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Abstract

The aim of this paper is to define the market-consistent value of a
liability cash flow in discrete time subject to repeated capital require-
ments, and explore its properties. Our multi-period market-consistent
valuation approach is based on defining a criterion for selecting a static
replicating portfolio and defining the value of the residual liability,
whose cash flow is the difference between the original liability cash
flow and that of the replicating portfolio. The value of the residual
cash flow is obtained as a solution to a backward recursion that is im-
plied by the procedure for financing the repeated capital requirements,
and no-arbitrage arguments. We show that the liability value resulting
from no-arbitrage pricing of the dividends to capital providers may be
expressed as a multi-period cost-of-capital valuation. Explicit valua-
tion formulas are obtained under Gaussian model assumptions.

1 Introduction

The aim of this paper is to define the market-consistent value of a liabil-
ity cash flow in discrete time subject to repeated capital requirements, and
explore its properties. The liability should be interpreted as the aggregate
liability of a company, i.e. at the level on which capital requirements are
imposed. Our multi-period valuation approach is based on defining a crite-
rion for selecting a static replicating portfolio and defining the value of the
residual liability whose cash flow is the difference between the original lia-
bility cash flow and that of the replicating portfolio. For defining the value
of the residual cash flow we do not impose a particular valuation functional.
Instead we derive the value as a solution to a backward recursion that is
implied by the procedure for financing the repeated capital requirements,
and no-arbitrage arguments.

The approach to market-consistent liability valuation presented in [13]
has been the main source of inspiration for the current paper. Similarly to
what is advocated in [13], and as is explicitly stated in current insurance
market regulation, we consider a hypothetical transfer of the liability to a



so-called reference undertaking whose only purpose is to manage the runoff
of the liability. The repeated capital requirements are financed by capital
providers with limited liability. In [13], a valuation framework based on
dynamic replication and cost-of-capital arguments was presented. In [9]
a valuation framework, inspired by [13], based on dynamic monetary risk
measures and dynamic monetary utility functions was presented and explicit
valuation formulas were derived under Gaussian model assumptions. An
essential difference between [13] and [9] is that initial static replication,
instead of dynamic replication, of the liability cash flow is considered in [9].
The static replicating portfolio is transferred to the reference undertaking
together with the liability. Static replication is a reasonable assumption
since sophisticated dynamic hedging may be unrealistic for an entity only
designed to manage a liability in runoff.

In [9], the static replicating portfolio was assumed to be given and the
analysis only focused on the multi-period valuation of the residual liability
cash flow. Criteria for selection of a replicating portfolio were not ana-
lyzed. A large part of the current paper focuses on presenting properties of
a particular criterion for selection of the replicating portfolio that forms the
basis for defining the value of the liability. This criterion says that a good
replicating portfolio is one that makes the need for capital injections small.
Moreover, in the current paper the value of the residual liability is implied
by no-arbitrage pricing of a derivative security with optionality written on
the cumulative cash flow to capital provider. We demonstrate that there
is a correspondence between the choice of pricing measure used for pricing
the derivative security and an adapted process of cost-of-capital rates that
defines the capital providers’ acceptability criteria for providing solvency
capital throughout the runoff of the liability.

Replicating portfolio theory for capital requirement calculation has at-
tracted much interest in recent years. There, the value of a liability cash flow
at a future time is modeled as a conditional expected value with respect to
the market’s pricing measure of the sum of discounted future liability cash
flows. Since computation of this liability value is typically not feasible, one
seeks an accurate approximation by replacing the liability cash flow (or its
value) by that of a portfolio of traded replication instruments. Then, a risk
measure is applied to the approximation of the liability value yielding an
approximation of the capital requirement. In [3], [14], [15] and [16] vari-
ous aspects of this replicating portfolio approach to capital calculations are
clarified. A fact that somewhat complicates the analysis is that risk mea-
sures defining capital requirements are defined with respect to the real-world
probability measure P, whereas the replication criteria are usually expressed
in terms of the market’s pricing measure Q. Comparisons of properties and
effects of different replication criteria are presented in [14], [15] and [16]. In
[3], it is shown how replicating portfolio theory can be formulated in order to
allow for efficient replication of liability values exhibiting path-dependence.



Common to the works [3], [14], [15] and [16] is that the liability value is de-
fined as a conditional expected value of the sum of discounted liability cash
flows. This is very different from the approach presented here. As explained
above, we do not define the value of the liability from the outset. Rather
we consider the dividends to the capital provider that finances the capital
requirements of the residual liability cash flow that remains after imperfect
initial replication.

Dynamic risk measures and dynamic risk-adjusted values have been an-
alyzed in great detail during the last decade, see e.g. [1], [2], [4], [5], [6], [8]
and the references therein for important contributions. Much of the research
in this area has been aimed at establishing properties and representation
results for dynamic risk measures in general functional analytic settings,
particularly for bounded stochastic processes and under convexity require-
ments for the risk measures. We want to allow for models for unbounded
liability cash flows. Moreover, limited liability for the capital providers in
our setting implies that the dynamic valuation mappings appearing here will
not be concave even when the conditional risk measures are convex. We will
only assume very basic properties of the conditional risk measures defining
capital requirements, namely, so-called translation invariance, monotonicity
and normalization. In particular, we want to allow for conditional versions
of the risk measure Value-at-Risk that is extensively used in practice.

Another approach to market-consistent liability valuation is presented in
[17], combining no-arbitrage valuation and actuarial valuation into a general
framework. Both the current paper and [17] advocates a two-step valuation.
However, this has a quite different meaning in [17] compared to the approach
presented here. In [17], an actuarial pricing principle is used to price the
residual risk. However, the residual risk in [17] does not correspond to our
residual liability cash flow. Moreover, as described above, we do not price
the residual liability cash flow by a given pricing operator; in our setting the
value of the residual liability cash flow is implied by no-arbitrage valuation
of the cumulative dividends to capital providers.

In [11] an approach to valuation of an insurance liability cash flow is
presented that defines the value as a sum of a best-estimate reserve and
a risk margin. The best-estimate reserve is obtained by sequential local
risk minimization, from [12], and can, under additional assumptions on the
incomplete financial market, be expressed as the expected sum of discounted
cash flows with respect to an equivalent pricing measure expressed in terms
of a certain state-price deflator. The risk margin is obtained as the difference
between the expected sum of discounted cash flows using another state-
price deflator and the best-estimate reserve. In our setting the best-estimate
reserve is not an object that appears naturally in the valuation of the liability
cash flow: only under special circumstances may the value of the liability be
interpreted in terms of a best-estimate reserve.

The paper is organized as follows: The liability valuation framework



is presented in Section 2 which is divided into three subsections. Section
2.1 presents the procedure for financing the repeated capital requirements,
imposed on the reference undertaking, by capital injections from capital
providers. In particular, it is shown that no-arbitrage pricing of the deriva-
tive security written on the cumulative cash flows to the capital providers
leads to a backward recursion for the value of the residual liability cash flow.
Section 2.2 presents the mathematical framework for valuation of the resid-
ual liability cash flow when capital requirements are expressed in terms of a
dynamic monetary risk measure. Section 2.3 focuses on criteria for selecting
the static replicating portfolio, proposes a particular criterion and explores
its properties. Based on this criterion and the framework presented in Sec-
tion 2.2 the value of the liability is defined. Explicit valuation formulas are
obtained in Section 3 under Gaussian model assumptions. The proofs are
found in Section 4.

2 The valuation framework

We consider time periods 1, ...,T, corresponding time points 0,1,...,7, and
a filtered probability space (2, F,F,P), where F = (7))L, with {0,Q} =
Fo € --- C Fr = F, and P denotes the real-world measure. We write

LP(F;,P) for the normed linear space of F;-measurable random variables X
with norm EF[|X|P]'/P. Equalities and inequalities between random vari-
ables should be interpreted in the P-almost sure sense. We assume a given
numéraire process (Nt)tho and that all financial values are discounted by
this numéraire. Although the choice of numéraire is irrelevant for the anal-
ysis, we take the numéraire to be the bank account numéraire: Ny = 1 and
N; is the amount at time ¢ from rolling forward an initial unit investment
in one-period risk-free bonds. A value N;Y at time ¢ has discounted value
Y at time t.

We assume that there exist a strictly positive (P, F)-martingale (D)’
with EF[D7] = 1 defining the equivalent pricing measure Q of an arbitrage-
free incomplete financial market via Dy = dQ/dP | F;, i.e. for u >t and a
sufficiently integrable F,,-measurable Z,

where subscript ¢ in E? and Ef means conditioning on F;. The choice of Q
should reflect market participants’ demands for compensation for providing
capital financing capital requirements for non-hedgeable (insurance) risks.
Whereas the pricing measure Q is neutral to financial trading risk, it may
reflect risk aversion towards non-hedgeable risks.



2.1 The liability derivative instrument

A discounted liability cash flow corresponds to an F-adapted stochastic pro-
cess X° = (Xto)thl interpreted as a discounted cash flow from an aggregate
insurance liability in runoff. Our aim is to give a precise meaning to the
market-consistent value of the liability, explore its properties, and provide
results that allow this value to be computed.

As is done in e.g. [13] and prescribed by EIOPA, see [7, Article 38|, we
take the point of view that an aggregate liability cash flow should be val-
ued by considering a hypothetical transfer of the liability and its associated
replicating portfolio to a separate entity, a so-called reference undertaking,
whose assets have the purpose of matching the value or cash flow of the
liability as well as possible.

We will give a meaning to the liability value by a particular valuation
procedure. At time 0, a replicating portfolio is purchased with the aim of
replicating the liability value or its cash flow at all times. Let X" = (X7)L,
denote the discounted cash flow of the replicating portfolio and note that,
from standard assumptions of no arbitrage, its initial price is 71, Eg [X7].

Externally imposed capital requirements imply that the reference un-
dertaking typically needs capital injections throughout the liability runoff.
A capital provider is the owner of the reference undertaking for as long as
the necessary capital injections are provided. The capital provider may at
any time choose to stop providing capital and, in that case, has no further
obligations towards the reference undertaking. From the capital provider’s
perspective, ownership of the reference undertaking is equivalent to holding
a derivative security with optionality, described in detail below, written on
the residual liability cash flow X := X° — X",

We will define the value at time 0 of the liability cash flow X° as

T T
SOESIXI] + Vo(X) =ES[ 30 X7 + (X)),
t=1 t=1

where X" is the discounted cash flow of a particular replicating portfolio and
Vo := Vp(X) is a position in the numéraire asset at time 0 that corresponds
to the discounted value at time 0 of the residual liability cash flow. V will be
determined from X by solving a non-linear backward recursion that appears
as the consequence of capital requirements and the procedure for handling
the residual liability cash flow X. The F-adapted sequence (V)1 ,, whose
terms are the discounted values of the residual liability cash flows (X,)Z_, 4,
t=0,...,7T—1, will be determined from no-arbitrage pricing of a particular
derivative security with optionality written on the discounted residual cash
flow X. The basis for defining the value of the liability cash flow is the
following:

e At time 0, the liability, replicating portfolio and a position Vj in the



numéraire asset are transferred to a reference undertaking.

e At time ¢, provided that the holder of the derivative has not exercised
the right to stop, denote the discounted available capital, all invested
in the numéraire asset, by V; and the discounted solvency capital re-
quirement by Ry, required for the residual liability cash flow in runoff.
The holder of the derivative is required to offset the difference by pay-
ing an amount with discounted value R; — V;. The position R; in the
numéraire asset is held until time ¢ + 1.

e At time t 4+ 1 the discounted value of the payoff to the holder of the
derivative is (Ry — X¢41 — Vig1)+ = max(Ry — X441 — Viy1,0) upon
stopping, and R; — Xy4+1 — V41 upon not stopping.

e The random sequence (V;)L_, is determined from the requirement that
the market price of the derivative is zero at all times. Let Hyy, t' >
t+ 1, be the discounted gain for the holder of the derivative from time
t to time ' upon stopping at time t’. Notice that

Hipp1=—(Re — Vi) + (Rt — X1 — Vi) +,
Hyp = —(Ri — Vi) + (Rt — Xo1 — Vig1) + Heppr, />t 41

The holder of the derivative is the owner of the reference undertaking. An
essential feature is that the owner of the reference undertaking neither pays
nor is paid anything for the ownership, i.e. for the transfer of the liability,
the replicating portfolio and the position in the numéraire asset. Moreover,
the position V; in the numéraire asset at any time ¢ is such that the value
of continued ownership is zero. This requirement, and its consequences, are
given in the following result. Here esssup refers to the essential supremum
with respect to P, see Appendix A.5 in [10]. Details on arbitrage-free pricing
of American contingent claims can be found in Section 6.3 in [10]. Let Spy;
denote the set of stopping times 7 : Q@ — {t +1,...,T} U {400} and set
Sir17:={7 AT : 7 € S41}. We use the convention inf ) := +oo.

Theorem 1. For allt € {0,...,T —1}, assume that Ry, V; € L' (F;,Q) and
set Rp,Vp := 0. For allt € {1,...,T}, assume that X; € L'(F;,Q). Fix
s €{0,...,T — 1} and consider the following statements:

(i) For allt € {s,..., T —1},

esssup EQ[H, ] = 0.

TESthLT
(ii) For allt € {s,..., T — 1},

V;g = Rt — ]E(t@ [(Rt — Xt+1 — Vi+1)+}, VT = 0 (1)



The statements (i) and (ii) are equivalent and either one implies that

ess sup E? [H; ] = E? [Hirr,, ],

TEStJFLT
where 77 c=inf{ue {t +1,....,T}: Ry1 — Xy = Vu <O} AT,

Remark 1. The backward recursion (1) for the values of the residual liability
cash flow involves the pricing measure Q. It may equivalently be expressed
in terms of the real-world probability measure P and an F-adapted sequence
(m)iogt of cost-of-capital rates. Notice that

Vi= R — E?[(Rt — Xit1 — Vig1) 4]

1
=Ry — ——EY[(R — X441 —
Ry T [(Re — Xey1 — Vig1) 4]
if we define
1 EP[(Re— Xepr — Vier)4]

T+ Ef[(Re — Xev1 — Vi) ]

In particular, EY[(Ry — Xey1 — Vig1)+] = (1 + 1) (Re — Vi) which may be
interpreted as the capital provider’s acceptability condition at time t for in-
jecting capital in the numéraire asset at time t until time t + 1 to ensure
that the capital requirement is met. Since the residual liability cash flow is a
replication error, it is reasonable to expect nonnegative cost-of-capital rates
¢, which provides guidance on how to choose the pricing measure Q.

2.2 The value of the residual liability cash flow

In order to ensure that the value of the liability, to be defined, is a sensible
object we require three basic properties of the risk measures quantifying
solvency capital requirements.

By conditional and dynamic monetary risk measures quantifying one-
period capital requirements we mean the following:

Definition 1. Forp € [0,00] and t € {0,...,T -1}, a conditional monetary
risk measure is a mapping Ry : LP(Fp1,P) — LP(F, P) satisfying
if A€ LP(Fo.P) and Y € LP(Fiur,P), then Ri(Y + ) = Ri(Y) — A, (2)
ifY,Y € LP(Fi31,P) and Y <Y, then Ry(Y) > Ry(Y), (3)
Ry (0) =0. (4)

A sequence (Rt)tT:_Ol of conditional monetary risk measures is called a dy-
namic monetary risk measure.



Fort >0,z € R, u € (0,1) and an Fy;1-measurable Z, let

Fr_z(x)=P(-Z < x| F),
F'y(1—u):=min{fm € R: F, _z(m) > 1 —u},

and define conditional versions of Value-at-Risk and Expected Shortfall as
VaRt u( ) = F )

ESt u . / VaRt v

VaR;, and ES;, are special cases of the following more general type of
conditional monetary risk measure.

Definition 2. Lett € {0,..., 7 —1} and let M be a probability distribution
on the Borel subsets of (0,1) such that either M has a bounded density with
respect to the Lebesque measure or the support of M is bounded away from
0 and 1. Define

1
Ri(2)s= [ Fwam .

Theorem 2. Forp € [1,00|, R; in Definition 2 is a conditional risk measure
in the sense of Definition 1. In particular, for p € [1,00], VaRy,, and ES;,,
are conditional monetary risk measures in the sense of Definition 1.

The statement of Theorem 2 follows from combining Proposition 4 (i)
and Remark 5 in [9]; the proof is therefore omitted. Notice that VaRy, is
obtained by choosing M such that M ({1 —v}) = 1, and ES;, is obtained
by choosing M with density u > v_ll(l_vvl)(u).

From (1) follows that V; is determined recursively from X;; and Vi,
as follows:

Vi = Wi( X1 + Vig1), Vr =0, (5)
Wi(Y) = Ri(=Y) = EZ[(Ry(-Y) — Y).] (6)

It remains to define the mappings Wy properly. This can be done in various
ways and we will focus on the ones that fit our purposes. From the fact that

ES[(Ri(~Y) - Y) —EP[DtH(Rt( Y)-Y)

J-5 N
applications of Holder’s and Minkowski’s inequalities allow us to define W;.

Theorem 3. (i) Fizt € {0,...,T—1} and p € [1,00]. Suppose Dy11/D; €
L*®(Fi+1,P) and that Ry is a conditional monetary risk measure according



to Definition 1. Then Wy in (6) is a mapping from LP(Fyi11,P) to LP(F,P)
having the properties

if A€ LP(F,P) and Y € LP(Figr, P), then Wi(Y +A) = Wi(Y) + A, (7)
ifY,Y € LP(Fipr,P) and Y <Y, then Wy(Y) < Wi (Y), (8)
W;(0) = 0. (9)

(i1) Fiz t € {0,...,T—1} and 1 < p; < pa. Suppose Diy1/Dy € L7 (Fipq1,P)
for every r > 1. Suppose further that for any p € [p1,p2|, R¢ is a conditional
monetary risk measure according to Definition 1. Then, for any € > 0 such
that p — € > p1, Wy in (6) can be defined as a mapping from LP(Fy+1,P) to
LP=<(F;,P) having the properties (7)-(9).

The requirement Dy11/D; € L (Fiy1,P) in statement (i) of Theorem 3
leads to a cleaner definition of the mapping W;. However, the boundedness
of Dy11/D¢ may be a too restrictive requirement. Finiteness of all moments
of Dyy1/Dy, as in statement (ii), will be an appropriate requirement for the
subsequent analysis here.

Under the assumptions of Theorem 3 (i) or (ii), it follows from (5) and
(7) that

Vi=Wio- o Wr_1( X1 + -+ X7), (10)

where Wy o --- o Wp_1 denotes the composition of mappings Wy, ..., Wp_q,
and that V; € LP(F;,P) in case of Theorem 3 (i) applies or, for any € > 0
such that p — e > 0, V; € LP~¢(F;,P) in case Theorem 3 (ii) applies.

In statements involving V; we will in what follows, in order to avoid
irrelevant lengthy technical statements, assume that suitable conditions are
satisfied ensuring that V; = V;(X) is well-defined from (10) as a mapping
from LP((F)L,P) to LP~¢(F;,P) for relevant values of p and e such that
(7)-(9) hold.

The following result is an immediate consequence of the representation
(10) combined with Theorem 3. The proof is therefore omitted. The prop-
erty (ii) below, known as time consistency, is well known, see [6] for more
general results of this kind.

Theorem 4. (i) Let b = (bs)T_; with by € LP(F;,P) for each s, and let
X < X, for each s. Then, for everyt < T,

T
Vi(0) =0, Vi(X+b)=Vi(X)+ > b W(X)<V(X).
s=t+1
(ii) For every pair of times (s,t) with s < t, the two conditions (X,)!_; =

u=1

(Xu)t_y and Vi(X) < Vi(X) together imply Vs(X) < Vi(X).



2.3 The value of the liability cash flow

In order to define the value of the liability we need to specify the available
replication instruments and their cash flows. Consider m discounted cash
flows Xk = (th’k)thl, k=1,...,m of available financial instruments and
denote by X7 the R™-valued process such that th denotes the (column)
vector of time-t discounted cash flows of the m instruments. A portfolio
with portfolio-weight vector v € R™, representing the number of units of
the m instruments, generates the discounted cash flow UTth at time ¢.

Various criteria for selection of replicating portfolio have been considered
in the literature. The optimization problem

T
1/2

. Ty /2

S EG[(67 — o) (1)

is referred to as cash flow matching in [16]. Under mild conditions, it is

shown in Theorems 1 (and 2) in [16] that an optimal (unique optimal) so-

lution exists. An alternative cash-flow-matching problem is

T
nf SES | (X7 - vTX{)?). 12
vgﬂgm;o(tvt) (12)
Comparisons between (11) and (12) are found in [14]. The optimization
problem

inf EF TXO /)" 13
o ER| (e -t | (13)
is referred to as terminal-value matching in [14], [15] and [16]. It is a standard
quadratic optimization problem with explicit solution

-1

xHixrht oo xxim xox/!

<)

I

=
SO

Eg

xfm x B x xox/m

provided that the matrix inverse exists, where the subscript - means sum-
mation over the index ¢.

A replicating portfolio selection criterion should have the property that
if perfect replication is possible, then the discounted optimal replicating
portfolio cash flow 0T X7 satisfies X° = 0T X7/. This requirement ensures
market-consistent liability values: Lo = Zthl Eg [X7?] for a replicable liabil-
ity cash flow.

Remark 2. The versions of the optimization problems (11), (12) and (13)
obtained by replacing the expectation Eé]Q by Eg may also be reasonable. No-
tice that if the only available replication instruments are zero-coupon bonds

10



in the numéraire asset of all maturities t = 1,...,T (or, equivalently, Fu-
ropean call options on the numéraire asset with maturitiest =1,...,T and
common, strike price 0), then m = T and X¥ is the T x T identity matriz.
In this case,

inf XT:EE’[(X;’ - UTth)ﬂ — inf ZT:]EIS[(XE - vt)ﬂ,
=1 =1

veER™ veR™
t t

and the unique optimal solution is © = E§[X°] which is referred to as the
actuarial best-estimate reserve.

Notice also that, given the above restricted set of replication instruments,
any v satisfying ZZ;I vy = Z?:l EE[X?] is an optimal solution to the version
of the terminal value problem (13) obtained by replacing the expectation E?
by }E]g.

In our setting, the capital provider provides the capital
Cyp o= Ri(—Xp1 — Vipr) — Vi = EZ[(Re(—Xe41 — Vig1) — Xeg1 — Vi) 4]

at time ¢ ensuring that the solvency capital requirement is met. Good initial
replication should make the need for external capital small. Therefore, it
is reasonable to select a replicating portfolio that minimizes the need for
external funding of the liability runoff. We may consider the optimization
problem

Jnf (), ()= Eg(CY], (14)

where XV := X° — T X/ V¥, = Vi1 (XY), RY == Ry(— X7, — Vi), and
CF =B | (B = Xty = Vi)

Notice that, due to the properties (2) and (7), the objective function in the
optimization problem (14) is invariant under translations of X by constant
vectors. Consequently, (14) will not have a unique optimal solution if risk-
free cash flows in the numéraire asset are included as replication instruments.
See Theorem 5 below for a more precise statement.
The optimization problems (11)-(14) can all be expressed as
inf U(X°—oTX7)
’UGR"L
for a mapping ¥ : LP((F)L,,Q) — R, satisfying ¥(0) = 0, i.e. optimal-
ity of perfect replication. Existence of a minimizer X" := 9T X/ can be
expressed as
U(X°— X") = inf W(X°—0"X/).

veER™

11



Conditions for existence of a minimizer v in (14) are presented in Theorem
8 below.

Now we define the value of the liability as the market price of a particular
portfolio of financial instruments: the W-optimal replicating portfolio and a
position Vj in the numéraire asset.

Definition 3. X" := 57X/ is said to be an optimal discounted re/zzlicat—
ing portfolio cash flow with respect to the criterion ¥ if U(X° — X") =
inf,cpm U(X° —vTX7), and then
T A~ o~
Lo:=Y EF[X]] + Vo(X° - X")
t=1
s the value of the liability with replicating portfolio chosen with respect to

the criterion W.

Remark 3. Notice from (1) that
V; = Ry — E2 [(R: — X441 — Vt+1)+] <E? [ Xi1] + E2 [Vig].

In particular, Vy < Zthl IEBQ[XA and Lo < Zthl Eg[Xf] regardless of the
criterion for choosing the replicating portfolio.

The following result explains two properties of the valuation of a liability
cash flow when the replicating portfolio is chosen as the one minimizing
the expected sum of capital injections. First, if a nonrandom discounted
cash flow is added to the discounted cash flow of the replicating portfolio,
then neither the value of the liability nor the capital injections C} change.
Secondly, if the sum of the discounted residual liability cash flows equals of
nonrandom constant, then there is no need for any capital injections: Cy =0
for all ¢.

Theorem 5. (i) If )N(: = X" + b, where by is Fo-measurable for all t €
{1,...,T}, then, with X := X° — X"

T T
S EGX] + Vo(X) = Y EF[X]] + Vo(X)
t=1 t=1

and, for allt € {0,...,T — 1},
Cr =B [(Re(=Xe1 = Vira (X)) = Xo1 = Viar (X)) ]
=EP[(Ri(—Xp41 — Vig1) — Xeg1 — Vi) ] =: Ch

(ii) If there is an Fo-measurable K such that Zthl X; = K, then, for all
tef{0,..., T —1},

Cy:= E?[(Rt(—Xt+1 —Vig1) = Xep1 — Vig1)4] = 0.

12



Remark 4. Notice that if Zthl X{ = K for some constant K, then by
Theorem 5, X" = 0 and Ly = Vo(X?) = K. Such a cash flow is perfectly
replicable by an initial numéraire position K by adjusting it by the amount
X7 in the numéraire at time t and rolling the remaining position forward.

Remark 5. The deterministic replicating portfolio cash flow Xr = EE[X °]
corresponds to a classical actuarial best-estimate reserve, and solves a cash-
flow-matching problem with only risk-free cash flows in the numéraire asset
as replication instruments, see Remark 2. In this case, by Theorem 4,

T
Lo = Y EFIX{] + Vo (X0~ BP[X]) = Vo(X?).
t=1

In particular, if Vo(X°) > Zthl EP[X?], then Lo > Zthl EP[X?]. As noted
in Remark 2, any deterministic cash flow X" with Y1, X7 = S EF[X?]
is a optimal solution to the (alternative) terminal value problem

inf 7 |( ET:(X,? - vTXZ))Z],

]Rm
ve =1

with only risk-free cash flows in the numéraire asset as replication instru-
ments. In this case, by Theorem 4 or Theorem 5,

T
Lo = > R[]+ V(X - X7) = 1o(X°).
t=1

We now address the questions of existence of an optimal replicating

portfolio according to the portfolio selection criterion (14), and continuity
of the value of the liability cash flow as a function of the portfolio weights
of the replicating portfolio.
_ Fort € {1,...,T}, define Z; := (X2, —(XH™)T and, for w € R™H,
X .= wTZ;. Notice that a residual liability cash corresponds to X™ with
wy = 1. The reason for introducing this notation is primarily that it allows
us to formulate sufficient conditions for coerciveness that will lead to suf-
ficient conditions for the existence of an optimal replicating portfolio, see
Theorem 7 below.

Theorem 6. Let (D;)L_, satisfy either of the conditions (i) or (ii) in The-
orem 8. Suppose that, for each t € {0,...,T — 1}, Ry : LP(F41,P) —
LP(F;,P) in (6) is a conditional monetary risk measure in the sense of Def-
inition 1 for every p € [1,00] that is L'-Lipschitz continuous in the sense

|Ry(=Y) = Ry(=Y)| < KEJ[|Y = Y|, Y,Y € L(Fi41,P).

13



for some K € (0,00). If (Zy)L, € LP((F)L_,,P) for some p > 1, then
T ~
Rm+1 = wHWOO'-'OWT_1<ZX;U)
t=1

and R™ 3 v — Vo(X") are Lipschitz continuous.
Fort=0,...,T —1, set
~ T ~
Vi = Wto"'OWT—l( Z X§0>7
s=t+1

B = R - Xt - Vi),

Gy = B2 |(Ry = Xt = Vi50)+:
O(w) = Y _EFICY).
t=0

Under mild conditions it can be shown that J and v, given by (14), are

coercive, i.e.
lim ¢(w) =o00, lim 9(v) = .
|w|—o00 |v]—o00

Theorem 7. Suppose, fort = 0,...,T — 1, that Ry is positively homoge-
neous in_the sense Ry(\Y) = ARy(Y) for A € Ry. Suppose further that
inf| =1 Y(w) > 0. Then limjy)o P(w) = 00 and limp,|o P(v) = oo,
where 1 is given by (14).
Remark 6. Notice that the condition inf},—; J(w) > 0 means that per-
fect replication is not possible. It also disqualifies risk-free cash flows as
replication instruments. The argument is as follows. If one of the replica-
tion instruments has a risk-free cash flow x so that XTF = z P-a.s., then
)N(f’k =2 Q-a.s. and w'Z = z for some w € R™L with |w| = 1. Then
B(w) = 0.

For t € {0,...,T — 1}, set

Ro o Rta t:Tf]-a
t,T—1 — Rto(_Rt+1)o"'o(_RT—1)7 t<T—1.

Theorem 8. Suppose, fort =0,...,T—1, that R; is positively homogeneous
in the sense Ry (AY) = AR(Y') for A € Ry. Suppose further that ¢ in (14)
is continuous, and for all w € R™1\ {0} there exists t € {0,...,T — 1}
such that

P((R;T—l - R§+1,T—1)( - wT(Zt+1 + -+ ZT)) > 0) > 0. (15)

Then there exists an optimal solution v € R™ to (14).

14



Remark 7. The conditions of Theorem 8 are sufficient but not necessary for
the ezistence of an optimal solution to (14). For instance, including risk-
free cash flows as replication instrument would violate the condition that
(15) holds for some t and all w without affecting either the optimal portfolio
weights in the original replication instruments or the value of the liability
cash flow.

3 (Gaussian cash flows

Let (¢;)1_; be a sequence of n-dimensional independent random vectors that
are standard normally distributed under P. For, ¢t = 1,...,7T and nonrandom
A € R™, Bt,17 ey Bt,t € R™*™ et

t
Gt = At + Z Bt,ses-

s=1

Let (G1)L,, with Gy = {0,Q}, be the filtration generated by the Gaussian
process (G¢)L_,. In what follows, Ef and EZ mean conditional expectations
with respect to G;. (Gy¢)1_;, seen as a column vector, is the result of applying
an affine transformation = — A+ Bx to (e:)]_,, where B is a lower-triangular
block matrix with blocks B;; and determinant Hle det(Btt). In order to
avoid unnecessary technicalities we assume that det(B;+) # 0 for all ¢. This
implies that the filtration generated by (q)le equals the filtration generated
by (Ge)i1-

A natural interpretation of the Gaussian model is as follows: X° = G is
the discounted liability cash flow, G, ..., Gt represent discounted cash
flows of replication instruments, and Gm+2) G represent insurance
technical information flows.

For a nonrandom sequence (A)I_;, Ay € R", let

t
D, = exp{z (ATe, — %ASTAS)}, t=1,...,T.

s=1

We let the measure Q be defined in terms of the (P, G)-martingale (D)7 ;:
For a Gi-measurable sufficiently integrable Z and s < t, in accordance with
Section 2, ER[Z] = D;'EF[D,Z]. This choice has several pleasant conse-
quences: for arbitrary vectors g; € R"™ and u > t,

B[S 47G:] ~EF[ 347G < b

s=1 s=1

VarifQ <Zu:g;FGS) = Valf]ftED (ZU:QSTG5> € Go,
s=1 s=1

15



i.e. the conditional expectations with respect to Q and P only differ by a
constant and the conditional variances with respect to Q and P are equal
and nonrandom.

Definition 4. The triple ((G¢)E, (D)1, (Gt)E) is called a Gaussian
model.

The Gaussian model allows for explicit valuation formulas when com-
bined with conditional monetary risk measures in Definition 2. The follow-
ing properties considerably simplify computations. For u > ¢,

TR {) PPN
s=1 s=1

is independent of G;, and, whenever Var; (Y.v_; g1 G,) # 0,

s=1

Var? (Sz:;g;st)—l/2<ggsTGs — IEHSZ:;!JSTGSD

is standard normally distributed with respect to P. Since a risk measure R
in the sense of Definition 2 has the additional property R;(AY) = AR,(Y') if
A€ Ry and Y € LP(Fiy1,P) (positive homogeneity), it follows that

RS ate) = B[S ate] + varf (3 aTe)
s=1 s=1 s=1

where

1
= L u).
o ._/0 &1 (u)dM (u) (16)

We will first derive an explicit expression for the value of a general Gaus-
sian liability cash flow, where the generality lies in that X; is allowed to be
an arbitrary linear combination gf Gy, where g; € R” may be time depen-
dent. Then we will return to the relevant special case when g; = g for all ¢
and gV =1, (g(k))zn:gl —veR"and ¢*) =0 for k > m + 1.

Theorem 9. Let ((G¢)_,, (D)L, (G),) be a Gaussian model and, for
t=1,...,T, set X; := g Gy. Fort=0,...,T —1, let R; be conditional
monetary risk measures in the sense of Definition 2 for a common probability
distribution M. Let ro be given by (16). Then

T T
Vi= Y EPXJ+K2= ) Ef[XJ]+ K},
s=t+1 s=t+1
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where, with ey standard normally distributed with respect to P,

T T
Ki@: Z (USTO_ZQEBU,S)\S

s=t+1 u=s
T
— E]g[(as(ro — 61) — ZggBu,sAs> })7
u=s +
T T
Kip = Z (0’87"0 — Elg[(as(ro — 61) — ZQEB’U,,S)\S> ])a
s=t+1 u=s *
T T T T
o =Varl_, (D Xu) = varl (3 X)) =33 o BiBLon.
uU=s u=s j=s k=s

Moreover,

Cy = R(— X1 — Vi) — Wi
T
= Eg [(Ut—l-l (7'() — 61) - Z QEBu,t—i-l)\t—&-l) ]
+
u=t+1
Remark 8. Notice that
Co = 2| (Re(=Xes1 = Virr) = X — VHI)J

_ 1
N

E?[(Rt(—Xtﬂ = Vi) — X1 — Vt+1)+}7
where, given the setting in Theorem 9,

1 Ef [(Ut+1 (ro—e1) — Zf:m QEBu,tH)\tH)J

L E]g[<0t+l(7"0_el)>+]

In particular, ny > 0 for every t if ZSZH_I gEBu7t+1)\t+1 > 0 for every t.
Since

T T T u
STEMXS - YD EX) = Y0 > gl Bua
u=t+1 u=t+1 u=t+1 s=t+1

T T
= > 2 9uBushs
s=t+1 u=s

we see that n; > 0 for every t holds if Zfth E2[X,] > Zg:tﬂ EF[X.] for
every t. This is completely in line with Remark 1.
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The following result presents the value of the liability cash flow when
the replicating portfolio is a static portfolio with portfolio weights solving
(14).

Theorem 10. Let ((G¢)_,, (D)L, (G),) be a Gaussian model. Let
X =GW be the discounted liability cash flow, let X' .= G® ... XIm .=
GmtY) represent discounted cash flows of replication instruments, and let
Gm+2) G represent arbitrary information flows. Fort=0,...,T—1,
let Ry be conditional monetary risk measures in the sense of Definition 2 for
a common probability distribution M. Let ro be given by (16). Then there
exists an optimal solution to (14) and the value of the liability is given by

T
Lo =Y EJ[X{]+ K,
t=1

where, with Sy = Zgzt Byt and ey standard normally distributed with re-
spect to P,

T

R = (5o~ 3780~ B§[(3u(ro - 1) =5"s0\,) ]).
t=1

&152 = /g\TStSE/g\a
where g is the minimizer in {g ER": g1 =1, =0 fork >m+ 1} of

T-1

g Y Eg [((QTStHStTJrlg)l/Q (ro—e1) — 9T5t+1)\t+1>+]
=0

4 Proofs

Proof of Theorem 1. We prove the statement by proving the equivalence of
(i) and (ii) backward recursively in s. For s =T — 1:

esssupEp_[Hr1,] = Ep_[Hr-11]

TGST,T

— —(RTfl — VTfl) + Eg_l[(RTfl - XT)-i—]‘

18



Hence, (i) and (ii) are equivalent for s = 7'— 1. Now assume the equivalence
of (i) and (ii) holds for s =t + 1. Then

esssup B2 [H 7]

TESt+1,T
= esssup E? {r=t+1}H1 +{r >t + 1} H; ;]
Test+1,T
= esssup (E;Q [H{T =t+1}Hypp +{r >t + I}Eg_l [H”]D
TGStJrl,T
= ess sup (E? [H{A}Ht’t_t,_l + JI{AC} ess sup Egl [HtT]D
AeFi1 TESi42,T
= —R; + Vi +esssup (E? [H{A}(Rt — X1 — Vi) +
AE]'-tJrl
+ H{AC}<Rt — Xy41 — Vi1 + esssup EZ | [Ht+1,f])D

TGSH»Z,T

= —Rt + ‘/t + esssup (E;Q [H{A}(Rt — Xt+1 — V;f-‘rl)-‘r
AE]'—t+1

+ {A“H Ry — Xop1 — Vi+1)D
= R+ Vi + EX[(Ry — Xp41 — Vig1)+]-
Hence, (i) and (ii) are equivalent for s = ¢ and by the induction principle (i)

and (ii) are equivalent for all s € {0,...,T—1}. Furthermore, we see that the
optimal stopping time is indeed given by 7/ ;. The proof is complete. [

Proof of Theorem 3. We prove the more involved statement (ii). Statement
(i) is proved with the same arguments.

5 [ER[(Re(-Y) - V)+ ]| = 87 [BF [ 22 (Re(-v) - ). ]
<E :E?[(ngl)pmt(—m -]
_E? :(le;)p(Rt(—Y) -],

where the inequality is due to Jensen’s inequality for conditional expecta-
tions. Moreover, for every r > 1, by Holder’s inequality,

EP {(Dl;:l)p(Rt(—Y) _ Y)ﬂ < EP [(Dgfyr} %E]P [(Rt(—Y) . Y)I_’le} T?l.

For r > 1 sufficiently large, it follows from the assumptions that the two
expectations exist finitely. Finally, it follows from Minkowski’s inequality
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that

B =

EP[(Ru(-Y) - ER[(Ru(-Y) - ¥)4])']
<E[|R(-1)P]” + B [B2[(Ri(-¥) - V).]']".

The finiteness of the first terms follows from the assumptions and the finite-
ness of the second term has been proven above. This proves that the map-
ping is well-defined.

The remaining part of statement (ii) follows, upon minor modifications,
from Proposition 1 in [9]. O

Proof of Theorem 5. (i) From Theorem 4 (i), Vi(X) = V4(X) — ZST:t_H bs
from which both statements follow immediately. (ii) Notice that, for all
te{l,...,T}, due to (7) and (9),

t t T
S XA Vi= Y X+ WiowoWra( Y X,
s=1 s=1 s=t+1
T
= W0 oWp (Y X,)
s=1

=K.

Hence, for all t € {1,...,T}, X; + V; = K — Zi;ll X, is Fy_1-measurable.
This in turn, using (2), implies that, for all ¢,

Cp = EP[(R(—Xe1 — Vis1) — Xe1 — Vipr)+] = 0.

Proof of Theorem 6. For w € R™*! and ¢t € {0,...,T — 1}, define
T
Vi = Wto"'OWT—1< Z wTZs)-
s=t+1

We prove the statement inductively. Assume that for some nonnegative
Biyo € LN(Fiy2,P),

Vi) = Vil < lo — w|LEF, [Beral,

where || - ||, denotes the Euclidean p-norm in R™*1. We start by showing
the induction step, noting that verifying the induction base is trivial since
Ve = 0.
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Defining Y}, := wrZi 1 + V¥, and applying Holder’s inequality,

Y4 = Vil < Vi = Vil + lw' Zi — v Zip|
< lv — |1 B [Biya] + [w" Zepr — 0" Ziga |
< v — w1 B [ Zeta oo + Bera

Now, due to the L'-Lipschitz continuity of Ry,

|Ry(—=Y4,) — Re(=Y5)| < KE[IYY, — Y]
< K|jv — w|[1E{ || Zt11|0c + Bes2]

With C}’ := E;Q[(Rt(—Ytﬁ‘;l) — Y% 1)+, due to subadditivity of x — x4 :=

max(z,0),

CP — CF = EZ[(Re(=Y%)) = V%) 4 — (Re(=Y%) — Yi%0)+]
<E@[<Rt< Vi) = V4 = Ru(=Y{4) + Y4)4]
<EP|Ri(— Y;il) W1 = Re(=Y) + Vil

CF = CF > B2 [—(Re(=Y) — Vi, — Re(—Y)) + Y%)4]

—E;Q[\Rt(—ylﬂ) =Y — Re(=Y5) + Y]
from which it follows that

O — CP| SEZ[|R(—-Y%) — Y2y — R(~Y) + Yl
< |Ri(=YH) — Re(=Y% )] +EY i — Yl

Moreover,
EZIY1 — Yol < EP [llo By |1 Zealloo + Buve

D1
"B (12l + Buaa |

— |lo = wlhEF|
Hence,

Vi = VI < TR(=Y) — Re(=Y5)| + |G — CF
< 2K|[v — w|1E{ || Ze11loc + Beto]

D
1l = wlhEf | BR[| Zealleo + B
_ P[P Diyy
= llv = wll EF [EF, [1|Zes1lloo + Beso] (2K + 25 )]
t

= |jv — w|[{E} [Bt—l-l} ;
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where Bry1 = 0 and otherwise

Dy
By =Ej 4 [HZt-HHOO + Bt+2} <2K + Z; )
t
In particular,
Ve = Vo'l < [Jo — w]\Eg[B1],

Now what remains is to show that E§[B1] < oo. For the Euclidean norms,
the inequality ||z|[, < ||z|[1 holds for p € [1,00]. In particular, for each
tzl,...,T, OSBtSBta where

- - D -
By = Efq || Zesa |l + Bt+2} <2K + grl), Bry1 = 0.
t

Recall that for ¢t = 1,...,T, Zt(k) € LPt(F,P) for all k and some p; > 1.
Also notice that if Byio € L¥+2(Fyi9,P) for giio > 1, then Ef, | [Byyo] €
LA+2(Fyy1,P) and, for riq = min(pi41, get2),

Ef [\|Zt+1\|1 + §t+2} € L™ (Fiq1).

Hence, for any € > 0,

Dy

t

By =Ef}, [|!Zt+1||1 + §t+2} (2K + ) € LM (Fiq).

Since §T+1 = 0 we may choose ¢ > 0 small enough so that Et er! (F:,P)
fort =1,...,T. Hence, also B; € L*(F;,P) fort =1,...,T.
Finally, notice that

XP = X2 — T X/ = w2z

if w € R™*! is chosen so that wy = 1 and (wy)}""y = v. Therefore, we have
also shown that v — V{(X") is Lipschitz continuous. O

Proof of Theorem 7. From positive homogeneity of the R;s follows positive
homogeneity of the W;s which implies V,(AX") = AV (X") and further
that ¢ (Aw) = AMp(w). In particular,

Y(w) = wl(w/|w]) > w] inf §(w)

Jw|=1

from which limj, {/;(w) = oo follows from the assumption inf|,,—; {/;(w) >
0. For the second statement, notice that

X = XP =0T X] = w7
if w € R™*! is chosen so that wy = 1 and (wy){"} = v. Therefore,
lim|,p| 00 ¥ (w) = 00 implies limy, o ¥(v) = o0. O
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Proof of Theorem 8. Take w € R™+1\ {0}. Suppose that th =0Q-as. for

allt. Then V¥ = RY for all ¢ and C,}” = 0is equivalent to R’ — X34 Rt ‘1 <
0 Q-a.s. which is equivalent to RY — Xt 41 Rt 1 <0 P-as. since P and Q

are equivalent. Notice that
Rt - Rt( t+1 R:su+1)
= Rt(—Xt+1 - Rt+1(—XﬁL2 - R%U+2))

= Ryo(~Riyn)o-+o(~Rr1)( - Z x)
s=t+1

The inequality Ef - )N(ﬁl - E:EUH < 0 P-a.s. can thus be expressed as
(Rep_1 — Repypy)(—w™(Ziga++-+ Z7)) <0 P-as.

However, this is contradicting the assumption in the statement of the the-
orem. Therefore we conclude that @w > 0 Q-a.s. for some ¢ which implies
that J(w) > 0. Therefore, by Theorem 7, ¢ is coercive so if a minimum
exists it exists in some compact set in R™. However, a continuous function
on a compact set attains its infimum. ]

Lemma 1. Foru < v, Eg[GU] = EIS[GU] + Zg:u+l By,s)\s-

Proof.
EQG,] = A, +ZBU565+ Z BUSIEP[ }
s= u+1
= A, +ZBU7S€5 + Z By | exp {\Ter - %)\E)\S}El]
s=1 s—u+1
= A, +ZBUSES+ Z By,sAs
s=u-+1
=EF[@ Z By s)s.
s=u-+1

Lemma 2. If X, := gl G, then

T T T
B[S, Y X|] =B > x| - X T Buiren.
s=t+1 s=t+1 s=t+1
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Proof. For s > t+1, with an empty sum defined as 0, it follows from Lemma
1 that

B2 [Xs] = B (X + g7 Z BsuAu,

u=t+2
T T
B [ES, Y )] = 3 (BN +aT Y Buuh)
s=t+1 s=t+1 u=t+2
T T s
:EED[ X3:| + Z gST E Bs,u)\m
s=t+1 s=t+1 u=t+2
T T T s
CIDEIEID PRI ED yD pRaen
s=t+1 s=t+1 s=t+1 u=t+1
O
Proof of Theorem 9. We will prove inductively that
T
vi=EY[ Y X]+K, (17)
s=t+1

and derive the recursive form of the constant term K;Q via induction. The
induction base is trivial: Vp = 0. Now assume that (17) holds for ¢ + 1.
Notice that

Vi=W,; <Xt+1 + E?—i—l { i XS} T KSH)
s=t+2
( t+1[ Z X]+ t+1)
s=t+1
T
81+Rt<—E9+1{ Z XSD

s=t+1

T T
-B?[(R (B[ 3 x])-ER.[ ¥ x]) ]
s=t+1 s=t+1

24



We first evaluate the risk measure part.

r(-2[ 3 X))

s=t+1
P d P (Q & 1/2
=B [, [ 3 x| +vaf (BR, [ 3 X)) "o
s=t+1 s=t+1
T T T 12
=B Y X |- Y oTBaide +varf (B2, D X))
s=t+1 s=t+1 s=t+1
where in the final step we used Lemma 2. Moreover,
T T
Var? <E9+1[ 3 X]) = Var? <E9+1[ 3 XD
s=t+1 s=t+1
T T
ar? (Y X,) - vy, (DX,
s=1 s=1

— 52
= Ot41-

The remaining term: if o411 # 0, then there exists a random variable e;
that is independent of G; and standard normally distributed with respect to

@ such that

w9 (-] > ] - ) -ER[ 3 0] -8)

s=t+1

T
T
= E? [<0t+1T0 - E 9s Bs,t+1>\t+1 - O't+162<+1)+}
s=t+1

T
=Ef TBy i1\
= Lo [\ Ot+17T0 — 9s Dst+1At4+1 — Ot1€1 .
s=t+1 +

Putting the pieces together now yields

T
Vi = EQ[ Z ] 1+Ut+17“0— Z 9 B 111 M 41
s=t+1 s=t+1
—EgKUtH ro — €1) Z 9s st+1>\t+1> }

s=t+1

which proves the induction step and from which it follows that

KP= 3 (o= Yot Bun B (otro— e~ V) ])

s=t+1
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Finally,

T
VB[ Y X+ K
s=t+1
T T s
IR AED S ST
s=t+1 s=t+1 u=t+1
T
s=t+1
where
T T
KF = Z (USTO — E]g[(%(m —e) — ZQEBH,S)‘S) D
s=t+1 u=s "

We now derive an expression for oyy1. Recall that X, := gSTGS.

Var?( ET: gsTGs) :Vargp( ET: Zs: g;rB&ueu)

s=t+1 s=t+1u=t+1

T T
= Varf( Z ngTBs,ueu>

u=t+1 s=u

T T
= Z VaﬂtFD (Zg?BSvueO

u=t+1

-3 (L) (L)

u=t+1 s=u

T T T
= 2 229 BiuBiug

u=t+1 j=u k=u

and

Ay = varf (3 g76) ~vart,, (3 a76)

s=t+1 s=t+1
T T
_ T T
= E E 9; Bj,t+lBk,t+1gk
j=t+1k=t+1

We now derive the expression for C;. Using the same arguments as earlier
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in the proof,

Ci = Ry(—Xi41 — Vi) = Vi

T T
:Rt( E;QH{ZX} Kgl)_EP[ZXS]_KP
s=t+1 s=t+1
T
= 0¢+1T0 — Z QEBs,t+1/\t+1 - Ki@ + Kgl
s=t+1
= EEK@H ro — e1) z gy st+1>\t+1> ]

s=t+1
]

Proof of Theorem 10. We will prove that there exists an optimal solution to
(14). The remaining part then follows from Theorem 9.

From Theorem 9 we immediately see that ¢ (w) is continuous. Once
we show that for all w € R™1\ {0} there exists t € {0,...,T — 1} such
that (15) holds, existence of an optimal solution to (14) follows. We prove
this statement by first proving that there is no w € R™*1\ {0} such that
Et LW TZ, € Gy, where Z; := (X7, — (th)T)T. Notice that, for g € R,

T
TZGt_QTZAt+9T

s=1

1T

Z Bses + 9" Brrer.

t=s
The €, are independent and g™ By # 0 for all g # 0. Hence, there is no
g € R™\ {0} such that ¢* 3.7, G; € Gy which in turn implies that here is
no w € R™*+1\ {0} such that Zle wrZ; € Go. We now prove that the latter
statement implies that for all w € R™*1\ {0} there exists t € {0,...,7 —1}
such that (15) holds.

Notice that

(RZT—I - R§+1,T—1)( —w (Zpr + -+ ZT))
= (Rip1 — Ry ) (— w'(Zy+ -+ Zr))
=B [w' (Z1 4+ Z0)] = Bl [w' (Zi+ -+ Zn)] + e
for some constant ¢, where the last equality follows from calculations com-
pletely analogous to the proof of Theorem 9. Now assume that for some
w € R™*L\ {0}, (15) does not hold. In the current Gaussian setting, the

support of a Gaussian distribution is either infinite or a singleton, this im-
plies that

(Rpp—y — Rpypq) (—w™(Zi++ + Z7)) =0 P-as. forall t
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or, equivalently, that
E [wr(Z1+ -+ Zr)] —Egq[w (Zi+ -+ Z7)) € Gy forall t.  (18)

For t = 0, (18) implies that E} [w™(Z; +---+ Zr)] € Gy which together with
(18) for t = 1 implies that ES[wT (Z; + --- + Zr)] € Go. By repeating this
argument we have shown that

W (Zy 4+ Zp) = ER[w (Zy + -+ + Zr)] € Go

which contradicts the assumption w™(Z; + -+ 4+ Zr) ¢ Go. Hence, we
conclude that there exists an optimal solution to (14). The remaining part
follows immediately from Theorem 9. O
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