Homological algebra and algebraic topology
Problem set 11

due: Tuesday Dec 3 in class.

Problem 1 (3pt). For each permutation wy,...,wy, 0f 0,1,2,...,n consider the sub-
space
AT :{(to,...,tn) e A" |tw0 Sty <o Stwn} c A",

Write down a linear homeomorphism f,,: A™ — A7, such that the formula
S(o) = Z gof,

defines a chain map S: C,(X) — C,(X).

Problem 2 (2pt). Consider a pair of chain complexes of abelian groups D, C Ci,.
Suppose that S: C, — C, is a chain map that satisfies the following conditions:
(1) S(D.) C D,, and both chain maps S: C. — C, and S.|p,: D. — D,
induce isomorphisms on all homology groups.
(2) For every z € C), there is an m such that S™(z) € D,,.
Prove that the map H, (D,) — H,(C,) induced by the inclusion is an isomorphism
for all n.

Remark: For the inclusion C%(X) C C.(X), where U is a family of subspaces
of X, and the map S in Problem 1, one can show that the first condition is always
satisfied, and that the second condition is satisfied if the interiors of the spaces in
U cover X.

Problem 3 (2pt). Show that the inclusion of pairs
f (D", 8" — (D™, D™\ {0}),

induces an isomorphism on all relative homology groups. Show that, despite this,
f is not a homotopy equivalence of pairs.

Problem 4 (3pt+2pt). Let X be a topological space. Suppose there is an open cover,
X =UyU---UUp,
such that each intersection U;, N ... N Uj;, is either empty or contractible.
(1) Show that Hy,(X) = 0 for k > n.
(2) Suppose there is an integer r such that U;, N ---NU;, # 0 forall k < r.

Show that Hy(X) = 0 for all k < .
(3) Give examples showing that the inequalities in (1) and (2) are sharp.

(Bonus + 2pt: Let uj, denote the number of subsets {4, ...,ix} € {0,1,2,...,n} of
size (k + 1) such that U;, N --- N U;, # 0. Prove that x(X) = Y _,(—1)*us.)



