(*
Families of setoids and
locally cartesian closure of the
e-category of setoids.

Erik Palmgren, October 15, 2012.

This code illustrates how to prove
that the e-category of setoids 1is

LCC by using setoid versions of

P1 and Sigma for proof-irrelevant

families of setoids.

Written 1in
Cog 8.3pl2/Coqg 8.3pl3 with UTF8-encoding.

*)

(* We use Olov Wilander's development and notation
for "Swedish style" setoids, i.e. setoids where the
truth-values of equivalence relations are in Set
rather than in Prop as in Coq ("French style"
setoids).

*)

Require Import PropasTypesUtf8Notation
PropasTypesBasics_mod SwedishSetoids_mod.

(* First some generalities about families of setoids
and dependent setoid constructions from forthcoming
joint work with Olov Wilander *)

Notation "p 1" := (setoidsym _ _ _ p) (at level 3,

no associativity).

Notation "p © q" := (setoidtra _ _ _ _ q p) (at level



34, right associativity).
Notation "F [ p" := (setoidmapextensionality _ _ F _
_p) (at level 100).

(* Proof irrelevant setoid families *)
Record setoidfamily (A: setoid) :=

{

setoidfamilyobj :> A » setoid;
setoidfamilymap : vx y: A, vp: X = vy,
setoidfamilyobj x =
setoidfamilyobj vy;

setoidfamilyref : wvx: A, vy: setoidfamilyobj x,
setoidfamilymap x x (setoidrefl A x) y = y;
setoidfamilyirr : vx y: A, vp q: X =y, VZ:

setoidfamilyobj x,
setoidfamilymap x y p z =~
setoidfamilymap x y q z;
setoidfamilycmp : vx y z: A, vp: X =y, vq: VY
z, vw: setoidfamilyobj x,
(setoidfamilymap y z q)
((setoidfamilymap x y p) w)
~ setoidfamilymap x z

Q

(qop) w
1.

Notation "F e p" := (setoidfamilymap _ F _ _ p)
(at level 9, right associativity).

Lemma setoidfamilyrefgeneral {A: setoid} (F:
setoidfamily A):
vX: A, vp: X = X, vy: F X, Fep y =~ vy,
Proof.
intros x p vy.
apply setoidtra with (Fe(setoidrefl A x) y);
eauto using setoidtra, setoidfamilyirr,
setoidfamilyref, setoidrefl.
Defined.



Lemma setoidfamilycmpgeneral {A: setoid} (F:
setoidfamily A):

vX y z: A, vp: X =Yy, vq: Yy = z, Vr: X =~ z, vw: F
x, Feq (Fep w) =~ Fer w,
Proof.

intros x y z p q r w;

eauto using setoidtra, setoidfamilyirr,

setoidfamilycmp.
Defined.

Definition familymapcomposition {A B: setoid} (F:
setoidfamily B) (f: A = B)
: setoidfamily A.
apply (Build_setoidfamily A
(A a, F (f a))
(Aaa' p, Fe(f [ p)).
intros ?7; apply setoidfamilyrefgeneral.
intros ? 7 ? 7, apply setoidfamilyirr.
intros 7 ? 7 7?7 7; apply setoidfamilycmpgeneral.
Defined.

Notation "F % f" := (familymapcomposition F f) (at
level 9).

Definition XZsetoid (A: setoid) (F: setoidfamily A):
setoid.
apply (Build_setoid (3a: A, F a)
(A p g, match (p, q) with (existT a b, existT a’'
b') =>
Je: a~a', Fee b =~ b’

end)).
intros [a b]. exists (setoidrefl _ _). apply
setoidfamilyref.
intros [a b] [a' b'] [p e]. exists p . apply
setoidtra with (Fep 1(Fep b)).
apply setoidmapextensionality; apply setoidsym;



assumption.

apply setoidtra with (Fe(p lop)b). apply
setoidfamilycmp.

apply setoidfamilyrefgeneral.

intros [a b] [a' b'] [a'" b'"'] [p e] [q e'].
exists (qop). apply setoidtra with (Feq (Fep b)).
apply setoidsym.

apply setoidfamilycmp.

apply setoidtra with (Feq b'). apply
setoidmapextensionality; assumption.
assumption.

Defined.

Definition Tsetoid (A: setoid) (F: setoidfamily A):
setoid.
apply (Build_setoid (af: va: A, F a, vaa': A, vp: a
~a', Fep (f a) = f a")

(A F G, match (F, G) with (existT f fext, existT g
gext) =>

va: A, fa=ga
end)).

intros [f _] ?7; apply setoidrefl.
intros [f _] [g _] p a; apply setoidsym; auto.
intros [f _] [g _] [h _] p g a; eauto using
setoidtra.
Defined.

(* End of generalities about dependent types *)

(* Now prove that the setoids are locally cartesian
closed in the sense of E-categories.*)

(* The next few definitions and theorems gives the
basic properties of the E-category of slices of the
setoids above a fixed setoid. *)

Record slice (X:setoid) :=



{

overobj :> setoid;
downarr : overobj = X

}.

Definition mslice {X:setoid} (A:setoid)
(a: A = X): slice X.
apply (Build_slice X A a).
Defined.

Record slicemap {X:setoid}(a b:slice X):=
{
upper :> (overobj X a) = (overobj X b);
triangle : vx: overobj X a,
downarr X b (upper x) = downarr X a x

}.

Definition slicemorph {X:setoid}(a b:slice X):setoid.
apply (Build_setoid (slicemap a b)
(fun f g => upper a b f =~ upper a b g)).
intro. swesetoid.
intro. swesetoid.
intro. swesetoid.
Defined.

Definition uppermap
{X:setoid}{a b:slice X}(z: slicemorph a b):= upper
ab z.

Theorem slicemorph_eqlemma?2
{X:setoid}{a b:slice X}(f f': slicemorph a b)
(p: f = f'): wvx:a, uppermap f x = uppermap f' Xx.
Proof.
intro x.
apply p.
Defined.



Definition trianglepf
{X:setoid}{a b:slice X}(z: slicemorph a b):=
triangle a b z.

Definition id_slice {X:setoid}(a:slice X): slicemorph
aa.

apply (Build_slicemap X a a idmap).

intro x. simpl. swesetoid.
Defined.

Definition cmp_slice_helper2 {X:setoid}(a b c: slice
X):
(slicemorph b ¢) ->
(slicemorph a b) -> (slicemorph a ).
intros f g.
apply (Build_slicemap X a c
(Cupper b c f) o (upper a b g))).
intro Xx.
destruct f as [uf pf].
destruct g as [ug pg].
simpl.
specialize pf with Cug x).
swesetoid.
Defined.

Definition cmp_slice_helper {X:setoid}(a b c: slice
X):
(slicemorph b ¢) ->
(slicemorph a b) = (slicemorph a c).
intro f.
apply (Build_setoidmap
(slicemorph a b) (slicemorph a c)
(fun g => cmp_slice_helper2 a b c f g)).
intros g g' P t.
simpl.
apply setoidmapextensionality.



apply P.
Defined.

Definition cmp_slice {X:setoid}{a b: slice X}(c:slice
X):
(slicemorph b ¢) = (slicemorph a b) = (slicemorph
a c).
apply (Build_setoidmap
(slicemorph b ¢)
((slicemorph a b) = (slicemorph a c))
(fun f => (cmp_slice_helper a b c f))).
intros f f' P g t.
simpl.
apply P.
Defined.

Theorem cmp_slice_lemma {X:setoid}{a b: slice X}
(c:slice X)(f: slicemorph b c)(g:slicemorph a b)
(x: a)(y: o):

Cuppermap (cmp_slice ¢ f g)) x =y
->
Cuppermap f) (uppermap g x) =~ V.

Proof.
intro H.
apply H.

Defined.

Theorem cmp_slice_assoc (X:setoid)(a b c d:slice X)
(f: slicemorph c d)
(g: slicemorph b ¢)
(h: slicemorph a b):
(cmp_slice d (cmp_slice d f g) h) =~
(cmp_slice d f (cmp_slice c g h)).
Proof.
destruct f as [uf pf].
destruct g as [ug pg].



destruct h as [uh ph].

simpl.

intro x. apply setoidrefl.
Defined.

Theorem cmp_slice_idleft (X:setoid)(a b:slice X)
(f: slicemorph a b):
(cmp_slice b (id_slice b) f) =~ f.

Proof.
destruct f as [uf pf].
simpl.
intro x. apply setoidrefl.
Defined.

Theorem cmp_slice_idright (X:setoid)(a b:slice X)
(f: slicemorph a b):
(cmp_slice b f (id_slice a)) =~ f.

Proof.
destruct f as [uf pf].
simpl.
intro x. apply setoidrefl.
Defined.

(* End of basic slice constructions *)
(* Construction of pullbacks in Setoids *)

Definition PullbackObj (X:setoid)(A B:setoid)
(f:A = X)(g:B = X):setoid.
apply (Build_setoid (3z:A ® B,
f (fst_setoid z) =~ g (snd_setoid z))
(A p)q, projTl p =~ projTl q)
intro p. destruct p. apply setoidrefl.
intros p q. destruct p. destruct q. apply
setoidsym.
intros p q r. destruct p. destruct q. destruct r.



apply setoidtra.
Defined.

Definition PullbackProjl {X:setoid}{A B:setoid}
(f:A = X)(g:B = X): PullbackObj X AB f g = A.
apply (Build_setoidmap (PullbackObj X A B f g) A
(fun p => fst_setoid (projTl p))).
intros p p' P. destruct p as [z p].
destruct p' as [z' p']. destruct z. destruct z'.
simpl in P.
simpl.
apply P.
Defined.

Definition PullbackProj2 {X:setoid}{A B:setoid}
(f:A = X)(g:B = X): PullbackObj X AB f g = B.
apply (Build_setoidmap (PullbackObj X A B f g) B
(fun p => snd_setoid (projTl p))).
intros p p' P. destruct p as [z p].
destruct p' as [z' p']. destruct z. destruct z'.
simpl in P.
simpl.
apply P.
Defined.

Definition PullbackBracket_helper {X A B Q:setoid}
(f:A = X)(g:B = XD(p:Q = A)
(q:Q = BY(P:f = p =g - q):
Q -> PullbackObj X A B f g.
intro t.

exists ((p t), (g t)).
simpl.
apply (P t).

Defined.



Definition PullbackBracket{X A B Q:setoid}
(f:A = X)(g:B = XD(p:Q = A)

(q:Q = BY(P:f = p ~g ° Q)
Q = PullbackObj X A B f g.

apply (Build_setoidmap Q (PullbackObj X A B f g)

(PullbackBracket_helper f g p q P)).

intros x y H.

simpl.

split.

apply setoidmapextensionality. assumption.

apply setoidmapextensionality. assumption.
Defined.

Theorem Pullback_eqg_lemma (X:setoid)(A B:setoid)
(f:A = X)(g:B = X)(z z": PullbackObj X A B f

g):
(PullbackProjl f g z) =~ (PullbackProjl f g z') ->
(PullbackProj2 f g z) = (PullbackProj2 f g z')
>z =2z,
Proof.

destruct z as [z p]. destruct z' as [z' p'].
destruct z as [x y]. destruct z' as [x' y'].
simpl.
intros.
split. assumption. assumption.

Defined.

Theorem IsPullback (X:setoid)(A B:setoid)

(f:A = X)(g:B = X):

f o (PullbackProjl f g) =~ g o (PullbackProj2 f
g)

A
(vQ:setoid, vp:Q = A, vq:Q = B,
vH:(f - p =~ g - a),



((PullbackProjl f g) -
(PullbackBracket f g p g H) = p)
A
((CPullbackProj2 f g) -
(PullbackBracket f g p q H) = q)
A (vr:Q = (PullbackObj X A B f g),
((PullbackProjl f g) > r = p)
->
((PullbackProj2 f g) - r =~ q)
-> r =~ (PullbackBracket f g p q H))).
Proof.
split.
intro t.
destruct t as [z p].
destruct z as [x y].
simpl.
apply p.

intros Q p q H.
split.

intro t.

simpl.

apply setoidrefl.
split.

intro t.

simpl.

apply setoidrefl.

intros r H1 HZ2.
intro t.
apply Pullback_eq_lemma.
apply (H1 t).
apply (HZ2 t).
Defined.

(* Next construct the pullback functor between slices
of setoids: fA*: Setoids/Y -> Setoids/X *)



Theorem pbfunctor_obs
(X Y:setoid)(f: X = Y)(a :slice Y): slice X.
Proof.
destruct a as [A a].
apply (Build_slice X (PullbackObj Y X A f a)
(PullbackProjl f a)).
Defined.

Theorem pbfunctor_mor_helper
(X Y:setoid)(f: X = Y)(a b :slice Y):
slicemorph a b -> slicemorph (pbfunctor_obs X Y f

a)
b).

Proof.
intro g.
destruct a as [A a].
destruct b as [B b].
destruct g as [g pf].
simpl 1in g.
simpl in pf.
assert (f o (PullbackProjl f a) =~
b - (g ° (PullbackProj2 f a)))
as H.
intro t.
specialize pf with (PullbackProj2 f a t).
assert (f o (PullbackProjl f a) =
a o (PullbackProj2 f a)) as HL.
apply (IsPullback Y X A f a).
assert (f (PullbackProjl f a t) =
a (PullbackProj2 f a t)) as H2.
apply (H1 t).
swesetoid.

(pbfunctor_obs X Y f

annlv



~FrF -

(Build_slicemap X

(pbfunctor_obs X Y f {| overobj := A;
downarr := a |})
(pbfunctor_obs X Y f {| overobj := B;

downarr :=b |})
(PullbackBracket f b
(PullbackProjl f a)
(g ° (PullbackProj2 f a))
H)).
intro x.
unfold pbfunctor_obs.
simpl.
apply setoidrefl.
Defined.

Theorem pbfunctor_mor
(X Y:setoid)(f: X = Y)(a b :slice Y):
slicemorph a b = slicemorph (pbfunctor_obs X Y f

a
b).

Proof.

apply (Build_setoidmap (slicemorph a b)

(slicemorph (pbfunctor_obs X Y f a)
(pbfunctor_obs X Y f b))

(pbfunctor_mor_helper X Y f a b)).

intros g h H.

intros t.

unfold pbfunctor_obs in t.

destruct a. destruct b. destruct g. destruct h.

destruct t.

(pbfunctor_obs X Y f

unfold pbfunctor_mor_helper.
simpl.
split.

nnnlv <etnidrefl
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simpl in H.

apply H.
Defined.

Definition idmapp (A: setoid): setoidmap A A.
apply (Build_setoidmap A A (A x: A, x)); swesetoid.
Defined.

Theorem pbfunctor_id

(X Y:setoid)(f: X = Y)(a:slice Y):

pbfunctor_mor X Y f a a (id_slice a)

~ 1d_slice (pbfunctor_obs X Y f a).

Proof.

intro z.

destruct a.

destruct z.

destruct x.

simpl.

split. apply setoidrefl. apply setoidrefl.
Defined.

Theorem pbfunctor_cmp
(X Y:setoid)(f: X = Y)(a b c:slice Y)
(g: slicemorph b c)(h: slicemorph a b):
pbfunctor_mor X Y f a ¢ (cmp_slice c g h)
(cmp_slice (pbfunctor_obs X Y f c)
(pbfunctor_mor XY f b c g)
(pbfunctor_mor X Y f a b h)).
Proof.
intro z.
destruct a. destruct b. destruct c.
destruct g. destruct h.
simpl.
split.

nnnlys catnidrafl
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apply setoidrefl.
Defined.

(* End of pullback functor related definitions *)

(* We need to consider fibers fA-1(y) of a
setoid map f. *)

Definition fib_setoid {X Y:setoid}(f:X = Y)
(y:Y):setoid.

apply (Build_setoid (ax:X, f x = y)

(A p g, projTl p ~ projTl q)).

intro z.

destruct z as [x p].

apply setoidrefl.

intros z z'.

destruct z as [x p].

destruct z' as [x' p'].

apply setoidsym.

intros z z' z'"'.

destruct z as [x p].

destruct z' as [x' p'].

destruct z'' as [x'' p''].

apply setoidtra.
Defined.

Definition fib_map_helper {X Y:setoid}(f:X = Y)
Gy y sy = y'):
(fib_setoid f y) -> (fib_setoid f y').
intro z.
exists (projTl z).
apply setoidtra with vy.
apply (projT2 z).
exact p.
Defined.



Definition fib_map {X Y:setoid}(f:X = Y)
vy 1y = y'):
(fib_setoid f y) = (fib_setoid f y").
apply (Build_setoidmap
(fib_setoid f y) (fib_setoid f y')
(fib_map_helper f y y' p)).
intros z z'.
destruct z as [x q].
destruct z' as [x' q'].
simpl.
intro H. assumption.
Defined.

Definition fib {X Y:setoid}(f:X = Y): setoidfamily Y.
apply (Build_setoidfamily Y
(fib_setoid f)
(fib_map f)).
intros x z.
destruct z as [u q].
simpl.
apply setoidrefl.
intros x x' H H1 z.
destruct z as [u q].
simpl.
apply setoidrefl.
intros x x' x'" H H1 z.
destruct z as [u q].
simpl.
apply setoidrefl.
Defined.

Definition fib_proj {X Y:setoid}(f:X = Y)(y:Y):
(fib f y) = X.

apply (Build_setoidmap (fib f y) X (fun z => projTl
z)).

intros z z' H.



destruct z as [u q].
destruct z' as [u' q'].
simpl in H.
simpl.
assumption.

Defined.

(* Now work towards constructing the right adjoint
to the pullback functor.

*)

Definition Pi_setoid {A X Y:setoid}
Ca: A = XD(F:X = Y)(y:Y):=
Msetoid (fib f y) ((fib a) % (fib_proj f y)).

Definition Pi_setoid_map_helper {X Y:setoid}
(F: setoidfamily X)(f: X = Y)(y y":YD(p: y =~y")
Ch: wvx : (fib f) y, F % (fib_proj f y) x):
(vx : (fib f) y', F % (fib_proj f y') x).

intro x.
specialize h
with ((fib f) e p "1 x).
simpl in h.
simpl.
simpl in Xx.
destruct x as [u q'].
simpl.
simpl in h.
exact h.
Defined.

Definition Pi_setoid_map_helper2 {X Y:setoid}
(F: setoidfamily XD(f: X = Y)(y y":YD(p: y = y'):
Msetoid ((fib f) y) (F % (fib_proj f y)) ->
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intro h.
destruct h as [h pf].
exists (Pi_setoid_map_helper F f y y' p h).
intros x x' q.
specialize (pf ((fib f) e p "1 x)).
specialize (pf ((fib f) e p "1 x')).
destruct x as [u r].
destruct x' as [u' r'].
simpl in pf.
simpl in q.
specialize (pf q).

simpl.
assumption.
Defined.

Definition Pi_setoid_map_helper3 {X Y:setoid}
(F: setoidfamily XD(f: X = Y)(y y":YD)(p: y =~y'):
Msetoid ((fib f) y) (F % (fib_proj f y)) =
Msetoid ((fib f) y') (F % (fib_proj f y')).

apply
(Build_setoidmap

(Tlsetoid ((fib f) y) (F % (fib_proj f y)))
(MTsetoid ((fib f) y') (F % (fib_proj f y')))
(Pi_setoid_map_helper2 F f y y' p)).

intros g h P.

destruct g as [g pg].

destruct h as [h ph].

simpl.

simpl in P.

intro t.

destruct t as [t pt].

simpl.

specialize (P (existT (A x : X, f x=,{Y }y) t



(p "t © ptd)).
assumption.
Defined.

Definition Pi_family {X Y:setoid}
(F: setoidfamily X)(f:X = Y): setoidfamily Y.
apply (Build_setoidfamily Y
(fun y => Tsetoid ((fib f) y) (F %
(fib_proj f y)))
(Pi_setoid_map_helper3 F f)).
intros x h.
destruct h as [h ph].
simpl.
intro t.
destruct t as [t pt].
simpl.
specialize (ph (existT (A x0 : X, f x0 =~,{ Y }x) t
((setoidrefl Y x) "1 o pt))).
specialize (ph (existT (A x0 : X, f x0 =,{ Y }x) t
pt)).
assert (existT (A x0 : X, f x0 =~,{ Y }x) t
((setoidrefl Y x) "1 o pt)
~,{ (fib f) x }existT (A x0 : X, f x0 =,{ Y
Ix) t pt) as p.
simpl.
apply setoidrefl.
specialize (ph p).
simpl in ph.
assert (F ® p
(h (existT (A x0 : X, f x0 =~,{ Y }x) t
((setoidrefl Y x) "t o pt))) =
h (existT (A x0 : X, f x0 =~,{ Y }x) t
((setoidrefl Y x) "1 o pt))).
apply setoidfamilyrefgeneral.



swesetolda.

intros x y p q h.

destruct h as [h ph].

simpl.

intro t.

destruct t as [t pt].

simpl.

specialize (ph (existT (A x0 : X, f x0 =~,{ Y }x) t
(p "t o pt))).

specialize (ph (existT (A x0 : X, f x0 =~,{ Y }x) t
(g "t o ptl)).

simpl in ph.

specialize (ph (setoidrefl X t)).

assert ( F ® (setoidrefl X t)

(h (existT (A x0 : X, f x0 ~,{ Y }x) t (p 1

o pt))) = (h (existT (A x0 : X, f x0 =, { Y }}IX) t (p
T o pt)))).

apply setoidfamilyrefgeneral.

swesetoid.

intros xy z p q h.

destruct h as [h ph].

simpl.

intro t.

destruct t as [t pt].

simpl.

specialize (ph (existT (A x0 : X, f x0 ~,{ Y }x) t
(p "*og *opt))).

specialize (ph (existT (A x0 : X, f x0 =~,{ Y }x) t
((q @ p) "t opbd).

simpl in ph.

specialize (ph (setoidrefl X t)).

assert ( F o (setoidrefl X t)

(h (existT (A x0 : X, f x0 =~,{ Y }x) t (p 1

©oq 1T opt))) = (h (existT (A x0 : X, f
IX)t(p "t eoq "t o pt)).

apply setoidfamilyrefgeneral.

cwe<etnid.
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Defined.
(* convenient lemma for some tactics *)

Theorem Tsetoid_eqg_lemma
(A: setoid) (F: setoidfamily A)(Ch h': Tisetoid A F):
(forall x:A, projTl h x = projTl h' x) ->
h ~h'.
Proof.
intro H.
destruct h as [h hext].
destruct h' as [h' hext'].
intro x.
apply H.
Defined.

(* The Pi-object and its projection *)

Definition P10bj {A X Y:setoid}
(a: A = XD(F:X = Y):=
Zsetoid Y (Pi_family (fib a) f).

Definition P10bj_proj {A X Y:setoid}
(a: A = XD(F: X =Y):
Zsetoid Y (Pi_family (fib a) f) =Y.
apply (Build_setoidmap
(Zsetoid Y (Pi_family (fib a) f))
Y
(fun z => projTl z)).
intros z z' H.
destruct z as [y r]. destruct z' as [y' r'].
destruct r. destruct r'.
simpl in H.
destruct H.
simpl.
assumption.



Defined.

Theorem P10bj_eq_lemma {A X Y:setoid}
(a: A = XD(F:X = Y)(w w': PiObj a f)(p:
projTl w = projT1l w'):
(Pi_family (fib a) f)e® p (projT2 w) =~ projT2 w' ->
W= W.

Proof.
intro H.
destruct w as [y r]. destruct w' as [y' r'].
simpl in p.
exists p.
apply H.

Defined.

Definition P10bj_slice {A X Y:setoid}
(a: A = XD(f:X = Y): slice Y.
apply (mslice (Pi0Obj a f) (PiObj_proj a f)).
Defined.

Definition ev_map_op {A X Y:setoid}(a: A = X)(f:X =
Y): overobj X (pbfunctor_obs X Y f (Pi0Obj_slice a
) -
A.

intro z.

destruct z as [w p].

assert (fib f (projTl (snd_setoid w))) as b.

exists (fst_setoid w).

apply p.

assert ((fib a) % (fib_proj f (projT1l (snd_setoid
w))) b) as H.

apply (projTl (projT2 (snd_setoid w))).

apply (fib_proj a _ H).
Defined.

Definition ev map s {A X Y:setoid}(a: A = X)(f:X =



e B - - - T - 2 s ~

Y): (pbfunctor_obs X Y f (Pi0Obj_slice a f)) =
(mslice A a).
apply (Build_setoidmap

intros z
destruct
destruct
destruct
destruct
destruct
destruct
destruct
destruct
simpl 1in
simpl in
intros H.
simpl.

destruct
destruct

(pbfunctor_obs X Y f (P10Obj_slice a f))
(mslice A a)

(ev_map_op a f)).

z'.

z as [w p].

w as [x h].

h as [y g].

g as [g ql.

"as [w' p'].

w' as [x' h'].

h' as [y' g'].

g' as [g' q'].
p
p

H as [H1 HZ].
HZ2 as [e H3].

specialize (H3 (existT (A x0 : X, f x0 =~,{ Y }y")

x" p')).

simpl 1in

H3.

assert (va@ a' : (fib f) vy,

vp

ad ~,{ (fib f) y }a',

((fib a) % (fib_proj f y)) e p (g a@) ~,{ (fib
a) % (fib_proj f y) a' }
g a') as H4.

apply q.

specialize (H4 (existT (A x : X, f x =,{ Y }y) x'
(e "t o p'))).
specialize (H4 (existT (A x0 : X, f x0 =,{ Y }y) x



p)).

simpl in H4.
assert (x'
apply setoidsym.

apply H1.

~ X) as H1'.

specialize (H4 H1").

unfold fib_map_helper in H3.
simpl 1in H3.

swesetoid.

Defined.

Definition ev_map {A X Y:setoid}(a: A = X)(f: X =
Y): slicemap
(pbfunctor_obs X Y f (Pi0Obj_slice a f))
(mslice A a).
apply (Build_slicemap X
(pbfunctor_obs X Y f (PiObj_slice a f))
(mslice A a)
(ev_map_s a f)).

intro z.
destruct
destruct
destruct
destruct
simpl.

simpl in
simpl 1in

z
W
h
g

as [w p].
as [x h].
as Ly d].
as [g q].

p.

9

apply (projT2 (g (existT (A x0 : X, f x0 =,{ Y }y)

X p))).
Defined.

Definition ev {A X Y:setoid}(a: A = X)(f: X = Y):=
ev_map a f:

slicemorph
(pbfunctor_obs X Y f (PiObj_slice a f))



(mslice A a).

Theorem Pi0Obj_irr_lemma?2
(A X Y:setoid)(a: A = XD(f: X =Y)
Cu: X)(Ch:Pi0Obj_slice a f)(g q': f u = projT1l h):
projT1l (projTl (projT2 h) (existT _ u q))

projT1l (projTl (projT2 h) (existT _ u q')).
Proof.

destruct h as [y P].

destruct P as [g p].

simpl.

simpl 1in

simpl 1in

simpl 1in

simpl in p.

specialize (p (existT (A x : X, f x =,{ Y }y) u
a).

specialize (p (existT (A x : X, f x =,{ Y }y) u
a')).

apply p.

simpl.

apply setoidrefl.
Defined.

O 0«

Theorem Pi_family_eq_lemma
(A XY : setoid)

(a : A =X
(f : X=Y)
(u : X)

(y y': Pi0Obj_slice a f)
(p: projTl y = projTl y')
(q: f u=projTl y)
(r: fu=projTl y") :
(projT1
(projT1l ((Pi_family (fib a) f) e p (projT2 y))



~

(existT (A x0 : X, f x0 ~,{ Y }projTL y') u
rJ))

(projT1
(projTl (projT2 y)

a))).

(existT (A x0 : X, f x0 =,{ Y }projTl y) u

Proof.

u

Y

destruct y as [x s]. destruct y' as [x' s'].
destruct s as [sl s2]. destruct s' as [s1l' s2'].
simpl.

simpl in p.

simpl in q.

simpl in r.

unfold fib_map_helper.

simpl in s2.

specialize (s2 (existT (A x0 : X, f x0

~,{ Y Ix)
(projTl (existT (A x0 : X, f x0 =

1Y Ix')

r))
(p " © projT2 (existT (A x0 : X, f x0 =~,{

IX") u r))).
specialize (s2 (existT (A x0 : X, f x0 =,{ Y }x) u

aq)).

apply sZ2.
simpl.
apply setoidrefl.

Defined.

Theorem PiUniversal_map_upper_op_helper

(A X Y:setoid)(a: A = XD(f: X =1Y)
(B:setoid)(b: B = Y)

(h: slicemorph

(pbfunctor_obs X Y f (mslice B b))
(mslice A a))

(z: (overobj Y (mslice B b))):

(ww : ax : X, f x =, {Y }b z, ax : A,



ax=,{ X3} projTl w).

Proof.
intro w.

exists (Cuppermap h) (existT _ ((projTl w),z)
(projT2 w))).

apply ((trianglepf h) (existT _ ((projTl w),z)
(projT2 w))).
Defined.

Theorem PiUniversal_map_upper_op
(A X Y:setoid)(a: A = XD(f: X =Y)
(B:setoid)(b: B = Y)
(h: slicemorph
(pbfunctor_obs X Y f (mslice B b))
(mslice A a)):
(overobj Y (mslice B b)) ->
(overobj Y (PiObj_slice a f)).
Proof.
intro z.
exists (b 2).
unfold Pi_family.
simpl.
exists (PiUniversal_map_upper_op_helper A X Y a f B
b h z).
intros w w' P.
destruct w as [x gf].
destruct w' as [x' qgf'].
simpl in P.
unfold PiUniversal_map_upper_op_helper.
simpl.
apply setoidmapextensionality.
split.
assumption.
swesetoid.
Defined.



Theorem PiUniversal_map_upper
(A X Y:setoid)(a: A = XD(f: X =Y)
(B:setoid)(b: B = Y)
(h: slicemorph
(pbfunctor_obs X Y f (mslice B b))
(mslice A a)):
(overobj Y (mslice B b)) =
(overobj Y (Pi0Obj_slice a f)).
Proof.
apply (Build_setoidmap
(overobj Y (mslice B b))
(overobj Y (P1i0Obj_slice a f))
(PiUniversal_map_upper_op A X Y a f B b
h)).
intros x y H.
simpl.
assert (b x = b y) as e.
apply setoidmapextensionality.
apply H.
exists e.
intro z.
destruct z.
simpl.
apply setoidmapextensionality.
split.
apply setoidrefl.
swesetoid.
Defined.

Theorem PiUniversal_map
(A X Y:setoid)(a: A = XD(f:X =Y)
(B:setoid)(b: B = Y)
(h: slicemorph
(pbfunctor_obs X Y f (mslice B b))
(mslice A a)):
slicemorph (mslice B b) (PiObj_slice a f).

lelf\f\'c



rrovvil .

apply (Build_slicemap Y
(mslice B b) (Pi0Obj_slice a f)
(PiUniversal_map_upper A X Y a f B b h)).
intro x.
simpl.
apply setoidrefl.
Defined.

(* The universal property of the Pi-object and its
evaluation map. This gives right adjoint to the
pullback functor fA*,

This part can probably be improved greatly
by planning the equational reasoning a little
more prudently ...

*)

Theorem PiUniversality
(A X Y:setoid)(a: A = XD(f: X = Y):
v B:setoid, v b: B =Y,
v h: slicemorph
(pbfunctor_obs X Y f (mslice B b))
(mslice A a),
(3 k: slicemorph (mslice B b) (PiObj_slice a f),
cmp_slice _ (ev a f)
(pbfunctor_mor X Y f (mslice B b)
(PiObj_slice a f) k) =h) ~a
(v k k': slicemorph (mslice B b) (PiObj_slice a
),
cmp_slice _ (ev a f)
(pbfunctor_mor X Y f (mslice B b)
(P10Obj_slice a f) k ) =~ cmp_slice _ (ev a f)
(pbfunctor_mor X Y f (mslice B b)
(PiObj_slice a f) k' ) -> k = k'").
Proof.
intros B b h.



k

split.

exists (PiUniversal_map A X Y a f B b h).
intro t.

destruct t as [xy qgf].

destruct xy as [x y].

simpl.

apply setoidmapextensionality.

split.

apply setoidrefl.

apply setoidrefl.

intros k k'.

intro H.

intro x.

assert (projT1l (uppermap k x) =
projT1l Cuppermap k' x)) as p.

destruct k as [k kt].
destruct k' as [k' kt'].
simpl 1in kt.
simpl in kt'.
swesetoid.
apply (PiObj_eq_lemma a f
Cuppermap k x)
Cuppermap k' x) p).
apply (llsetoid_eq_lemma
((fib f) (projT1l (Cuppermap k') x)))
((fib a) % (fib_proj f (projTl ((Cuppermap
D X)J))).

assert ( vz: (pbfunctor_obs X Y f (mslice B b)),

uppermap (((cmp_slice (mslice A a)) (ev a f))
((pbfunctor_mor X Y f (mslice B b)
(P10Obj_slice a f))
k)) z



~

uppermap (((cmp_slice (mslice A a)) (ev a f))
((pbfunctor_mor X Y f (mslice B b)
(P10Obj_slice a f))
k')) z)
as HZ2.
apply H.
clear H.

assert ( vz: (pbfunctor_obs XY f (mslice B b)),
Cuppermap (ev a f)
Cuppermap
((pbfunctor_mor X Y f (mslice B b)
(P1i0Obj_slice a f))
kD
z))
Cuppermap (ev a f)
Cuppermap
((pbfunctor_mor X Y f (mslice B b)
(P10Obj_slice a f))
k')
z))) as H3.
intro z.
apply cmp_slice_lemma.
apply setoidsym.
apply cmp_slice_lemma.
apply setoidsym.
apply HZ2.
clear HZ2.
clear h.

assert (vu:X, vd:B,
vq: f u=bd,
(Cuppermap (ev a f))
(Cuppermap ((pbfunctor_mor X Y f (mslice B
b) (PiObj_slice a f)) k))



(existT _ (u,d) q)) =~,{ mslice A a }

(Cuppermap (ev a f))
(Cuppermap ((pbfunctor_mor X Y f (mslice B

b) (PiObj_slice a f)) k'))
(existT _ (u,d) q))

) as H4.
intros u d. intro (g.
apply (H3 (existT _ (u,d) q)).
clear H3.

intro w.
destruct w as [u pf].

destruct k' as [k' kt'].
simpl.

simpl in kt'.

simpl in pf.

simpl in p.

assert (f u =~ b x) as q.
swesetoid.
specialize (H4 u x q).

destruct k as [k kt].

simpl in H4.
simpl.

simpl in kt.
simpl in p.

assert (
projTl
(projT1l (projT2 (k' x))
(existT (A x0 : X, f x0 ~,{ Y }projTl (k'
x)) u ((kt" x) "t o @) =~
projT1l



(projT1l (projT2 (k' x))

(existT (A x0 : X, f x0 =~,{ Y }projT1l (k' x))
pf))) as H5.
apply P10Obj_irr_lemmaZ.

assert (

projT1l (projT1l
((Pi_family (fib a) f) e p
(projT2 (k x)))
(existT (A x0 : X, f x0 =~,{ Y }projT1l (k' x))
pf))
~,{ A}
projTl
(projTl (projT2 (k' x))
(existT (A x0 : X, f x0 =,{ Y }projTl (k' x))
pf))

) as Heo.
assert (
projT1l
(projTl ((Pi_family (fib a) f) e p (projT72 (k
X)))
(existT (A x0 : X, f x0 =,{ Y }projTl (k' x))
upf)) ~,{A}

projTl (projTl (projT2 (k x))
(existT (A x0 : X, f x0 =~,{ Y }projTl (k

x)) u ((kt x) "+ o q)))

) as H7.

apply Pi_family_eq_lemma.
swesetoid.
apply Ho.

Defined.






