σ−1(ξκ(1) ⊗ · · · ⊗ ξκ(d)), ηλ(1) ⊗ · · · ⊗ ηλ(d)

〉
.

Put ξ̃ =
∑

κ sgn(κ) ξκ(1) ⊗ · · · ⊗ ξκ(d) and define η̃ likewise. Using χ(σ) = χ(σ−1), we get

d!
[∏

k

akbk

]
sµ(ψ) =

〈∑
σ

χµ′
(σ)PU

σ ξ̃, η̃
〉
=

d!

fµ
⟨πUµ′ ξ̃, η̃⟩,

where πUµ′ = (fµ
′
/d!)

∑
σ χ

µ′
(σ)PU

σ is the isotypic projection in the U -factors and fµ
′
= fµ. On

antisymmetric tensors πUµ′ is the orthogonal projection onto Sµ′U ⊗ SµW ∗, by the multiplicity-free
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decomposition (3.4). Finally ξ̃ and η̃ are
√
d! times the antisymmetric tensors representing ξ1∧· · ·∧ξd

and η1 ∧ · · · ∧ ηd with the normalisation fixed above. □

For S ⊆ D define FS ∈ Sym|S| by ⟨f, FS⟩ = [ΩS ] evD(f), so that FS = (−1)(
|S|
2 )FS,S .

Theorem 7.4 (Doubled-cell coefficients). Let S ⊆ D, d = |S|, and µ ⊢ d.
(a) FS =

∑
γ∈CS , ρ∈RS

sgn(γ) ptype(γρ), and hence [ΩS ]sµ(ϕD) = χµ(yS).

(b) [ΩS ]sµ(ϕD) =
d!

fµ
∥πµeS∥2 ∈ Z≥0, and more generally [aSbT ]sµ(ϕD) = (−1)(

d
2)
d!

fµ
⟨πµeS , eT ⟩.

Moreover ⟨FS , h
d
1⟩ = d!.

(c) [ΩS ]sµ(ϕD) ̸= 0 if and only if Vµ is a constituent of Sp(S); its multiplicity is the rank of yS

on Vµ.
(d) FS1⊔S2 = FS1FS2 . If S is Ferrers of shape τ , then FS = (d!/f τ ) sτ = Hτsτ , where Hτ is the

product of the hook lengths. If no two cells of S share a column, then FS = |RS |hsh(S).

Proof. (a) Take T = S with the same order in (7.2). Then α = ρ ∈ RS and β = γ ∈ CS , and FS =

(−1)(
d
2)FS,S =

∑
sgn(γ)ptype(γρ). Since ⟨pν , sµ⟩ = χµ(ν), we get ⟨FS , sµ⟩ =

∑
γ,ρ sgn(γ)χ

µ(γρ) =

χµ(cSrS).
(b) Setting to zero all generators except ae (e ∈ S) and be (e ∈ T ) maps AD to

∑
k askEsk , BD to∑

l btlE
∗
tl
, and ϕj(D) to the ψj of Lemma 7.3 with ξk = Esk , ηl = Etl . Since aSbT = (−1)(

d
2)
∏

k askbtk ,
Lemma 7.3 gives the formula for [aSbT ]sµ(ϕD), and the case T = S gives the norm formula. Integrality

follows from (a). Finally ϕ1(D) = trQD =
∑

e aebe, so ϕ
d
1 = d!

∑
|S|=dΩS .

(c) Choose an Sd-invariant inner product on Vµ. The operators P
+ = |RS |−1rS and P− = |CS |−1cS

act on Vµ as orthogonal projections, so

χµ(yS) = |CS ||RS | tr(P−P+) = |CS ||RS | tr
(
(P−P+)∗(P−P+)

)
.

This vanishes if and only if yS acts by zero on Vµ. Under the Wedderburn decomposition
C[Sd] ∼=

⊕
ν End(Vν), the left ideal C[Sd]yS corresponds to

⊕
ν End(Vν)yS , which contains Vν

with multiplicity equal to the rank of yS on Vν .
(d) The groups CS and RS of a disjoint union are products, cycle types add, and pνpν′ = pν∪ν′ . For

Ferrers S, permuting rows and columns conjugates CS and RS and leaves FS unchanged, so we may
assume S = Dτ . Then yS is the Young symmetrizer bτaτ of [4, §4.1], with the factors in the opposite
order. Since χµ(bτaτ ) = χµ(aτ bτ ), and aτ bτ acts on Vµ by zero for µ ̸= τ and on Vτ as d!/f τ times
a rank-one idempotent [4, Lemma 4.26, Theorem 4.3], (a) gives FS = (d!/f τ )sτ . The hook length
formula identifies d!/f τ with Hτ . If CS is trivial, then FS =

∑
ρ∈RS

ptype(ρ) =
∏

i ri(S)!hri(S). □

Remark 7.5 (Trace versus rank). By (c), FS and the Frobenius characteristic

ch Sp(S) =
∑
µ

rank(yS |Vµ) sµ

have the same support, but they are not proportional in general. For the zigzag Z = (3, 2)/(1),
whose cells are (2, 1), (3, 1), (1, 2) and (2, 2), one has

FZ = 4s31 + 6s22, ch Sp(Z) = s(3,2)/(1) = s31 + s22.

Equivalently, by (b), the vector eZ has squared norms 1
2 ,

1
2 in the two summands. For Young

diagrams, (d) is Lemma 4.1.

7.4. Schur support.

Theorem 7.6 (Schur support). For every diagram D and every partition µ, sµ(ϕD) ̸= 0 if and
only if there is S ⊆ D with |S| = |µ| such that Vµ is a constituent of the Specht module Sp(S).
Consequently:
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(i) AD is spanned by the sµ(ϕD) with µ ∈ Supp(D) =
⋃

S⊆D supp Sp(S), and dim(AD)d ≤
#Suppd(D).

(ii) If Vµ occurs in Sp(S), then the decreasing rearrangements ϱ of the row counts and κ of the
column counts of S satisfy ϱ ⊴ µ and κ ⊴ µ′.

(iii) If S ⊆ D has Ferrers components of shapes τ1, . . . , τk, then sτ1 · · · sτk ∈ (AD)
∗.

(iv) For every S ⊆ Dλ, all constituents Vµ of Sp(S) satisfy µ ⊆ λ.

Proof. If Vµ occurs in Sp(S), then [ΩS ]sµ(ϕD) ̸= 0 by Theorem 7.4(c). Conversely, suppose that
Vµ occurs in no Sp(S), S ⊆ D. By Theorem 7.4(b,c), πµeS = 0 for every S ⊆ D of size |µ|; then
⟨πµeS , eT ⟩ = 0 for all S, T , and Theorem 7.4(b) gives sµ(ϕD) = 0.
(i) follows because the sµ form a basis of Sym. For (ii), πµ preserves torus weights and eS has

U -weight given by the column counts and W ∗-weight given by the row counts of S. If πµeS ̸= 0,
these are weights of Sµ′U and of SµW ∗, so their decreasing rearrangements are dominated by µ′

and by µ. For (iii), FS is a nonzero multiple of sτ1 · · · sτk by Theorem 7.4(d), and it lies in (AD)
∗

by Theorem 7.1. For (iv), combine the first statement with Theorem 3.5. □

Part (iv) is a statement about Specht modules of arbitrary sets of cells inside a Young diagram;
the Borel-stability argument of Section 3 is, in effect, a proof of it.

7.5. Cell deletion and forests.

Proposition 7.7 (Cell deletion). For S ⊆ D and g ∈ Sym|S|−1, ⟨h1g, FS⟩ =
∑

e∈S⟨g, FS∖e⟩.
Equivalently p⊥1 FS =

∑
e∈S FS∖e, so multiplication by ϕ1 on AD is dual to deleting a cell.

Proof. We have ϕ1 =
∑

e aebe, and aebe · aS′bT ′ is a nonzero multiple of ΩS only if e ∈ S and
S′ = T ′ = S ∖ e, in which case aebeΩS∖e = ΩS . □

Proposition 7.8 (Forests). Suppose that GD is a forest. Then FS,T = 0 for S ̸= T , and

evD(f) =
∑
S⊆D

⟨f, FS⟩ΩS .

Thus AD is a subalgebra of ZD = span{ΩS} ∼= C[ze : e ∈ D]/(z2e), ze = aebe, generated by
ϕk(D) =

∑
S

(∏
i ri(S)!

)
zS, the sum running over the k-element S ⊆ D with no two cells in a

common column.

Proof. If S ̸= T have the same row and column counts, the function 1S − 1T on the edges of GD

has zero sum at every vertex. Every vertex of its support meets at least two edges of the support,
so the support contains a cycle. Hence, in a forest, FS,T = 0 unless S = T by Theorem 7.1(d). The
products ΩSΩS′ equal ΩS∪S′ or 0, and the formula for ϕk is (7.3). □

7.6. Diagonal sufficiency.

Conjecture 7.9 (Diagonal sufficiency). For every diagram D, (AD)
∗ = span{FS : S ⊆ D}.

Equivalently, an element of AD vanishes if and only if all of its doubled-cell coefficients [ΩS ] vanish.

The conjecture is a linear statement only. The projection ED → ZD onto doubled-cell monomials
is not multiplicative on AD; this fails already for the 2× 2 square.

Proposition 7.10. Conjecture 7.9 holds in each of the following cases: (a) GD is a forest; (b) D is
a disjoint union of diagrams for which it holds; (c) every component of D is Ferrers; (d) in degrees
d ≤ 3, for every D.

Proof. (a) is Proposition 7.8. (b) By Theorem 8.3 below, (AD1⊔D2)
∗ = (AD1)

∗(AD2)
∗, and FS1FS2 =

FS1⊔S2 . (c) By (b) it suffices to treat a connected Ferrers diagram, hence (after permutation) a Young
diagram Dλ, where (Aλ)

∗ = span{sτ : τ ⊆ λ} = span{FDτ } by Theorem 4.4 and Theorem 7.4(d).
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(d) It suffices to show that every FS,T with S ̸= T and |S| ≤ 3 lies in span{FU : U ⊆ S ∪T}. This
vector depends only on the isomorphism type of (S, T ) under permutations of rows and columns. By
the argument in the proof of Proposition 7.8, S△T contains an alternating cycle. For d ≤ 3 there
are five configurations: the two diagonals of a 2× 2 square; a square together with one common
cell of S and T that shares a row with the square, shares a column with it, or neither; and the two
perfect matchings of a hexagon. For the square, (7.2) gives FS,T = ±p2 = ±1

2(Frow − Fcol), where
Frow = 2s2 and Fcol = 2s11 belong to a row pair and a column pair of the square. For the hexagon,
the FU of its three-cell subdiagrams span Sym3. The three remaining cases are finite computations
with (7.2). □

Remark 7.11 (Evidence). Conjecture 7.9 has been verified by exact computation for all diagrams
without empty rows or columns in the boxes of size 2× 2, 3× 2, 3× 3, 4× 2, 4× 3 and 5× 2, for
those with at most ten cells in the 6× 2 box, and for those with at most eleven cells in the 4× 4 and
5× 3 boxes; this amounts to 334 diagrams up to permutations of rows and columns. In addition,
the local statement FS,T ∈ span{FU : U ⊆ S ∪ T} was confirmed for about 600 randomly chosen
pairs (S, T ) with |S| ≤ 6.

8. Arbitrary supports II: structure, disjoint unions, and the Gorenstein property

8.1. Basic properties.

Proposition 8.1 (Basic properties). Let D be a nonempty diagram with n = |D| cells.
(i) (AD)1 = Cϕ1, (AD)d = 0 for d > n, and (AD)n = CΩD; moreover ϕn1 = n! ΩD and

ϕn+1
1 = 0.

(ii) If n ≥ 2, then dim(AD)2 = 1 if D lies in a single row, or in a single column, or no two cells
of D share a row or a column; otherwise dim(AD)2 = 2.

Proof. (i) Every element of (AD)d is a combination of monomials aSbT with |S| = |T | = d. In degree
n only S = T = D occurs, and ϕn1 = n! ΩD ̸= 0 by Theorem 7.4(b).
(ii) In degree 2, Theorem 7.4(d) gives FS = 2s2 for two cells in a row, FS = 2s11 for two cells in a

column, and FS = h21 = s2 + s11 for two cells in distinct rows and columns. An off-diagonal FS,T

with |S| = 2 requires a full 2× 2 square in D, which contains both a row pair and a column pair.
By Theorem 7.1, dim(AD)2 is the number of linearly independent vectors among those that occur.
If D is not contained in a row, a column, or a partial permutation matrix, then at least two of the
three types occur. For instance, if a row contains two cells and D has a cell outside that row, this
cell lies in a column different from that of one of the two, which gives a pair in distinct rows and
columns. Any two of the three vectors are independent. □

Proposition 8.2 (Functoriality and symmetries). (i) If S ⊆ D, setting the generators of the
cells outside S equal to zero induces a surjection AD → AS, ϕj(D) 7→ ϕj(S). Hence JD ⊆ JS,
(AS)

∗ ⊆ (AD)
∗, and the Hilbert function of AD dominates that of AS coefficientwise.

(ii) Permuting rows and columns does not change ϕj(D), up to the corresponding renaming of
generators. If after such a permutation D ⊆ Dλ, then AD is a quotient of Aλ

∼= H∗(Xλc ;C).
In particular, for D ⊆ [m]× [r], AD is a quotient of H∗(Gr(r,m+ r);C).

(iii) ADt ∼= AD by an isomorphism that corresponds to sρ 7→ (−1)|ρ|sρ′ on Sym. Thus JDt =
ω(JD) and FSt = ω(FS).

Proof. (i) and the first part of (ii) are clear: permuting rows and columns conjugates QD by
permutation matrices. The second part of (ii) follows from (i) applied to D ⊆ Dλ, together with
Theorems 4.4 and 6.1. For (iii), renaming aci ↔ bic identifies QDt with BDAD, and the argument of
Corollary 6.5, which uses only Proposition 2.2, applies verbatim. For the last identity, CSt = RS and
RSt = CS , so by Theorem 7.4(a) FSt =

∑
sgn(ρ)ptype(γρ) =

∑
sgn(γ) sgn(γρ)ptype(γρ) = ω(FS). □
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8.2. Disjoint unions. Let ∆ : Sym → Sym⊗ Sym, ∆hj =
∑

a+b=j ha ⊗ hb, be the coproduct. It is

adjoint to multiplication: ⟨fg, F ⟩ = ⟨f ⊗ g,∆F ⟩ [11, I.5].

Theorem 8.3 (Disjoint unions). Let D = D1 ⊔D2. Then

JD = ∆−1
(
JD1 ⊗ Sym + Sym⊗ JD2

)
, (AD)

∗ = (AD1)
∗ · (AD2)

∗,

where the right-hand side is the span of all products FG in Sym. Equivalently, AD is the image of
(evD1 ⊗ evD2) ◦∆ : Sym → AD1 ⊗AD2.

Proof. After a permutation QD is block diagonal with blocks QD1 and QD2 , so HD = HD1HD2 and
ϕj(D) =

∑
a+b=j ϕa(D1)ϕb(D2). As vector spaces ED = ED1 ⊗ED2 , and even elements of ED1 and

ED2 commute, so multiplication defines an injective algebra homomorphism AD1 ⊗ AD2 → ED.
Hence evD is the composite of (evD1 ⊗ evD2) ◦∆ with this injection. The kernel of evD1 ⊗ evD2 is
K = JD1 ⊗Sym+Sym⊗JD2 , which proves the first identity. In each degree K⊥ = (AD1)

∗⊗ (AD2)
∗,

and f ∈ ∆−1(K) if and only if ⟨∆f,K⊥⟩ = 0, that is, ⟨f, FG⟩ = 0 for all F ∈ (AD1)
∗, G ∈

(AD2)
∗. □

Corollary 8.4 (Ferrers components). If the components of D are Ferrers diagrams of shapes
λ1, . . . , λk, then

(AD)
∗ = span{sµ1sµ2 · · · sµk : µj ⊆ λj}.

Proof. Combine Theorem 8.3 with Theorem 4.4 and Proposition 8.2(ii). □

Example 8.5. (a) If D consists of k cells with no two in a common row or column, then (AD)
∗ =

span{hj1 : j ≤ k} and AD
∼= C[q]/(qk+1). This is the same algebra as for a single row of k cells, but

with a different kernel: for k ≥ 2, s2 − s11 ∈ JD while s11 ∈ J(k).

(b) Let D be the disjoint union of k rows of length a. Since A(a)
∼= C[x]/(xa+1) with hj 7→ xj ,

Theorem 8.3 identifies AD with the subalgebra of R =
⊗k

i=1C[xi]/(x
a+1
i ) generated by the complete

homogeneous symmetric polynomials hj(x1, . . . , xk). Since the invariants of a quotient by an
Sk-stable ideal are the image of the invariants (Reynolds operator),

AD
∼= RSk ∼= H∗(Symk Pa;C),

which has basis the monomial symmetric functions mν(x) with ν ⊆ (ak). Hence Hilb(AD; t) is the

Gaussian binomial coefficient
(
a+k
k

)
t
, the same as for the rectangle (ak).

8.3. The Gorenstein property.

Theorem 8.6 (Gorenstein classification for Ferrers components). Let D be a nonempty diagram
whose components are Ferrers. The following are equivalent:

(i) AD is Gorenstein;
(ii) Hilb(AD; t) is palindromic;
(iii) up to permutations of rows and columns, D is a rectangle, or a disjoint union of k ≥ 2 rows

of equal length, or a disjoint union of k ≥ 2 columns of equal length.

Proof. (i)⇒(ii) holds for every graded Artinian Gorenstein algebra.
(iii)⇒(i). For a rectangle this is Corollary 6.4. For k rows of length a, Example 8.5(b) gives

AD
∼= RSk . The algebra R satisfies Poincaré duality with Sk-invariant top class xa1 · · ·xak. If

0 ̸= u ∈ RSk , choose v ∈ R with uv ≠ 0 in the top degree; the average v̄ of v over Sk is
invariant and uv̄ = uv in the top degree. Hence RSk satisfies Poincaré duality. Columns follow by
Proposition 8.2(iii).
(ii)⇒(iii). Let the components be Ferrers of shapes λ1, . . . , λk, let n = |D|, and suppose that

the Hilbert series is palindromic. Then dim(AD)n−1 = dim(AD)1 = 1. In degree n− 1 only pairs
S = T = D ∖ e occur, so (AD)

∗
n−1 is spanned by the FD∖e. By Theorem 7.4(d) and Corollary 8.4,
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this span is that of the products Pj,ν = sν
∏

l ̸=j sλl , where ν is obtained from λj by removing a
corner; each such product occurs, by deleting the corner cell. Since Sym is a domain and distinct
Schur functions are linearly independent, two corners of the same λj give independent products.

So every λj is a rectangle, say λj = (a
bj
j ) with bj rows of length aj . Let νj be λj with its corner

removed. For j ̸= l, proportionality of Pj,νj and Pl,νl means sνjsλl ∝ sλjsνl . The dominance-leading

monomial of sαsβ is mα+β , where α+ β is the componentwise sum, so νj + λl = λj + νl. If bj < bl,
the two sides differ in position bj , where they equal aj − 1 + al and aj + al. Hence bj = bl, and
applying ω, which maps sαsβ to sα′sβ′ , gives aj = al. So D consists of k copies of an a× b rectangle.

It remains to exclude k ≥ 2 with a, b ≥ 2. Then D contains a row pair and a column pair,
so dim(AD)2 = 2 by Proposition 8.1. Let λ = (ab), ν = (ab−1, a − 1), ν1 = (ab−1, a − 2) and

ν2 = (ab−2, (a− 1)2). By Corollary 8.4, (AD)
∗
n−2 contains sν1s

k−1
λ , sν2s

k−1
λ and s2νs

k−2
λ . We claim

that these are linearly independent, so that dim(AD)n−2 ≥ 3 ̸= dim(AD)2. Dividing by sk−2
λ ,

suppose xsν1sλ + ysν2sλ = zs2ν . Compare coefficients of sθ for θ = ν ∪ ν = (a2b−2, (a− 1)2). Since
θ/λ is a translate of the straight shape ν2, we get cθλν1 = 0 and cθλν2 = 1, while cθνν = 1; hence

y = z. Compare coefficients of s2ν , where 2ν = λ + ν1. Here c2νλν1 = c2ννν = 1, while c2νλν2 = 0
because every constituent of sλsν2 is dominated by λ + ν2 ◁ λ + ν1. Hence x = z. If z ̸= 0 we

would get sλ(sν1 +sν2) = s2ν . Pairing with p2ab−2
1 , and using ⟨FG, pN1 ⟩ =

(
N

degF

)
⟨F, pdegF1 ⟩⟨G, pdegG1 ⟩,

fν1 + fν2 = fν = fλ, this would give
(
2ab−2
ab

)
=
(
2ab−2
ab−1

)
, which is false. So x = y = z = 0. □

Conjecture 8.7. The equivalences of Theorem 8.6 hold for every diagram D.

Among the 334 diagrams of the computations described after Conjecture 7.9, the only palindromic
Hilbert series are those of rectangles, of rows of equal length, and of their transposes. For two
disjoint 2× 2 squares, Hilb(AD; t) = 1 + t+ 2t2 + 3t3 + 4t4 + 3t5 + 3t6 + t7 + t8.

8.4. Examples. Table 1 lists Hilbert series computed with Theorem 7.1. Here Zn is the zigzag
(ribbon) with cells (1, 1), (2, 1), (2, 2), (3, 2), (3, 3), . . . (n cells), and C2k is the cycle diagram {(j, j), (j+
1, j)} with indices modulo k, that is, a k × k permutation-matrix complement for k = 3. All of
these, except the Gorenstein cases listed in Theorem 8.6, have non-palindromic Hilbert series.

diagram D |D| coefficients of Hilb(AD; t)

Z4 = (3, 2)/(1) 4 1, 1, 2, 2, 1

Z5 5 1, 1, 2, 3, 3, 1

Z6 6 1, 1, 2, 3, 4, 3, 1

Z7 7 1, 1, 2, 3, 5, 5, 5, 1

Z8 8 1, 1, 2, 3, 5, 6, 7, 4, 1

C6 (hexagon) 6 1, 1, 2, 3, 3, 1, 1

C8 (octagon) 8 1, 1, 2, 3, 5, 5, 5, 1, 1

(2, 2) ⊔ (1) 5 1, 1, 2, 3, 2, 1

(2) ⊔ (1, 1) 4 1, 1, 2, 2, 1

(2, 2) ⊔ (2, 2) 8 1, 1, 2, 3, 4, 3, 3, 1, 1

(3, 3, 2)/(1) 7 1, 1, 2, 3, 3, 3, 3, 1

(2) ⊔ (2) 4 1, 1, 2, 1, 1

(2) ⊔ (2) ⊔ (2) 6 1, 1, 2, 2, 2, 1, 1

Table 1. Hilbert series of curvature algebras of some non-Young diagrams.
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Example 8.8 (The zigzag). For Z = (3, 2)/(1) = {(2, 1), (3, 1), (1, 2), (2, 2)}, the dual spaces are

(AZ)
∗ = C · 1⊕ Cs1 ⊕ span{s2, s11} ⊕ span{s3, s21} ⊕ C(2s31 + 3s22),

and therefore
JZ = I(3,2) + (3s31 − 2s22).

Indeed Z lies in a permuted copy of D(3,2), so JZ ⊇ I(3,2); in degrees ≤ 3 the subdiagrams with
Ferrers components already give all sρ with ρ ⊆ (3, 2), the top degree is spanned by FZ = 4s31+6s22,
and (3s31 − 2s22)s1 ≡ s̄32 modulo I(3,2). The Hilbert series 1 + t+ 2t2 + 2t3 + t4 coincides with that
of the hook (3, 1).

9. Diagram varieties: a Crofton formula and the comparison problem

9.1. Diagram varieties and the comparison problem. Let D ⊆ R = [m]× [r], let n = m+ r,
and let

LD = {X ∈ Matr×m(C) : Xic = 0 if (c, i) /∈ D}, YD = {rowspan(Ir | X) : X ∈ LD} ⊆ Gr(r, n).

Then YD is an irreducible projective variety of dimension |D| containing LD
∼= A|D| as a dense open

subset. In the convention of [2, 14, 10], which records the entries forced to vanish, YD is the diagram
variety of R∖D. We use the homology class of YD as a linear functional on symmetric functions,

[YD] ∈ Sym|D|, ⟨f, [YD]⟩ =
∫
YD

f
(
c(Q)

)
,

where Q is the universal quotient bundle and hj 7→ cj(Q) = σ(j) as in Theorem 6.1. Put

TD = im
(
H∗(Gr(r, n);C) → H∗(YD;C)

)
, Jgeom

D = ker
(
Sym → TD

)
, Jodd

D = JD.

Thus AD
∼= Sym/Jodd

D and TD ∼= Sym/Jgeom
D . Over C, the graded dual T ∗

D is the image of
H∗(YD;C) → H∗(Gr(r, n);C), regarded as a space of functionals on Sym. The comparison problem
asks when Jodd

D = Jgeom
D . A further question is when TD = H∗(YD;C).

We record the elementary facts used below.

(a) If S ⊆ D, then YS ⊆ YD, so [YS ] ∈ T ∗
D.

(b) Permutations of rows and columns are induced by permutation matrices in GLn(C). These
act trivially on H∗(Gr(r, n)), so [YD], TD and Jgeom

D are invariant. Enlarging the ambient
rectangle does not change them either, as in the remark after Theorem 6.1.

(c) If D is Ferrers of shape λ, then YD is a translate of Xλc , and Jgeom
D = Iλ, TD = H∗(YD)

and [YD] = sλ by Theorem 6.1. Moreover T ∗
D is contained in span{sρ : ρ ⊆ λ} whenever a

permutation of D lies in Dλ.
(d) (Transposition.) The isomorphism Gr(r, n) → Gr(m,n), V 7→ V ⊥ (annihilator for the

standard bilinear form), maps rowspan(Ir | X) to rowspan(−XT | Im). Hence it carries YD
onto a translate of YDt , and it pulls back the quotient bundle of Gr(m,n) to S∗. Since cj(S∗)
is the image of ej , we get [YDt ] = ω[YD] and Jgeom

Dt = ω(Jgeom
D ), matching Proposition 8.2(iii).

(e) If D is a skew diagram λ/ν, then YD is a Grassmannian Richardson variety [8, 14], and
[YD] = sλ/ν . If GD is a forest, then the torus of GLn acts on LD with a dense orbit, so YD is
a torus orbit closure. Its Plücker coordinates restricted to LD are the minors of X, and each
minor is a single monomial. So YD is the projective toric variety of the matching polytope
of GD; its degree is the normalised volume of that polytope, which equals dimSp(D) by [9].
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9.2. A Crofton formula. Equip Cn with its standard Hermitian form, Q = Cn/S with the quotient
metric, and let c(Q, h) = det

(
I + i

2πΘQ
)
be the Chern–Weil form. It is closed, invariant under U(n),

and represents c(Q). At x0 = rowspan(Ir | 0) we identify Tx0 Gr(r, n) with Matr×m(C) through
the chart Z 7→ rowspan(Ir | Z). For a complex d-dimensional subspace V ⊆ Matr×m(C) choose an

orthonormal basis ξ1, . . . , ξd for ⟨X,Y ⟩ = tr(XY ∗), put v = ξT1 ∧ · · · ∧ ξTd ∈
∧d(U ⊗W ∗), and define

the density functional

FV =
∑
µ⊢d

d!

fµ
∥πµv∥2 sµ ∈ Symd.

It does not depend on the basis, it is invariant under V 7→ k1V k2 for (k1, k2) ∈ U(r)× U(m), and
FLS

= FS by Theorem 7.4(b).

Lemma 9.1 (Chern forms at a point). (a) Under aci 7→ dz̄ic, bic 7→ dzic, the exterior algebra ER

maps isomorphically onto
∧• T ∗

x0
Gr(r, n) ⊗ C, and cj(Q, h)(x0) is the image of κjϕj(R), where

κ = −i/2π. Restricting to Tx0LD gives κjϕj(D). Hence AD is isomorphic, as a graded algebra, to
the algebra generated by the restrictions to LD of the Chern–Weil forms of Q at x0.

(b) For every f ∈ Symd and every complex d-plane V ⊆ Tx0 Gr(r, n),

f
(
c(Q, h)

)∣∣
V
= π−d ⟨f, FV ⟩ dvolV .

Proof. (a) Near x0, the images f̄1, . . . , f̄m of the last m standard basis vectors form a holomorphic
frame of Q. The orthogonal projection of fc to S⊥ = rowspan(−Z∗ | Im) shows that the metric
in this frame is h = (I + Z∗Z)−1, up to transposition. Hence the Chern curvature Θ = ∂̄(∂hh−1)
satisfies Θ(x0) = −dZ∗ ∧ dZ, an m ×m matrix of (1, 1)-forms; compare [5, Chapter 0, §5]. The
entries of ARBR map to the entries of dZ∗∧dZ, so det(I+ i

2πΘ)(x0) is the image of det(I+κtQR) at

t = 1. Restriction to LD kills dze and dz̄e for e /∈ D. Rescaling ϕj 7→ κjϕj is a graded automorphism.
(b) Let ζk be the coordinates on V dual to ξk, so that dZ|V =

∑
k ξk dζk and dZ∗|V =

∑
k ξ

∗
k dζ̄k.

By (a), the restrictions to V of the Chern forms are κjψj , where ψj are the coefficients of det(Im +
tAB) for A =

∑
k akξ

∗
k and B =

∑
k bkξk, under ak 7→ dζ̄k, bk 7→ dζk. This is the situation of

Lemma 7.3 with ξk and ηk both replaced by ξ∗k = ξk
T ∈ Matm×r(C). Hence [

∏
k akbk]f(ψ) =∑

µ⟨f, sµ⟩(d!/fµ)∥πµ(ξ̄T1 ∧ · · · ∧ ξ̄Td )∥2 = ⟨f, FV ⟩, because complex conjugation commutes with πµ,

which is defined over R. Finally
∏

k(dζ̄k ∧ dζk) = (2i)d dvolV and κd(2i)d = π−d. □

Theorem 9.2 (Crofton formula for diagram varieties). For X ∈ LD put

VX = (I +XX∗)−1/2 LD (I +X∗X)−1/2 ⊆ Matr×m(C).
Let dvol be the Riemannian volume of LD ⊆ Gr(r, n) for the U(n)-invariant Kähler metric whose
value at x0 is tr(dZ dZ∗). Then for every f ∈ Sym|D|,

⟨f, [YD]⟩ = π−|D|
∫
LD

⟨f, FVX
⟩ dvol(X). (9.1)

In words: FD = FV0 is the Chern–Weil density of YD at the torus-fixed point x0, while [YD] is the
integral of these densities.

Proof. Since c(Q, h) is closed and YD ∖ LD is a proper subvariety, ⟨f, [YD]⟩ =
∫
LD

f(c(Q, h)). Let

GLn act on row spaces from the right. For X ∈ LD write nX =

(
Ir X
0 Im

)
, so that x0nX = x is the

point of LD with coordinate X, and right multiplication by nX is translation by X in the chart.
One checks directly that nX = qk with k ∈ U(n) and

q =

(
(I +XX∗)1/2 0

C (I +X∗X)−1/2

)
∈ Stab(x0), C = X∗(I +XX∗)−1/2.
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Indeed, the rows of q−1nX are (I + XX∗)−1/2(I | X) and (I + X∗X)−1/2(−X∗ | I), which are
orthonormal. Right multiplication RnX = Rk ◦ Rq maps x0 to x and Tx0LD onto TxLD, because
it is translation by X in the chart. Since q fixes x0, we get TxLD = dRk

(
dRq(Tx0LD)

)
, and Rk

is an isometry preserving c(Q, h). In the chart, rowspan(I | Z) q = rowspan
(
I | (A+ ZC)−1ZD′)

with A = (I +XX∗)1/2 and D′ = (I +X∗X)−1/2, whose differential at Z = 0 is Ż 7→ A−1ŻD′; so
dRq(Tx0LD) = VX . Therefore the density of f(c(Q, h)) on TxLD, measured against the Riemannian

volume, equals its density on VX at x0, which is π−|D|⟨f, FVX
⟩ by Lemma 9.1(b). □

Corollary 9.3. Let D be a diagram with |D| = d.

(a) The Schur support of [YD] is the set of constituents of the Specht module Sp(D), that is, the
support of FD, and all these coefficients are positive.

(b) If D is Ferrers, the integrand in (9.1) is constant and [YD] =
deg YD
d!

FD.

(c) Jodd
D ∩ Symd = Jgeom

D ∩ Symd if and only if FD and [YD] are proportional.

Proof. (a) Each VX is g ·LD for some g ∈ GLr ×GLm, which acts on
∧d(U ⊗W ∗) commuting with

πµ. Hence ∥πµvX∥ ̸= 0 if and only if πµeD ̸= 0, so every integrand FVX
has exactly the support of

FD, with positive coefficients. Theorem 7.4(c) identifies this support with the constituents of Sp(D).
(b) After permuting rows and columns, D = Dτ , and LD is stable under left multiplication

by upper triangular r × r matrices and right multiplication by lower triangular m ×m matrices.
By the QR and LQ decompositions, (I + XX∗)−1/2 = k1b1 and (I + X∗X)−1/2 = b2k2 with ki
unitary and b1, b2 upper and lower triangular respectively. Hence VX = k1LDk2 and FVX

= FD

for all X. So [YD] is a positive multiple of FD, and the constant follows from ⟨FD, h
d
1⟩ = d! and

⟨[YD], hd1⟩ = deg YD.
(c) In degree d, (AD)

∗
d = CFD by Proposition 8.1 and T ∗

D ∩ Symd = C[YD] because H2d(YD) =
C[YD]. □

For Young diagrams, (b) together with FDλ
= (d!/fλ)sλ gives a direct geometric proof that the

fundamental class of Xλc is proportional to sλ. Part (a) gives, for arbitrary D, a support-level
statement about classes of diagram varieties. At the level of classes, Liu’s conjecture [10] expresses
the class of a diagram variety through the Specht module of the complementary set of forced zeros;
it fails in general [14].

9.3. Disjoint unions and the comparison theorem.

Theorem 9.4 (Comparison for Ferrers components). If every component of D is Ferrers, then
Jodd
D = Jgeom

D , that is, AD
∼= TD compatibly with the presentations by Sym. In this case TD =

H∗(YD;C) if and only if D has at most one nonempty component.

Proof. Let D = D1⊔D2. After a permutation we may assume that D1 lies in the block of rows I1 and
columns K1, and D2 in the complementary block I2 ×K2. Write Cn = Cn1 ⊕ Cn2 accordingly. The
closed embedding Gr(r1, n1)×Gr(r2, n2) → Gr(r, n), (V1, V2) 7→ V1⊕V2, maps the graph of (X1, X2)
to the graph of the block diagonal matrix, hence restricts to an isomorphism YD1 × YD2

∼= YD. It
pulls Q back to Q1 ⊞Q2, so c(Q) 7→ c(Q1)⊗ c(Q2). By the Künneth formula, Sym → H∗(YD) is
(res1 ⊗ res2) ◦∆, and therefore

Jgeom
D = ∆−1

(
Jgeom
D1

⊗ Sym + Sym⊗ Jgeom
D2

)
.

This is the formula of Theorem 8.3 for Jodd. By induction on the number of components, it suffices
to treat a connected Ferrers diagram, where both kernels equal Iλ by Theorems 4.4 and 6.1 and
fact (b).

If D is connected Ferrers, then TD = H∗(YD) by Theorem 6.1. If D has two nonempty components,
then H2(YD) ⊇ H2(YD1)⊗1⊕1⊗H2(YD2) has dimension at least two, because a positive-dimensional
projective variety has nonzero H2. On the other hand T 1

D = Cσ1. □
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Proposition 9.5 (Low degrees). For every nonempty diagram D, Jgeom
D ∩ Symd ⊆ Jodd

D ∩ Symd for
d ≤ 3, with equality for d ≤ 2.

Proof. Every diagram with at most three cells has Ferrers components. For such U , Theorems 7.4(d)
and 9.4 give FU =

∏
j Hτ jsτ j and [YU ] =

∏
j sτ j , where the τ j are the shapes of the components; so

FU is a positive multiple of [YU ] ∈ T ∗
D. By Proposition 7.10(d), (AD)

∗
d = span{FU} ⊆ T ∗

D for d ≤ 3,
which is the inclusion. In degree 1 both kernels vanish. In degree 2, if dim(AD)2 = 2 the inclusion
forces equality. Otherwise, by Proposition 8.1(ii), D has Ferrers components and Theorem 9.4
applies. □

9.4. The zigzag: failure of the comparison.

Proposition 9.6. Let Z = (3, 2)/(1) = {(2, 1), (3, 1), (1, 2), (2, 2)}. Then

Jodd
Z = I(3,2) + (3s31 − 2s22), Jgeom

Z = I(3,2) + (s31 − s22, s32).

In particular Jodd
Z ̸= Jgeom

Z , although both quotients have Hilbert series 1 + t+ 2t2 + 2t3 + t4.

Proof. The first formula is Example 8.8. On the geometric side, Z lies in a permuted copy of
D(3,2), so T ∗

Z ⊆ span{sρ : ρ ⊆ (3, 2)} by fact (c). Conversely, the subdiagrams of Z with Ferrers
components give, through Theorem 9.4 and fact (a), the classes s1, s2, s11, s21 and s2s1 = s3 + s21.
So T ∗

Z contains all sρ, ρ ⊆ (3, 2), |ρ| ≤ 3. In degree 4, T ∗
Z ∩ Sym4 = C[YZ ]. By Corollary 9.3(a) and

Remark 7.5, [YZ ] = as31 + bs22 with a, b > 0 integers. Its degree is 3a+ 2b. Since GZ is a path, YZ
is the toric variety of the matching polytope {x ∈ R4

≥0 : x1 + x2 ≤ 1, x2 + x3 ≤ 1, x3 + x4 ≤ 1},
with the cells numbered along the path. This is the chain polytope of the four-element zigzag poset,
whose normalised volume is its number of linear extensions, 5 [17]. Hence 3a+ 2b = 5, so a = b = 1;
this agrees with [Yλ/ν ] = sλ/ν . Thus J

geom
Z agrees with I(3,2) in degrees ≤ 3, is I(3,2) + C(s31 − s22)

in degree 4, and contains Sym≥5. Finally, (s31 − s22)s1 ≡ 0 modulo I(3,2), so s32 must be added as
a generator. The two ideals differ in degree 4, by Corollary 9.3(c), since FZ = 4s31 + 6s22. □

Adding Ferrers components does not repair the failure: if D = Z ⊔ D′ with D′ Ferrers, then
FD = FZFD′ and [YD] = [YZ ][YD′ ] with FD′ a multiple of [YD′ ], and cancelling in the domain Sym
shows that FD and [YD] are not proportional.

Remark 9.7 (Abstract versus canonical isomorphism). AZ and TZ are isomorphic as graded R-
algebras, but not as graded Q-algebras. Both are quotients of B = Sym/I(3,2), by B≥5 and by
a hyperplane in B4 = span{s̄31, s̄22}. The top-degree functionals are λ1 = ⟨ · , 2s31 + 3s22⟩ and
λ2 = ⟨ · , s31 + s22⟩. Every graded isomorphism TZ → AZ lifts to an endomorphism θ of Sym with
h1 7→ αh1, h2 7→ βh2 + γh21, h3 7→ δh3 + εh1h2 + ζh31. The conditions are that θ preserves the line
Ce3 = J ∩ Sym3 and that λ1 ◦ θ = c λ2 on Sym4. On h31, h22, h211, h1111 the functional λ1 takes the
values 2, 5, 7, 12 and λ2 the values 1, 2, 3, 5. A short computation reduces the conditions to c = 12

5 α
4,

7β + 12γ = 36
5 α

2 and 5β2 + 14βγ + 12γ2 = 24
5 α

4, hence to β2 = 144
275α

4. This has real solutions with
αβ ̸= 0, which define isomorphisms, but no rational ones.

Remark 9.8 (A numerical check). For Z the integrand of (9.1) is not constant: at X = 0 it is
FZ = 4s31 + 6s22. A Monte Carlo evaluation of (9.1) over LZ

∼= C4 with 1.6 · 104 samples gives the
ratio s31 : s22 = 1.00 : 1.00 to within one percent, in agreement with [YZ ] = s31 + s22. The central
density has ratio 2 : 3. The same computation gives s2 + s11 for two cells in general position and s31
for D(3,1).

9.5. A non-Ferrers diagram satisfying the comparison.

Proposition 9.9. Let D = (3, 3, 2)/(1), the 3 × 3 square with two opposite corners removed.
Then Jodd

D = Jgeom
D , although D is connected and not Ferrers. Both quotients have Hilbert series

1 + t+ 2t2 + 3t3 + 3t4 + 3t5 + 3t6 + t7.
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Proof. Let Λk = span{sρ : ρ ⊆ (3, 3, 2), |ρ| = k}, of dimensions 1, 1, 2, 3, 3, 3, 3, 2, 1. Since D ⊆
D(3,3,2), both (AD)

∗
k and T ∗

D ∩ Symk lie in Λk, by Proposition 8.2(ii) and fact (c). For k ≤ 5,
an exact computation shows that the products sτ1 · · · sτ j attached to the subdiagrams of D with
Ferrers components span Λk. These products lie in both (AD)

∗ and T ∗
D, by Theorem 7.6(iii) and

Theorem 9.4. Hence both spaces equal Λk for k ≤ 5.
For k = 6, consider the three subdiagrams D ∖ e that are, respectively, Ferrers of shape (3, 2, 1)

and the skew shapes (3, 3, 1)/(1) and (3, 2, 2)/(1). Their vectors F are 45s321, 48s33 + 30s321
and 30s321 + 48s222, which span Λ6. By Corollary 9.3(a), their classes are s321, as33 + bs321 and
a′s321 + b′s222 with positive coefficients, which also span Λ6. So (AD)

∗
6 = T ∗

D ∩ Sym6 = Λ6.
For k = 7, FD = 120(s331 + s322). The support of [YD] is {(3, 3, 1), (3, 2, 2)} by Corollary 9.3(a).

Since Dt is a permutation of D, fact (d) gives ω[YD] = [YD], and ωs331 = s322. Hence [YD] is a
multiple of s331 + s322, hence of FD, and Corollary 9.3(c) applies. In degrees ≥ 8 both kernels
contain everything. □

The same strategy shows that the comparison also holds for the nine-cell skew shapes (4, 4, 2)/(1)
and (4, 4, 3)/(2) and their transposes. Here exact linear algebra is combined with the Richardson
classes sκ′/κ of the skew subdiagrams, fact (e). Here FD = 1440(s441 + s432) and [YD] = s441 + s432,
although neither shape is transpose-symmetric.

9.6. Computational summary. The computations combine Theorem 7.1 with classes of diagram
varieties. These classes were obtained from Corollary 9.3, from Richardson classes for skew shapes,
or by counting intersection points with Schubert varieties for random flags using Gröbner bases over
a finite field.

(i) The equality supp[YD] = suppFD of Corollary 9.3(a) was confirmed for all 43 connected
diagrams in the 3× 3 box and in the 4× 2 and 4× 3 boxes with at most eight cells.

(ii) Among the 2683 connected skew shapes with at most nine cells, 2043 are Ferrers. Among the
remaining ones, FD is proportional to sλ/ν only for translates of (3, 3, 2)/(1), (4, 4, 2)/(1),
(4, 4, 3)/(2), (3, 3, 2, 2)/(1) and (3, 3, 3, 2)/(1, 1). For the 311 distinct connected non-Ferrers
skew shapes with at most eight cells, the comparison fails in top degree for all but (3, 3, 2)/(1).

(iii) For the hexagon C6 (3× 3 minus a permutation matrix), FD = 24s33 + 30s321 + 24s222 and
[YD] = s33 + 2s321 + s222. The latter agrees with the prediction of Liu’s conjecture, which is
known in this case because the three forced zeros form a forest [10, 14].

9.7. Open problems.

(1) Characterise the diagrams with Jodd
D = Jgeom

D . By Theorem 9.4 and Proposition 9.9, this
class contains all disjoint unions of Ferrers diagrams and some connected non-Ferrers ones;
by Proposition 9.6, it is not closed under taking subdiagrams. Corollary 9.3(c) reduces the
top degree to the proportionality of the central density FD and the averaged density [YD].

(2) Is Hilb(AD; t) = Hilb(TD; t) for every D? This holds in all cases above, including the zigzag,
where the kernels differ.

(3) Prove Conjecture 7.9 (diagonal sufficiency) and Conjecture 8.7 (Gorenstein classification).
(4) Find a combinatorial rule for the coefficients χµ(yS) of FS , analogous to the Littlewood–

Richardson rule for skew shapes, and relate the averaged densities (9.1) to Liu’s Specht-
module prediction.

(5) Find a polyhedral model for Hilb(AD; t) extending Proposition 5.1. For disjoint unions of
equal rows the answer is again a Gaussian binomial (Example 8.5).

Acknowledgements. The authors are grateful to Arkady Berenstein and Arkady Vaintrob for
useful discussions.
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