-- disable the K axiom:

{-# OPTIONS --without-K #-}

-- Agda version 2.5.2

module setoid-cwf-ptl where

open import basic-setoids

open import dependent-setoids
open import subsetoids

open import iterative-sets
open import iterative-sets-pt2
open import iterative-sets-pt3

ctx : Setl
ctx = V

ctx-maps : (a b : ctx) -> setoid
ctx-maps a b = (k a => k b)

subst : (a b : ctx) -> Set
subst a b = || ctx-maps a b ||

idsubst : {I : ctx} > Il k [ ==k [ ||
idsubst {I'} = idmap {k I}

Ty : (I : ctx) -> classoid
Ty I = setoidmapsl (k ') (subsetoids VV)

ty ¢ (I : ctx) -> Setl
ty = 111 Ty I Il

Raw : (I : ctx) -> classoid
Raw I = setoidmapsl (k ) WV

raw : (I : ctx) -> Setl
raw I = |||l Raw I |11

record tm (I : ctx) (A : ty ') : Setl where
field
trm : raw T
corr : (x : Il kT Il) -> member (Ctrm ® x) (A ® x)

-- Define interpretation of the type-theoretic judgements

-- [ context

-- I == A type

-- [ ==> A ==8B

-- [ =>a :: A

-~ =>a==Db:: A

infix 10 _==>_==



==>_==_: (I : ctx) -=> (A B : ty I') -> Set

[=> A == = exteql A B

infix 10 _==>_::_

==>_i_ (T :ctx) >C@:rawl) -> (A : ty ) -> Set
N==>a :: A= x: 1l kT 11) -> member (a® x) (A e x)
infix 10 _==>_==_::_

==>_==_1:_: (@ :ctx) > Cab :raw'l) ->CA: ty ) -> Set
==> a == tA=and (x 2 Il kT II)->Caex)=(bex))

(and (I ==>a :: A) (T =>b :: A)
tyrefl : (I : ctx)
> [ == A ==
tyrefl T A = A x » refl' (subsetoids VW) (A e x)

tysym : (I : ctx) -> (A B : ty )

tysym I AB p = A x > sym" {subsetoids VV} {A e x} {B ® x} (p x)

tytra ¢+ (I @ ctx) -> CAB C: ty D

> [ == A ==

tytra T ABCpg=Ax > tra' {subsetoids VV} {A e x} {B e x} {C ® x} (p x) (q
X)

tmrefl ¢ (I @ ctx) > CA . ty ) -> (a : raw N

tmrefl T A a p = pair (A x » refV _) (pair p p)

tmsym : (I : ctx) > (A : ty ) > Cab : raw N



tmsym I A a b p = pair (A x » symV (prjl p x)) (pair (prj2 (prj2 p)) (prjl (prj2
P

tmtra ¢ (I :ctx) > A : ty ) >~ Cabc:rawl)

> [ == a == A > [ =>b=c :: A

tmtra T Aab cpq=pair (A x » traV (prjl p x) (prjl q x)) (pair (prjl (prj2
p)) (prjz (priz a))d

elttyeq : (I : ctx) > (@ :rawlT) -> (AB : ty D

> [ ==>a :: A > [ == A ==

elttyeq T a ABp g=AX > eq-lemma VW (A ® x) (B® x) (gx) (aex) (px)

elteqtyeq : (I : ctx) > (Cab : raw'l) -> (CAB : ty )

elteqtyeq I a b A B p q = pair (prjl p)
(pair (elttyeq

A B (prjl (prj2 p)) @
(elttyeq (

a
b AB (prj2 (prj2 pd)) q))

-- substitutions

sub : {AT : ctx} ->raw Tl -> subst AT -> raw A
sub a f = compl a f

Sub : {AT : ctx} >ty Tl ->subst AT -> ty A
Sub A f = compl A f

sub-id-prop : {I : ctx} -> (a : raw ) ->
<< Raw T >> sub {I'} {I} a (idsubst {I'}) ~ a
sub-id-prop {I} a = A x » refl' VW _

sub-comp-prop : {0 AT : ctx} -> (Ca : raw IN)

-> (f : subst AT) -> (g : subst © A) ->

<< Raw 0 >> sub {0} {I'} a (f ° g) ~ sub {0} {A} (sub {A} {[} a f) g
sub-comp-prop a f g = A x » refl' VW _

Sub-id-prop : {I : ctx} > (A : ty ) -
<< Ty I >> Sub {I'} {r} A (idsubst {I}) ~ A
Sub-id-prop {I'} a = A x » refl' (subsetoids VV) (a e x)

Sub-comp-prop : {0 AT : ctx} -> (A : ty D



-> (f : subst AT) -> (g : subst 0 A) ->

<< Ty 0 >> Sub {0} {I} A (f ° g ~ Sub {6} {A} (Sub {A} {I} Af) g
Sub-comp-prop {0} {A} {[} A f g= A x » refl' (subsetoids VV) (Sub {6} {A} (Sub
{A} {T} Af)gex)

tyeg-subst : (AT : ctx) -> (AB : ty ) -> (f : subst A )

-> A ==> (Sub {A} {I'} A f) == (Sub {A} {I'} B f)

tyeg-subst AT ABfp=Ax->p (ap f x)
elt-subst : (AT : ctx) ->Ca :raw’l) -> (A : ty ) -> (f : subst A T)

-> A ==> (sub {A} {I'} a f) :: (Sub {A} {I'} A f)

elt-subst AT aAfp=Ax->p(pfx)

elteg-subst : (AT : ctx) > Cab :raw'l) -> (A : ty ) -> (f : subst A T)

>T=>a==Db :: A

-> A ==> (sub {A} {I'} a f) == (sub {A} {I'} b f) :: (Sub {A} {I} A f)

elteg-subst AT ab A f p = pair (\x -> prjl p (ap f x))
(pair (elt-subst AT a A f (prjl (prj2 pd))
(elt-subst AT b A f (prj2 (prij2 p))))

i M |

-- context extensions

-- we use

-- Sub-to-V : (S : subsetoid VW) -> V

-- ext-Sub-to-V : (S T : subsetoid VV) -> equal-subsetoids S T -> (Sub-to-V S) =

(Sub-to-V T)

subsetoids-VV : setoidmapll (subsetoids VV) WV
subsetoids-VV = record { op = Sub-to-V
; ext = ext-Sub-to-V }



Ext : (I : ctx) > (A : ty ') > ctx
Ext T A = sigmaV I' (comp@l subsetoids-VV A)

infixl

_D>_:

r>A-=

pExt :
pExt T

20 _D_

(M :ctx) > (A ty N -> ctx
=Ext A

(Mr:ctx) > (A :tyrl) ->subst (' D> AT
A=l (k ) (k* (comp@l subsetoids-VV A))) ° (k-sigmaV-fwd I' (comp@l

subsetoids-VV A))

VvExt :
VExt T

(FM:ctx) > Aty ) ->raw (r > A
A = pj2-sigmaV [ (comp@l subsetoids-VV A)

asm : (I : ctx)

>T D A== vExt T A :: (Sub {I D> A} {I'} A (pExt I A))

asm T Au=1let hyp : VExt T A ® u ¢

pjl udd

u) hyp

ext-op :

ext-op

ext-ext

ext-ext

comp@l subsetoids-VV A e pjl u
hyp = pj2-sigmaV-prop ' (comp@l subsetoids-VV A) u
hyp' : member (vExt I A ® u) (V-to-Sub (comp@l subsetoids-VV A e

hyp membV-member (vExt ' A ® u) (comp@l subsetoids-VV A e pjl

main : member (VExt ' A @ u) (Sub {I > A} {I} A (pExt I A) e u)
main = hyp'
in main

(AT @ ctx) > (A : ty D)

-> (f : subst AT) -> (a : raw A)

-> A ==>a :: (Sub {A} {I'} A )

> 1L kA Il => 11 k(> A)II
ATAfapu=_Cpfuw, (pjl (p u)

c (AT tctx) > (A ty D)
-> (f : subst AT) -> (a : raw A)
-> (p : A==>a :: (Sub {A} {I'} A )
> (u v: Il kAID
-> < KA>u~yv
> <K DA >ext-opATAfapu~ext-opATAfapyv
ATAfapuvg-s=
let Iml : <kl >apfu~apfv
1ml = (extensionality f _ _ q)
ImA : << subsetoids VW >> A e ap f u~ (A eap f v)
ImA = extensionalityl A Cap f u) (ap f v) 1ml



ImB : << VV >> (comp@l subsetoids-VV A @ ap f u) ~ (comp@l subsetoids-
VW A eqgp fv)

1mB = extensionalityll subsetoids-VV (A e ap f u) (A e ap f v) 1mA

ImC : << W >> apl (t (Sub {A} {I} Af e u)) (pjl (p uw) ~ (a ® u)

ImC = pjz (p w

ImD : << VW >> apl (1 (Sub {A} {I} Af e v)) (pjl (p VD) ~ (a ® v)

md = pj2 (p V)

ImE : << W >> (a® u) ~ (aev)

1mE = extensionalityl a u v q

Im2 : (comp@l subsetoids-VV A e ap f u) » pjl (p u) =

(comp@l subsetoids-VV A e ap f v) » pjl (p V)
Im2 = traV ImC (traV 1mE (symV 1mD))

in pairV-ext 1ml 1m2

ext : (AT : ctx) -=> (A : ty D
-> (f : subst AT) -> (a : raw A)
-> A ==>a :: (Sub {A} {I} A )
-> subst A (I' > A)
ext AT Afap=record { op=ext-opATAfap
; ext = ext-ext AT Afap}l

ext-propl : (AT : ctx) -> (A : ty )

-> (f : subst AT) -> (a : raw A)

> (p : A==>a :: (Sub {A} {I'} A )

> <KA=>kl> (pExt T A) ° (ext AT Afap)~*fF
ext-propl AT Afap=Ax->refl (k) Cap f x)

ext-prop2 : (AT : ctx) > (A : ty N

-> (f : subst AT) -> (a : raw A)

> (p : A==>a :: (Sub {A} {I'} A )

-> << Raw A >> (sub {A} {I D> A} (vExt T A) (ext AT Afap)) ~a
ext-prop2 AT Af ap x=1let Im5 : ((comp@l subsetoids-VV A) e (ap f x)) » (pjl
(p x)) = (a ®x)

Im5 = pj2 (p x)
main : << VV >> sub {A} {I D> A} (vExt I A) (ext A
Fr\ fap) ex~ (aex)
main = 1m5
in main

ext-prop3 : (I : ctx) > (A : ty ) ->
<k (@ DA =k (ExtTA > (ext (T > AT A (pExt I A) (vExt T A)
(asm I A)) ~ idsubst {I > A}
ext-prop3 T A (x , y) = let m2: <k (D> A >
X,y ~ x,¥
m2 = refl (k (T D> A)) (X, ¥y)
ml: <k (D> A >
Cap (pExt T A) (x , yD , (pjl (Casm I A)
x5, ¥222)
~ (X, ¥
Iml = 1m2
main : <k (I > A) >
(ext-op (' D> A) I A (pExt I A) (vExt [ A)



Casm T A)) (x , y)
~ (ny)
main = 1ml
in main

ext-prop4-Im : (@ AT : ctx) -> CA : ty N
-> (f : subst AT) -> (a : raw A)
-> (p : A==>a :: (Sub {A} {I'} A )
-> (h : subst 0 A)
-> 0 ==> sub {0} {A} a h :: Sub {6} {I} A (f ° h)
ext-prop4-Im @ AT Afaph-=
let Iml : © ==> sub {06} {A} a h :: Sub {0} {A} (Sub {A} {I} A f) h
Iml = elt-subst © A a (Sub {A} {T} A f) hp
Im2 : © ==> Sub {0} {A} (Sub {A} {I} A f) h==Sub {6} {I} A (f ° h)
Im2 = tysym © (Sub {06} {r} A (f ° h)) (Sub {06} {A} (Sub {A} {I'} A )
h)
(A x » (Sub-comp-prop {0} {A} {I} A f h x))
main : O ==> sub {0} {A} a h :: Sub {06} {I'} A (f ° h)
main = elttyeq © (sub {0} {A} a h) (Sub {0} {A} (Sub {A} {I} A f) h)
(Sub {6} {r¥ A (f ° h)) 1Iml 1m2
in main

ext-prop4 : (@ AT : ctx) -> CA: ty D
-> (f : subst AT) -> (a : raw A)
-=> (p : A==>a :: (Sub {A} {I'} A )
-> (h : subst 0 A)
> <KO=>k({T DA>(xtATAfap) °h~((ext0TAC(f°h) (sub {6}
{A} a h) (ext-prop4-Im O AT Afaph))
ext-prop4 O AT Afaphu-=
let Im2a : T r»ap f Caphu)=T»ap (f°hu
Im2a = refV _
Iml : <k (D> A> ((apf (aphu)), (pjl (p (ap h
u)ld) ~
(Cap (f ° h) w) , (pjl ((ext-prop4-lm ©
AT Afaph)u)d
Iml = pairV-ext 1m2a (refV _)
main : <k (' D A > ap(ext AT Afap) (ap hu) ~
ap (ext ©T A (f ° h) (sub {0} {A} a h)
(ext-prop4-Im @ AT A f ap h)) u
main = Iml
in main



